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Preface 


The subject of Hardy inequalities has now been a fascinating subject of continuous 
research by numerous mathematicians for exactly! one century, 1918-2018. 


It appears to have been inspired by D. Hilbert’s investigations in the theory 
of integral equations where he came across a beautiful fact that the series 


oo 
i ) Amn 
m+n 


m,n-1 


with positive entries an > 0 is convergent whenever $77 , a2, is convergent. 


In a few years period at least four different proofs of this fact have been 
published: the original proof of Hilbert given by his doctoral student H. Weyl in 
1908 in his Inaugural-Dissertation [Wey08a, Page 83] also appearing in [Wey08b], a 
proof by F. Wiener [Wie10] in 1910, and two proofs by I. Schur [Sch11] in 1911. All 
these proofs including Wiener’s proof in the paper bearing the title “Elementarer 
Beweis eines Reihensatzes von Herrn Hilbert" were still not considered elementary 
enough by G.H. Hardy, so he came up in 1918 with yet another proof in [Har19] 
which seemed to him “to lack nothing in simplicity". In fact, there, he derived 
Hilbert's theorem as a simple 3-line corollary to the following statement: if the 


series Noui a is convergent and we set A, :— a, +--+ an, then also the series 


ae) 


is convergent. Thus, this moment could be considered as the birth of what is now 
known as Hardy’s inequalities, although Hardy himself reservedly commented on 
his theorem with “it seems to be of some interest in itself”. 


After G.H. Hardy communicated his proof to Marcel Riesz, at once Riesz 
came up with another argument leading to the following generalization of Hardy’s 


l'The original inequality was published by G.H. Hardy in “Notes on some points in the inte- 
gral calculus (51)", Messenger of Mathematics, 48 (1918), pp. 107-112, see the note in [Har20, 
Footnote 4] for a historic remark. 
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result: if x > 1 and $75, až, is convergent, then also the series 


n=1 


is convergent. Thus, this can be also regarded as the birth of what is now known 
as L?-Hardy’s inequalities (but should be probably then called Hardy-Riesz in- 
equalities). The proof of Riesz and the historical account of this matter was then 
published as a short note? by Hardy in [Har20]. Hardy also gave the exact value 
of the best constant in the inequality, together with its extension to the integral 
formulation in the form of 


[ (Ere) a < GC f*(x)dz, 


where a and f are positive. Interestingly, Hardy called his own proof for the best 
constant “unnecessarily complicated” , so in [Har20] he gave another simpler proof 
that was “sent to him by Prof. Schur by letter”. 

Over the last 100 years the subject of Hardy inequalities and related analysis 
has been a topic of intensive research: currently MathSciNet lists more than 800 
papers containing words ‘Hardy inequality’ in the title, and almost 3500 papers 
containing words ‘Hardy inequality’ in the abstract or in the review. In view of 
this wealth of information we apologize for the inevitability of missing to mention 
many important contributions to the subject. 

Nevertheless, the Hardy inequalities with many references have been already 
presented in several monographs and reviews; here we can mention excellent pre- 
sentations by Opic and Kufner [OK90] in 1990, Davies [Dav99] in 1999, Kufner 
and Persson [KP03] (and with Samko [KPS17]), Edmunds and Evans [EE04] in 
2004, part of Mazya’s books [Maz85, Maz11], Ghoussoub and Moradifam [GM13] 
in 2013, and Balinsky, Evans and Lewis [BEL15] in 2015, as well as books on 
different areas related to Hardy inequalities: Hardy inequalities on time scales 
[AOS16], Hardy inequalities with general kernels [KHPP13], weighted Hardy in- 
equalities [KP03], Hardy inequalities and sequence spaces [GE98]. The history and 
prehistory of Hardy inequalities were discussed in [KMP07] and in [KMP06], re- 
spectively, also with ‘what should have happened if Hardy had discovered this’ 
considerations [PS12]. 

However, all of these presentations are largely confined to the Euclidean part 
of the available wealth of information on this subject. 

At the same time there is another layer of intensive research over the recent 
years related to Hardy and related inequalities in subelliptic settings motivated 


?Tt seems Hardy liked publishing such notes as, according to MathSciNet, 51 of his papers start 
with the words “A note on. ..", together with papers titled “Additional note on...” or “A further 
note on..." 
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by their applications to problems involving sub-Laplacians. This is complemented 
by the more general anisotropic versions of the theory. 


In this direction, the subelliptic ideas of the analysis on the Heisenberg group, 
significantly advanced by Folland and Stein in [FS74], were subsequently consis- 
tently developed by Folland [Fol75] leading to the foundations for analysis on 
stratified groups (or homogeneous Carnot groups). Furthermore, in their funda- 
mental book [FS82] in 1982 titled “Hardy spaces on homogeneous groups”, Folland 
and Stein laid down foundations for the ‘anisotropic’ analysis on general homoge- 
neous groups, i.e., Lie groups equipped with a compatible family of dilations. Such 
groups are necessarily nilpotent, and the realm of homogeneous groups almost ex- 
hausts the whole class of nilpotent Lie groups including the classes of stratified, 
and more generally, graded groups. Happily, the title of our monograph pays tribute 
to G.H. Hardy as well as to Folland and Stein’s book. 


Among many, one of the motivations behind doing analysis on homogeneous 
groups is the “distillation of ideas and results of harmonic analysis depending only 
on the group and dilation structures". 


The place where Hardy inequalities and homogeneous groups meet is a beau- 
tiful area of mathematics which was not consistently treated in the book form. We 
took it as an incentive to write this monograph to collect and deepen the under- 
standing of Hardy inequalities and closely related topics from the point of view of 
Folland and Stein's homogeneous groups. While we describe the general theory of 
Hardy, Rellich, Caffarelli-Kohn-Nirenberg, Sobolev, and other inequalities in the 
setting of general homogeneous groups, a particular attention is paid to the special 
class of stratified groups. In this setting the theory of Hardy inequalities becomes 
intricately intertwined with the properties of sub-Laplacians and subelliptic partial 
differential equations. 


These topics constitute the core of this book with the material comple- 
mented with additional closely related topics such as uncertainty principles, func- 
tion spaces on homogeneous groups, the potential theory for stratified groups, and 
elements of the potential theory and related Hardy-Rellich inequalities for general 
Hormander’s sums of squares and their fundamental solutions. 


We tried to make the exposition self-contained as much as possible, giving 
relevant references for further material. In general, for an extensive discussion 
of the background material related to the general theory of homogeneous and 
stratified groups we can refer the reader to the monograph [FR16] of which the 
current book is also a natural outgrowth. 


The authors would like to thank our collaborators on different topics also 
reflected in this book: Nicola Garofalo, Ari Laptev, Tohru Ozawa, Aidyn Kassy- 
mov, Bolys Sabitbek and Nurgissa Yessirkegenov. In addition, we would like to 
thank Aidyn Kassymov, Bolys Sabitbek and Nurgissa Yessirkegenov for helping 
to proofread the preliminary version of the manuscript. We are also grateful to 
Gerald Folland for a positive reaction and remarks. 
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Finally, it is our pleasure to acknowledge the financial support by EPSRC 
(grants EP/K039407/1 and EP/R003025/1), by the Leverhulme Trust (grant 
RPG-2017-151), and by the FWO Odysseus project at different stages of preparing 
this monograph. 


Michael Ruzhansky 
Durvudkhan Suragan 


London, Astana, 2018 


Introduction ® 


Check for 
updates 


The present book is devoted to the exposition of the research developments at the 
intersection of two active fields of mathematics: Hardy inequalities and related 
analysis, and the noncommutative analysis in the setting of nilpotent Lie groups 
of different types. Both subjects are very broad and deserve separate monograph 
presentations on their own, and many good books are already available. 

However, the recent active research in the area does allow one to make a 
consistent treatment of ‘anisotropic’ Hardy inequalities, their numerous features, 
and a number of related topics. This brings many new insights to the subject, 
also allowing to underline the interesting character of its subelliptic features. The 
progress in this field is facilitated by the rapid developments in both areas of Hardy 
inequalities and related topics, and in the noncommutative analysis on Folland and 
Stein’s homogeneous groups. 

We will now give some short insights into both fields and into the scope of 
this book. Here we only give a general overview, with more detailed references and 
explanations of different features presented throughout the monograph. 


Hardy inequalities and related topics 


The classical L?-Hardy inequality in the modern literature in the Euclidean space 
R” with n > 3 can be written in the form 


f 2 
E mR») E n—2 IV fll aquo; » (1) 
" L2(R” 
where V is the standard gradient in IR", 
jele = 4/2? +---+ 202 


is the Euclidean norm, f € C$* (R^), and where the constant — is known to be 
sharp. In addition to references in the preface, the multidimensional version of the 
Hardy inequality was proved by J. Leray [Ler33]. 

It has numerous applications in different fields, for example in the spec- 
tral theory, leading to the lower bounds for the quadratic form associated to the 
Laplacian operator. It is also related to many other areas and fields, notably to 
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the uncertainty principles. The uncertainty principle in physics is a fundamental 
concept going back to Heisenberg’s work on quantum mechanics [Hei27, Hei85], as 
well as to its mathematical justification by Hermann Weyl [Wey50]. In the simplest 
Euclidean setting it can be stated as the inequality 


(f. Volar) (f. jel o*at) > A (f. eae) (2) 


for all real-valued functions ó € C$ (R7), where the constant 2t is sharp. It can 
be shown to be a consequence of (1). There are good surveys on the mathematical 
aspects of uncertainty principles by Fefferman [Fef83] and by Folland and Sitaram 
[FS97]. We also note that the uncertainty principle can be also obtained without 
Hardy inequalities, see, e.g., Ciatti, Ricci and Sundari [CRS07]. 

The inequality (1) can be extended to L?-spaces, taking the form 


f 


l| 


p 
< VV Bfünys n 22, l<p<n, 3 
ix EE | flr (R7) = = (3) 


where f € C§°(R”), and where the constant WE is known to be sharp. 

As mentioned in the preface, such inequalities go back to Hardy [Har19], and 
have been evolving and growing over the years. In fact, the subject is so deep 
and broad at the same time that it would be impossible to give justice to all the 
authors who have made their contributions. To this end, we can refer to several 
extensive presentations of the subject in the books and surveys and the references 
therein: Opic and Kufner [OK90] in 1990, Davies [Dav99] in 1999, Edmunds and 
Evans [EE04] in 2004, part of Mazya's books [Maz85, Maz11], Ghoussoub and 
Moradifam [GM13] in 2013, and the recent book by Balinsky, Evans and Lewis 
[BEL15]. Hardy type inequalities have been very intensively studied, see, e.g., also 
Davies and Hinz [DH98], Davies [Dav99] as well as Ghoussoub and Moradifam 
[GM11] for reviews and applications. 

One further extension of the Hardy inequality is the now classical result by 
Rellich appearing at the 1954 ICM in Amsterdam [Rel56] with the inequality 


Í 


lel% 


<——|Afllzze), n25, (4) 
L2(R^) n(n — 4) (R?) 

with the sharp constant. We can refer, for example, to Davies and Hinz [DH98] 
(see also Brézis and Vázquez [BV97]) for further history and later extensions, 
including the derivation of sharp constants. 

Higher-order Hardy inequalities have been also intensively investigated. Some 
of such results go back to 1961 to Birman [Bir61, p. 48] who has shown, for 
functions f € O* (0,00), the family of inequalities 

k 
LL smt 
(2k — 1)!! 


keN 5 
gk , EN, (5) 


L? (0,00) 


L?(0,00) 
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where (2k — 1)!! = (2k — 1) - (2k — 3)---3-1. For k = 1 and k = 2 this reduces to 
one-dimensional Hardy and Rellich inequalities, respectively. Such one-dimensional 
inequalities have recently found new life and one can find their historical discussion 
by Gesztesy, Littlejohn, Michael and Wellman in [GLMW17]. 

There is now a whole scope of related inequalities playing fundamental roles 
in different branches of mathematics, in particular, in the theory of linear and 
nonlinear partial differential equations. For example, the analysis of more general 
weighted Hardy-Sobolev type inequalities has also a long history, initiated by 
Caffarelli, Kohn and Nirenberg [CKN84] as well as by Brézis and Nirenberg in 
[BN83], and then Brézis and Lieb [BL85] with a mixture with Sobolev inequalities, 
Brézis and Vázquez in [BV97, Section 4], also [BM97], with many subsequent works 
in this direction. We also refer to more recent paper of Hoffmann-Ostenhof and 
Laptev [HOL15] on this subject and to further references therein. Many of these 
inequalities will be also appearing in the present book. 

Of course, there are many more aspects to Hardy inequalities. In particular, 
working in domains, one can establish inequalities under certain boundary condi- 
tions. For example, for Hardy inequalities for Robin Laplacians and p-Laplacians 
see [KL12] and [EKL15], respectively, or [LW99, BLS04] for magnetic versions, 
or [BM97, HOHOLO2] for versions involving the distance to the boundary. For 
Hardy inequalities for discrete Laplacians see, e.g., [KL16], or [HOHOLT08] for 
many-particle versions. 


Homogeneous groups of different types 


The harmonic analysis on homogeneous groups goes back to 1982 to Folland and 
Stein who in their book [FS82] laid down the foundations of ‘anisotropic’ harmonic 
analysis, that is, the harmonic analysis that depends only on the group and dilation 
structures of the group. 

Such homogeneous groups are necessarily nilpotent, and provide a unified 
framework including many well-known classes of (nilpotent) Lie groups: the Eu- 
clidean space, the Heisenberg group, H-type groups, polarizable Carnot groups, 
stratified groups (homogeneous Carnot groups), graded groups. All of these groups 
are homogeneous and have the rational weights for their dilations. 

The class of homogeneous groups is closer to the classical analysis than one 
might first think: in fact, any homogeneous group can be identified with some space 
R” with a polynomial group law. The simplest examples are R” itself, where the 
group law is linear, or the Heisenberg group, where the group law is quadratic in 
the last variable. 

An important feature of homogeneous groups is that they do not have to 
allow for homogeneous hypoelliptic left invariant partial differential operators. In 
fact, if such an operator exists, the group has to be graded and its weights of 
dilations are rational. The class of stratified groups is a particularly important 
class of graded groups allowing for a homogeneous second-order sub-Laplacian. In 
general, nilpotent Lie groups provide local models for many questions in subelliptic 
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analysis and sub-Riemannian geometry, their importance widely recognized since 
the essential role they played in deriving sharp subelliptic estimates for differential 
operators on manifolds, starting from the seminal paper by Rothschild and Stein 
[RS76] (see also [Fol77, Rot83]). 


In order to facilitate the exposition in the sequel, in Chapter 1 we will recall 
all the necessary facts needed for the analysis in this book. 


We note, however, that the general scope of techniques available on such 
groups is much more extensive than presented in Chapter 1. The fundamental 
paper by Folland [Fol75] developed the rich functional analysis on stratified groups. 
Further functional spaces (e.g., of Besov type) on stratified groups have been 
analysed by Saka [Sak79]. There are many sources with rather comprehensive 
and deep treatments of general nilpotent Lie groups, for example, the books by 
Goodman [Goo76] or Corwin and Greanleaf [CG90]. Good sources of information 
are the notes by Fulvio Ricci [Ric] and Folland’s books [Fol89, Fol95, Fol16]. 


As a side remark we can note that there is also a number of recent works 
developing function spaces on graded groups extending Folland and Saka’s con- 
structions in the stratified case, see [FR17] and [FR16] for Sobolev, and [CR16] 
and [CR17] for Besov spaces, respectively. 


In our presentation and approach to the basic analysis on homogeneous 
groups of different types we mostly rely on the recent open access book [FR16]. 
Moreover, the exposition of the topics in this book is done more in the spirit 
of the classical potential theory, without much reference to the Fourier analysis. 
However, here we should mention that the noncommutative Fourier analysis on 
nilpotent Lie groups is extremely rich, with many powerful approaches available, 
such as Kirillov’s orbit method [Kir04], Mackey general description of the unitary 
dual, or the von Neumann algebra approaches of Dixmier [Dix77, Dix81]. We can 
refer to [FR16, Appendix B] for a workable summary of these methods. 


The recently developed noncommutative quantization theories on nilpotent 
Lie groups, in particular, the global theory of pseudo-differential operators on 
graded groups, indeed heavily rely on such Fourier analysis. We refer the interested 
reader to [FR16] for the thorough exposition and application of such methods. A 
good exposition of the analysis of questions not requiring the Fourier analysis, in 
the setting of stratified groups, can be found in the book [BLUO7] by Bonfiglioli, 
Lanconelli and Uguzzoni. 


Hardy inequalities and potential theory on stratified groups 


The study of the subelliptic Hardy inequalities has also begun more than 40 years 
ago due to their importance for many questions involving subelliptic partial differ- 
ential equations, unique continuation, sub-Riemannian geometry, subelliptic spec- 
tral theory, etc. Not surprisingly, here the work started with the most important 
example of the Heisenberg group, where we can mention a fundamental contribu- 
tion by Garofalo and Lanconelli [GL90]. 
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There is a deep link with the properties of the fundamental solutions for the 

sub-Laplacian on stratified groups. In general, the understanding of the fundamen- 
tal solutions of differential operators is one of the keys for solving boundary value 
problems for differential equations in a domain, and this idea has a long history 
dating back to the works of mathematicians such as Gauss [Gau77, Gau29] and 
Green [Gre28]. 
In general, the sub-Laplacians on stratified (and on more general graded) 
groups play important roles not only in theoretical settings (see, e.g., Gromov 
[Gro96] or Danielli, Garofalo and Nhieu [DGNO07] for general expositions from 
different points of view), but also in applications of mathematics, for example 
in mathematical models of crystal material and human vision (see, for example, 
[Chr98] and [CMS04]). 

The fundamental solution for the sub-Laplacian on stratified groups behaves 
well and was already understood by Folland [Fol75]. In particular, one always has 
its existence and uniqueness, an advantageous feature when compared to higher- 
order operators on stratified groups, or more general hypoelliptic operators on 
graded groups, see Geller [Gel83], and an exposition in [FR16, Section 3.2.7]. 


Roughly speaking, there are three versions of Hardy type inequalities on 
stratified groups available in the literature: 


(A) Using the homogeneous quasi-norm, sometimes called the £-gauge, given by 
the appropriate power of the fundamental solution of the sub-Laplacian £. 
Thus, if d(x) is the Z-gauge, then d(x)?~@ is a constant multiple of Folland’s 
[Fol75] fundamental solution of the sub-Laplacian £, with Q being the ho- 
mogeneous dimension of the stratified group G; these will be discussed in 
Chapter 7. 


(B) Using the Carnot-Carathéodory distance, i.e., the control distance associated 
to the sub-Laplacian. 


(C) Using the Euclidean distance on the first stratum of the group. 


One can note that if one is not interested in best constants in such inequalities 
one can work with any of these equivalent quasi-norms. In fact, in such a case one 
can also work with fractional-order derivatives expressed as arbitrary powers of the 
sub-Laplacian, see, e.g., Ciatti, Cowling and Ricci [CCR15] for such an analysis on 
stratified groups, as well as Yafaev [Yaf99] for some Euclidean considerations also 
with best constants, or Hoffmann-Ostenhof and Laptev [HOL15] and references 
therein. 

However, the best constants in the corresponding inequalities in cases (A)— 
(C) above may depend on the quasi-norm that one is using. 

Thus, in the case (A) there is an extensive literature on Hardy inequalities 
and related topics on stratified groups relating them to the fundamental solution to 
the sub-Laplacian. Here we can briefly mention some papers [GL90, GK08, Gri03, 
NZWO01, HN03, D'A04b, WN08, DGP11, Kom10, JS11, Lial3, Yan13, CCR15, 
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Yenl6, GKY17], with more details and acknowledgements given throughout the 
book. Here, the Hardy inequality typically takes the form 


[zo 


where Q is the homogeneous dimension of the stratified group G, V p is the hor- 
izontal gradient, and d(x) is the so-called £-gauge related to the fundamental 
solution of the sub-Laplacian, and the constant is sharp. The analysis in the case 
(A) in terms of the fundamental solution of the sub-Laplacian will be the subject 
of Chapter 11 of this book. 

The results on Hardy and other inequalities for the case (B) are less extensive, 
mostly devoted to the case of the Heisenberg group. However, the case (C) has 
recently attracted a lot of attention due to its geometrically clear nature and 
importance for questions in partial differential equations, see, e.g., [BT02a] and 
[D'AO4b]. A typical horizontal Hardy inequality would take the form 
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where N is the dimension of the first stratum, x’ denotes the variables in the first 
stratum of G, and 


is the Euclidean norm on the first stratum of G, which can be identified with R”. 
The constant 74, in (7) is also sharp. 

In Chapter 6 we aim at giving a comprehensive treatment of such horizontal 
estimates based on the divergence relations and on the potential theory on the 
stratified groups. 

Another ingredient that we find to be missing in the literature in the setting 
of stratified groups is the classical style potential theory working with layer po- 
tential operators. Indeed, nowadays the appearing boundary layer operators and 
elements of the potential theory serve as the main apparatus for the analysis and 
construction of solutions to boundary value problems. That have led to a vast 
literature concerning modern theory of boundary layer operators and potential 
theory in R” as well as their important applications. In the subelliptic setting we 
can mention the works of Jerison [Jer81] and Romero [Rom91] on the Heisenberg 
group. We refer to [GL03], [GN88], [GW92], [LU97], [RS17d] and [WN16] as well 
as to references therein for more general Green function analysis of second order 
subelliptic (and weighted degenerate) operators. In this book, we follow a more 
geometric approach of our recent paper [RS17c] to present such a subject in the 
setting of general stratified groups, and to give its applications to several ques- 
tions, such as boundary value problems for the sub-Laplacian, traces of Newton 
potential operators, and Hardy inequalities with boundary terms. All these topics 
will be the subject of discussions in Chapter 11. 
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The boundary value problems in the subelliptic settings are substantially 
more complicated than in the elliptic case due to the appearance of so-called 
characteristic points at the boundary — some problems of such a type are well 
explained, e.g., in [DGN06]. However, there is still a particular type of boundary 
conditions (Kac’ boundary value problem) which can be viewed as a subelliptic 
version of M. Kac’s question: is there any boundary value problem for the Laplacian 
which is explicitly solvable in the classical sense for any smooth domain? 

An answer to M. Kac’s question was given in [RS16c] for the Heisenberg 
group and in [RS17c] for general stratified groups. The appearing boundary condi- 
tions are, however, nonlocal and the corresponding boundary value problem can be 
called Kac’s boundary value problem. One interesting fact is that the explicit solu- 
tions that one constructs for Kac’s boundary value problem for the sub-Laplacian 
work also well in the presence of characteristic points on the boundary. 

In Section 11.5 we also discuss another version of such a question: is there 
a class of domains in which the Dirichlet boundary value problem for the sub- 
Laplacian is explicitly solvable in the classical sense? This is discussed in the 
setting of H-type groups following our recent paper [GRS17] with Nicola Garofalo. 

Furthermore, in Chapter 12 we will give an exposition of the potential the- 
ory and related Hardy-Rellich inequalities for more general Hórmander's sums of 
squares, based on the properties of the fundamental solutions rather than those 
of the £-gauge. This has a definitive advantage of eliminating the need to use 
Folland's formula relating the Z-gauge with the fundamental solution. As a result, 
we can extend the analysis to more general settings, also those without any group 
structure, dealing with Hórmander's sums of squares beyond the setting of the 
stratified groups. 

In general, there are several ways to obtain improvements of Hardy inequal- 
ities by including boundary terms. For the Laplacians such problems have been 
considered in [ACR02] by using variational method and in [WZ03] by using confor- 
mal transformation method. The methods described in this book are based on the 
potential theory and, compared to other approaches, do not rely so much on the 
particular structure of the Euclidean space. Certain Hardy and Rellich inequalities 
for sums of squares have been considered by Grillo [Gri03], compared to which our 
approach provides refinements from several points of view, based on the general- 
ized representation formulae (Green's formulae) of non-subharmonic functions for 
improved Hardy and Rellich type inequalities with boundary terms. 


Hardy inequalities and related topics on homogeneous groups 


The lack of homogeneous hypoelliptic left invariant differential operators on gen- 
eral homogeneous groups is compensated by several other advantageous properties, 
such as a good polar decomposition which, combined with dilations, still allows 
one to explore the radial structure of the group. For this purpose, we extensively 
work with the radial derivative operator R and the Euler operator E which we 
describe in Section 1.3. 
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This fits well with the structure of Hardy and other inequalities as their max- 
imisers are often achieved on radial functions. An advantage of such an approach is 
that one can also work with arbitrary quasi-norms and anisotropic structures still 
yielding similar properties and best constants in the inequalities. In addition, in 
Section 1.3.3 we demonstrate how the Hardy type inequalities for radial functions 
often imply similar inequalities for functions of general (non-radial) type. 

Thus, Chapter 2 is devoted to Hardy inequalities on homogeneous groups, 
their weighted and critical versions, stability and remainder estimates. Further- 
more, Chapter 3 is devoted to Rellich, Caffarelli-Kohn-Nirenberg and Sobolev 
type inequalities on homogeneous groups. In Chapter 9 we present different ver- 
sions of uncertainty principles on homogeneous groups. We follow an abstract 
approach by defining abstract position and momentum operators satisfying min- 
imal structural properties, already allowing one to establish a number of uncer- 
tainty type relations. Consequently, different choices of such abstract position and 
momentum operators are possible based on the additional structural properties 
available on the group. 

In Chapter 10 we discuss different function spaces on homogeneous groups, 
with or without differentiability properties. The spaces involving radial deriva- 
tives are the Euler-Hilbert-Sobolev and Sobolev-Lorentz-Zygmund spaces. We 
investigate their basic properties and embeddings. The spaces not involving the 
differentiable structure are the Morrey and Campanato spaces. There, we discuss 
the boundedness of integral operators, namely, the Hardy—Littlewood maximal 
operator, Bessel-Riesz operators, generalized Bessel-Riesz operators, generalized 
fractional integral operators and Olsen type inequalities in generalized Morrey 
spaces on homogeneous groups. 

Incidentally, all these and other results on homogeneous groups in this book 
give new statements already in the Euclidean setting of R” when we are working 
with anisotropic differential structure in view of the arbitrariness of the choice of 
any homogeneous quasi-norm. 

Let us consider, for instance, the following Bessel-Riesz operators 


Ir— vig 
If) f Erf Ode (8) 
where f € LẸ (R"), p 2 1, y 2 0 and 0 « a « n. Classical results on the Bessel- 
Riesz operators are due to Hardy, Littlewood and Sobolev, precisely, the bound- 
edness of the Bessel-Riesz operators on Lebesgue spaces was shown by Hardy 
and Littlewood in [HL27], [HL32] and by Sobolev in [Sob38]. In the case of R”, 
the Hardy-Littlewood maximal operator, the Riesz potential J4,9 = Ia, the gen- 
eralized fractional integral operators, which are a generalized form of the Riesz 
potential [4,9 = Iq, Bessel-Riesz operators and Olsen type inequalities are widely 
analysed on Lebesgue spaces, Morrey spaces and generalized Morrey spaces. For 
further discussions in this direction we refer to [Ada75, CF87, BNC14, Nak94, 
EN04, Eri02, KNS99, Nak01, Nak02, GE09, SST12, IGLE15, IGE16], as well as to 
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[Bur13] for a recent survey. Morrey spaces for non-Euclidean distances find their 
applications in many problems, see, e.g., [G815a, GS15b] and [GS16]. A natural 
analogue of the Bessel-Riesz operator (8) on homogeneous groups is the operator 


|zy !|*-9 
Tay F (2) = | aa or 


In the setting of graded Lie groups the connections between these operators and the 
Sobolev spaces have been investigated in [FR16, Chapter 4] using the heat kernel 
methods. Here, in Chapter 10 we concentrate on the harmonic analysis aspects in 
the framework of Morrey and Campanato spaces on homogeneous groups. 

In addition, we can mention an overview of constructions for Morrey-Campa- 
nato spaces in [RSS13] by Rafeiro, N. Samko and S. Samko, or in [RT15] by 
Rosenthal and Triebel. It is worth noting that Morrey-Campanato spaces can 
be interpolated [VS14]. One also considered variable exponent versions of Morrey 
spaces and maximal and singular operators there, see [GS13, GS16] and references 
therein. 

In Chapter 4 we look at the Hardy inequalities from the point of view of 
operators of fractional orders. Certainly, fractional powers of Laplacians and sub- 
Laplacians can be defined in different ways, e.g., using the Fourier or spectral 
analysis. However, here, we first adopt the integral representation that turns out 
to make perfect sense on general homogeneous groups. More specifically, for p > 1 
and s € (0,1), we consider the fractional p-sub-Laplacian (—A,)* on a general 
homogeneous group G defined by the formula 


(—A,)*u(z) ‘= 2 lim |u(z) = u(y)|?? (u(x) Zz u(y)) 


| dy, zx € G, 
NO JG B(z,5) i od 


where B(z,0) = Bj.(z,6) is a quasi-ball with respect to the quasi-norm | - |, with 
radius ô centred at x € G. It turns out that this operator has many advantageous 
properties similar to those exhibited by the usual p-Laplacians on the Euclidean 
spaces, and in Chapter 4 we present their analysis and some applications to ‘partial 
differential’ functional equations and related spectral questions. Consequently, we 
look at operators of fractional orders from a different point of view, and in Section 
4.7 we discuss the boundedness of the operator 


Taf ele 27 P Fa, 


on L?-spaces on stratified Lie groups, where £ is a sub-Laplacian. The analysis is 
based on the Riesz kernel representation of such operators, and we also supplement 
it with several versions of the Landau-Kolmogorov inequalities. 

In Chapter 5 we discuss integral versions of Hardy inequalities. In fact, such 
a point of view goes back to one of the original versions of such inequalities by 
Hardy [Har20], where he has shown the inequality 


[ (ERE) esa) [sere 
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where p > 1, b > 0, and f > 0 is a non-negative function. It turns out that such 
an inequality can be also put in the framework of general homogeneous groups, 
especially since it does not involve derivatives, so that one does not need to specify 
one’s analysis to a particular choice of the gradient. Thus, in Chapter 5 we present 
inequalities of such a type in weighted and unweighted settings, actually providing 
characterizations of weights for which integral Hardy inequalities hold true. We 
also present inequalities in the convolution form which, in turn, can be used for 
the derivation of Hardy-Littlewood-Sobolev and Stein-Weiss inequalities. The 
latter can be then established both on general homogeneous groups as well as on 
stratified/graded groups using Riesz kernels of hypoelliptic differential operators. 

In Chapter 8 we discuss the so-called geometric versions of Hardy inequalities. 
By this one usually means Hardy inequalities on domains when the distance to 
the boundary enters the inequality as a weight. For example, if €) is a convex open 
set of the Euclidean space R”, then a geometric version of the Hardy inequality 


can take a form EM" 2 
u 
Vul|*d. 
f [Vela > 4 Q dist (x, dist(x, ðQ)? 


for all u € C° (Q), with the sharp constant 1/4. In the case of half-spaces and, 
more generally, convex domains, in Chapter 8 we present such inequalities in the 
setting of stratified groups. 


Open Access. This chapter is licensed under the terms of the Creative Commons At- 
tribution 4.0 International License (http: //creativecommons.org/licenses/by/4.0/), 
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Analysis on Homogeneous Groups 


In this chapter we provide preliminaries for the analysis on homogeneous groups to 
make the use of the monograph more self-sufficient. We make a selection of topics 
which will be playing a role in the subsequent analysis. Thus, we first discuss 
relevant properties of general Lie groups and algebras and then concentrate on 
properties of homogeneous groups required for our further analysis. Lastly, we 
introduce the notion of the Euler operator on homogeneous groups and establish 
its main properties. 

This chapter is not intended to be a comprehensive treatise of homogeneous 
groups but rather a description of a collection of tools used throughout the book. 
The theory of homogeneous groups for their use in analysis was developed by Fol- 
land and Stein [FS82]. A recent rather comprehensive description of homogeneous 
groups and their place among nilpotent Lie groups have appeared in [FR16]. We 
refer to both books for the expositions devoted specifically to homogeneous groups. 
For some related information we may also refer to Ricci's notes [Ric]. 


There are many sources with rather comprehensive and deep treatments of 
nilpotent Lie groups, for example the books by Goodman [Goo76] or Corwin and 
Greanleaf [CG90]. There are also many books on groups or Lie groups, we can 
refer for example to [RT 10, Part III] for a basic introduction. Therefore, we assume 
the reader to have some familiarity with the concepts of the Lie groups and Lie 
algebras. 


1.1 Homogeneous groups 


In this section we discuss nilpotent Lie algebras and groups in the spirit of Folland 
and Stein’s book [F582] as well as introduce homogeneous (Lie) groups. For more 
analysis and details in this direction we refer to the recent open access book [FR16]. 


Let g be a Lie algebra (always assumed real and finite-dimensional), and 
let G be the corresponding connected and simply-connected Lie group. The lower 
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central series of g is defined inductively by 
ga) =9, 9G) = [896-5] 


If the lower central series of a Lie algebra g terminates at 0 in a finite number 
of steps then this Lie algebra is called nilpotent. Moreover, if g(s41) = {0} and 
G(s) Æ {0}, then g is said to be nilpotent of step s. A Lie group G is nilpotent 
(of step s) whenever its Lie algebra is nilpotent (of step s). If exp : g > G is 
the exponential map, by the Campbell—Hausdorff formula for X, Y € g sufficiently 
close to 0 we have 

exp X exp Y = exp H(X,Y), 


where H(X,Y), the Campbell-Hausdorff series, is an infinite linear combination 
of X and Y and their iterated commutators and H is universal, i.e., independent 
of g, and that 


1 
H(X,Y)=X+Y+5[X,Y]+--, 


where the dots indicate terms of order > 3. 

If g is nilpotent, the Campbell—Hausdorff series terminates after finitely many 
terms and defines a polynomial map from V x V to V, where V is the underlying 
vector space of g. 

Altogether, we have the following useful properties: 


Proposition 1.1.1 (Exponential mapping and Haar measure). Let G be a connected 
and simply-connected nilpotent Lie group with Lie algebra g. Then: 


(i) The exponential map exp is a diffeomorphism from g to G. Moreover, if G 
is identified with g via exp, then the group law (x,y) > xy is a polynomial 
map. 


1 


(ii) If A denotes a Lebesgue measure on g, then Ao exp ! is a bi-invariant Haar 


measure on G. 


Proof of Proposition 1.1.1. Part (i) is a direct consequence of the fact that G is 
uniquely (up to isomorphism) determined by g, see, e.g., [FS82, Proposition 1.2], 
[CG90, Section 1.2] or [FR16, Proposition 1.6.6]. 

Let us give an argument for Part (ii). Let us denote the lower central series 
for g by 

g1); -9 (m): 8(m+1) = {0} 
and denote 
n:=dimg and nj; := dim gj). 
Let Xn-nm+1; -Xn be a basis for g(m), and we extend it to a basis 
Pom T Cy 


for g(5, 1), and so forth obtaining eventually a basis X1,..., Xn for g. Let &1,..., £s 
be the dual basis for g*, and let s :— £y o exp |. These 71,...,%m are a system 
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of global coordinates on G. By using the Campbell-Hausdorff formula and the 
construction of the n,’s we obtain 


my) = m(x) + my) + Pi. y); 


where P(x,y) depends only on the coordinates n;(x), ni (y) with i < k. Thus, with 
respect to the coordinates ng, the differentials of the maps x +> xy with fixed y and 
y +> zy with fixed x are given by lower triangular matrices with only 1 elements 
on the diagonal, and therefore, each of the determinants is equal to one. This 
implies that the volume form dij --- drj, on G, which corresponds to the Lebesgue 
measure on g, is left and right invariant. 


Definition 1.1.2 (Dilations on a Lie algebra). A family of dilations of a Lie algebra 
g is a family of linear mappings 


[0.:r»0) 
from g to itself which satisfies: 
e the mappings are of the form 
ôr = exp(Alog r), 


where A is a diagonalisable linear operator on g with positive eigenvalues. 


e In particular, ôrs = 0,0, for all r,s > 0. If a > 0 and {6,} is a family of 
dilations on g, then so is {6,}, where 


by :— Opa = exp (aA log r). 


By adjusting a we can always assume that the minimum eigenvalue of A is 
equal to 1. 


Let A be the set of eigenvalues of A and denote by Wa C g the corresponding 
eigenfunction space of A, where a € .A. Then we have 


ó,X —r^X for X cW,. 
If X € Wa and Y € Wi, then 
by [X,Y] = [643,6, Y] = r** "EX, Y] 


and thus [W,, Wy] C Wa+o. In particular, since a > 1 for a € A, we see that 
gg) C Bas; Wa. Since the set A is finite, it follows that g(;; = {0} for j sufficiently 
large. Thus, we obtain: 


Proposition 1.1.3 (Lie algebras with dilations are nilpotent). If a Lie algebra g 
admits a family of dilations then it is nilpotent. 


14 Chapter 1. Analysis on Homogeneous Groups 


However, not all nilpotent Lie algebras admit a dilation structure: an example 
of a (nine-dimensional) nilpotent Lie algebra that does not allow any compatible 
family of dilations was constructed by Dyer [Dye70]. 


Definition 1.1.4 (Graded Lie algebras and groups). A Lie algebra g is called graded 
if it is endowed with a vector space decomposition (where all but finitely many of 
the Vis are 0) 

g9= 0§2,V; such that [Vi,Vj] C Vj. 


Consequently, a Lie group is called graded if it is a connected simply-connected 
Lie group whose Lie algebra is graded. 


Definition 1.1.5 (Stratified Lie algebras and groups). A graded Lie algebra g is 
called stratified if Vi generates g as an algebra. In this case, if g is nilpotent of step 
m we have 

9 = OF 1V;, [V;, Vi] = Viu 
and the natural dilations of g are given by 


m 


Ôr (X x, 2 0. (Xk € Vi). 
k=1 k=1 


Consequently, a Lie group is called stratified if it is a connected simply-connected 
Lie group whose Lie algebra is stratified. 


Definition 1.1.6 (Homogeneous groups). Let ô» be dilations on G. We say that a 
Lie group G is a homogeneous group if: 


a. It is a connected and simply-connected nilpotent Lie group G whose Lie 
algebra g is endowed with a family of dilations {6,}. 


b. The maps expo 6, o exp! are group automorphism of G. 


Since the exponential mapping exp is a global diffeomorphism from g to G 
by Proposition 1.1.1, (i), it induces the corresponding family on G which we may 
still call the dilations on G and denote by ô». Thus, for x € G we will write ô, (x) 
or abbreviate it writing simply rz. 

The origin of G will be usually denoted by 0. 


Now let us give some well-known examples of homogeneous groups. 


Example 1.1.7 (Abelian groups). The Euclidean space R” is a homogeneous group 
with dilation given by the scalar multiplication. 


Example 1.1.8 (Heisenberg groups). If n is a positive integer, the Heisenberg group 
H” is the group whose underlying manifold is C" x R and whose multiplication is 
given by 


TL 
(isses teats Bt) = (s + x.ejZn +z,,t+t + 21m) ux) . 
k=1 
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The Heisenberg group H” is a homogeneous group with dilations 
Opty ser ast) = (Pe coy Pease’ E). 


Example 1.1.9 (Upper triangular groups). Let G be the group of all n x n real 
matrices (a;;) such that a;; = 1 for 1 < i € n and a;; = 0 when i > j. Then G is 
a homogeneous group with dilations 


Jr (aij) = riage. 


These Examples 1.1.7, 1.1.8 and 1.1.9 are all examples of the stratified groups. 
It is also possible to define other families of dilations on these groups. For instance, 
on R” we can define 


Op (Biscay By) = (riz, "m" rin gn), 
where 1 = dı € da < --- < dn, and on H” we can define 
bp (21 + dyi, c vs d iyn, t) = (r zı + ira, sy T ma + ir’ y, , r^t), 


where min (a1,...,05,01,..., 05] = 1 and aj + b; = c for all j. In general, these 
dilations do not have to be stratified. However, when we refer to R” or H” we shall 
assume that they are equipped with the natural dilations defined in Examples 
1.1.7, 1.1.8 unless we state otherwise. 


Let di,...,d, be the eigenvalues of A, enumerated in nondecreasing or- 
der according to their multiplicity, and let d = maxd,. The mappings (0, = 
exp(Alog r)) give the dilation structure to an n-dimensional homogeneous group 


G, with 


1edixdyxex d.d (1.1) 
Let us fix a basis {X;,}?_, of the Lie algebra g of the Lie group G such that 


AX}, = dy Xy 


for each k. Then one can define a standard Euclidean norm ||- || on g by declaring 
the X;'s to be orthonormal. This norm can be also considered as a function on G 
by the formula 

l|] = || exp? zl]. (1.2) 
'The number 


Q:= Md, = TY(A) (1.3) 
k=1 


is called the homogeneous dimension of G. From now on Q will always denote the 
homogeneous dimension of G. 
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1.2 Properties of homogeneous groups 


In this section we discuss properties of homogeneous groups that are important 
for their understanding and that will be also useful for our further analysis. For 
different further properties of homogeneous and graded groups we can refer the 
reader to the open access book [FR16, Chapter 3]. 


1.2.1 Homogeneous quasi-norms 


We start by the definition of a quasi-norm. 


Definition 1.2.1 (Quasi-norms). Let us define a homogeneous quasi-norm on a 
homogeneous group G to be a continuous function z +> |x| from G to [0, o6) that 
satisfies 


(a) for alla € G and r > 0: 


lz- 5| —|x| and |ra| =ra|. 


(b) The non-degeneracy: 


jx] 20 ifand only if «=0. 


Here and elsewhere we denote by rx = ó,z the dilation of x induced by the 
dilations on the Lie algebra through the exponential mapping. 

There always exist homogeneous quasi-norms on homogeneous groups. More- 
over, there always exist quasi-norms that are C^?-smooth on GX (0). Let us give 
such an example. Observe that 


TL TL 1/2 
X= So Xk €g implies ||ó.X|| = (>: ar) 3 


k=1 k=1 


where ||- || is the Euclidean norm from (1.2). We can notice that for X z 0 the 
function ||ó,.X || is a strictly increasing function of r, and it tends to 0 and oo as 
r — 0 and r — ov, respectively. Now, for x = exp X, we can define a homogeneous 
quasi-norm on G by setting 


[0|:20 and |a|:=1/r for rz 0, 
where r = r(X) > 0 is the unique number such that 
lê X] = 1. 


By the implicit function theorem and the fact that the Euclidean unit sphere is a 
C^? manifold we see that this function is C% on G\{0}. 
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If x € G and r > 0 we define the ball of radius r about x by 
B(z,r):-(y€G:|xz !y| < r}. 


It can be noticed that B(x,r) is the left translate by x of B(0,r), which in turn 
is the image under 6, of B(0, 1). 


Lemma 1.2.2 (Closed quasi-balls are compact). B(x,r) is compact for any x € G 
andr > 0. 


Proof. Let us define 


where dj, are as in (1.1). Then p satisfies all the properties of a homogeneous quasi- 
norm. Obviously {x : p(x) = 1} is compact and does not contain 0, so the function 
x > |v| attains a positive minimum 7 on it. Since |rz| = r|a| and p(rx) = rp(x), 
it follows that |x| > p(x) for all x and for some 7 > 0, and hence that 


B(0,n) C (x : p(x) € 1j. 


Thus, B(0,7) is compact, and it follows by dilation and translation that B(x,r) 
is compact for all r > 0, z €G. 


We can compare the quasi-norms with each other and with the Euclidean 
norm (1.2). 


Proposition 1.2.3 (Quasi-norms and the Euclidean norm). We have the following 
properties: 
(1) Any two homogeneous quasi-norms on a homogeneous group are equivalent. 
(2) There are the constants C1, C5 > 0 such that 


Cilz|| € |z| € Collet" forall |x| <1. 


Proof. Proof of Part (2). When y = exp(; c, Xx) we have ||ryl| = (So c2r?4*) 1/2 
and hence E 
r^|yl < llryll < rilyll 


for r < 1. A positive maximum C, ! and a positive minimum Ge on (y :|y| = 1} 
are attained by the Euclidean norm ||y|| in view of the compactness in Lemma 
1.2.2. Any x £ 0 can be written as x = |x|y where |y| = 1, so that for |v| € 1, 


z d -3 jā 
lel < Illy < Cr lul, — Hell = lelt llul] = Cz "lat 


completing the proof of Part (2). 
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Proof of Part (1). Let |- |; and |- |2 be two homogeneous quasi-norms. By a 
similar argument to Part (2), we observe that since the ball B(0,1) with respect 
to |- |, is compact by Lemma 1.2.2, and |- |2 is continuous, we have 


<C< 
2 


|z| 


for all z # 0. By homogeneity it follows that |r|; < C|x]|1 for all « € G. Switching 
the roles of | - |; and |- |2 we obtain the statement. 


The reason why the homogeneous quasi-norms have the prefix ‘quasi’ be- 
comes clear from the following proposition that shows that in general the triangle 
inequality is satisfied only with some constant: 


Proposition 1.2.4 (Triangle inequality with constant). Let G be a homogeneous 
group. Then we have the following properties: 


(1) If |- | is a homogeneous quasi-norm on G, there exists C > 0 such that for 
every x,y € G, we have 
ivy] S C(2| + [y]. 


(2) There always exists a homogeneous quasi-norm |-| on G which satisfies the 
triangle inequality (with constant C — 1): 


zyl < |æ] + [ul (1.4) 
for all x,y € G. 


Proof. Let us prove Part (1). The function (x, y) > |zy| attains a finite maximum 
C > 0 on the set ((z, y) € Gx G : |z| + |y| = 1} which is compact by Lemma 
1.2.2. Then, given any z, y € G, set r = |x| + |y|. It follows that 


zy] = rir (zy)| = r|) y) € Cr = C(e] + [yl), 


completing the proof. 
We leave Part (2) without proof, referring to [FR16, Proposition 3.1.38 and 
Theorem 3.1.39] for the complete argument. 


Proposition 1.2.5. There exists a constant C > 0 such that for every x € G and 
s € [0, 1], we have 
|exp(slog())| < Cla]. (1.5) 


Proof. Let x 4 0, otherwise (1.5) is trivial. Using the fact that |-| is homogeneous 
of degree 1, we have 


| exp(slog(z))] 


iz] = |61/\2|(exp(s log(x))| = | exp(slog(0; 44 (2))]. 
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With |04 54 (z)| = 1, it follows that 
| exp(slog(z))] 
ee « max exp(s lo =. 
|a ~ Baie ia p(slog(s))) 


Note that C is finite, since the set (£ : |€] = 1} is compact (see Lemma 1.2.2) as 
well as |- |, exp and log are all continuous functions. 


The bi-invariant Haar measure on G comes from the Lebesgue measure on 
g by Proposition 1.1.1. Fixing the normalisation of the Haar measure on G we 
require that the Haar measure of B(0,1) is 1. (Thus, if G = R” with the usual 
Lebesgue measure, our Haar measure is I'((n + 2)/2)/7"/? times the Lebesgue 
measure.) The measure of any measurable set E C G will be denoted by |E|, and 
we shall denote the integral of a function f with respect to this measure by he fdz 
or by Je f(x)dx, or simply by f f or by f f(x)dz. 


Recalling (1.3), the homogeneous dimension of G is 
Q=) dr = TY(4), 
k=1 
and we have 
ló-(E)| 2 r9|E|, d(rz) = r9da. (1.6) 


In particular, we have |B(z,r)| = r9 for all r > 0 and z €G. 


Definition 1.2.6 (Homogeneous functions and operators). A function f on G\{0} 
is said to be homogeneous of degree X if it satisfies 


foó,—r^f forall r» 0. 


We note that for f and g, we have the formula 


I f(a) (go &.)(z)dz = r-9 | (f o 51),)(a)g(a)ae, 
G G 


given that the integrals exist. Hence we can extend the mapping f — f o ôr 
to distributions by defining, for any distribution f and any test function ¢, the 
distribution f o 6, by 
(f o by, $) = r OCF, po 01r); 
where (-,-) denotes the usual duality between functions and distributions. The 
distribution f is called homogeneous of degree A if it satisfies 
foó,—r^f for all r» 0. 
Also, a linear operator D on G is called homogeneous of degree A if it satisfies 
D(foó,) -r^(Df)oó, for all r0, 


for any f. If D is a linear operator homogeneous of degree A and f is a homogeneous 
function of degree u, then Df is homogeneous of degree u—A. 
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The following extension of the reverse triangle inequality is often useful: 


Proposition 1.2.7 (Reverse triangle inequality). Let f be a homogeneous function 
of degree A and of class C! on G\{0}. Then there is a constant C > 0 such that 
we have 


Lf(zy) - f(z)| < Clyllzl^"* foral |y| < |a|/2. 


Proof. Suppose that |x| = 1 and |y| € 1/2, and we use the fact that both sides 
of the desired inequality are homogeneous of degree A. In this case x and zy are 
bounded, and also bounded away from zero, and the map y +> xy is Ct, so by the 
usual mean value theorem and Proposition 1.2.3, we obtain 


If (xy) — f(x) € Cllyll € Cyl = C'lyllel t, 


using that both sides of the desired inequality are homogeneous functions of the 
same degree A. 


In particular, this proposition can be applied to C! homogeneous quasi- 
norms. Specifically, the combination of Proposition 1.2.4 and Proposition 1.2.7 
leads to a constant y > 0 such that we have 


Izy] S y(læ| -- |y). forall x,y €G, (1.7) 


llzy| — |x]| € yly| forall z,y€G with [y| € |2|/2. (1.8) 


Henceforth, y will always be called the minimal constant satisfying (1.7) and (1.8). 
Obviously, 7 > 1. We will be using (1.7) and (1.8) without comment in the sequel. 
The following simple fact will also be useful later: 


Lemma 1.2.8 (Peetre type inequality). For every x,y € G and s > 0, we have 
(1+ |x|)? + ly)? € Y*(. + ley). 
Proof. Because of |x| € ^(|xy- | + |y|) we have 


1+ |æ] < «(1  |xy hA + lul), 


and we obtain the needed inequality by raising both sides to the sth power. 


Let us now fix the notation for some common function spaces on G. Let Q C 
G, and let C(Q) (Co(Q)) be the space of continuous functions on G (continuous 
functions with compact support, respectively). If Q is open, then C?) (Q) is called 
the class of k times continuously differentiable functions on Q, 


C?(Q)- 2 COO) and CQ) = GO may). 
k=1 
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When 2 = G we shall usually omit mentioning it. If 0 < p < oo, then L? will 
denote the usual Lebesgue space on G. For 0 « p < oo we write 


Isle = ( f uroras) B 


despite the fact that this is not a norm for p < 1. However, the map (f,g) > 
| f — g| is a metric on L? for p < 1. We recall that if f is a measurable function 
on G, its distribution function A, : [0, oo] + [0, oo] is defined by 


Asla) := |o : |f(@) > aj], (1.9) 


and its nonincreasing rearrangement f* : [0, o0) > [0, 00) is defined by 
f*(t) =inf{a: Aj(o) < t}. (1.10) 


Moreover, 


[P= f rao o f adas f^ riva. 


For 0 < p < oo, the weak-L? is the space of functions f such that 


[flp := sup o? As (a) = supt!/? f*(t) < oo. 
a0 t>0 


This [-], is not a norm but it defines a topology on the weak-L? space. A sub- 
additive operator which is bounded from L? to weak L4 is said to be weak type 
(p,q). 


1.2.2 Polar coordinates 


There is an analogue of polar coordinates on homogeneous groups. We start with 
the following observation: 


Proposition 1.2.9 (Polar decomposition: a special case). Let f be a locally integrable 
function on G\{0} and assume that it is homogeneous of degree —Q. Then there is 
a constant up (the ‘average value’ of f) such that for every g € L'((0,oo), r^! dr), 
we have 


[10 g(|x|)da =n f g(r)r dr. (1.11) 
Proof. Define Ly : (0,00) + C by 


= Siejnjerf(a)de if r1, 
a cgi f(x)dx if r<1. 
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By changing the variables x — sx and using the homogeneity of f, it can be 
verified that 
Ls (rs) = Ly(r) + Ly(s) 
for all r,s > 0. From the continuity of Ly, it then follows that 
Ly = Ls (e) log r, 


and we set uf :— L (e). Then equality (1.11) is obvious when g is the characteristic 
function of an interval, and it follows in general by taking linear combinations and 
limits of such functions. 


Proposition 1.2.10 (Polar decomposition). Let 
Q:—izeG:|z| 21) (1.12) 


be the unit sphere with respect to the homogeneous quasi-norm |- |. Then there is 
a unique Radon measure o on p such that for all f € L1(G), 


[ rev - [7 f reor ant (1.13) 


Proof. Let f € C(G\{0}) be the homogeneous extension of f € C() defined by 
Fe) = e fla] *a). 


Then f satisfies the hypotheses of Proposition 1.2.9. The map f > u F is clearly a 
positive linear functional on C(@), so it is given by the integration against some 
Radon measure c on p. If g € Co(0,00) then we have 


xl ta gar = F(x z|8g(Ix)dz = uz NE r)dr 
] fei aaliehae = | FeeL glede = nz | aoa 
= | [foy dotar 


Since linear combination of functions of the form f(|x| !z)g(|x|]) are dense in 
L!(G), this completes the existence proof, and from the decomposition it follows 
that such a measure is necessarily unique. 


Corollary 1.2.11. Let C := o(p). Then if 0 « a « b « oo and a € C, we have 
-Q Co !(b*—a^) if a#0, 
f |a|° “dx = 
a<|a|<b C log(b/a) if a=0. 
Corollary 1.2.12. Let f be a measurable function on G such that 
f(x) = O(|x|°-®) 


for some a € R. Ifa > 0 then f is integrable near 0, and if a < 0 then f is 
integrable near oo. 


'These two corollaries will be frequently used without comment in the sequel. 
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1.2.9 Convolutions 


Let f and g be two integrable function on G. Then their convolution f * g is well 


defined by 
f *g)(a y= fs) f (y)g(y !x)dy = [ fen ones 


The basic facts about convolution of L? and weak-L? functions can be for- 
mulated in two propositions. For other properties of convolutions on groups we 
can refer to [FR16, Sections 1.5 and 3.1.10]. 


Proposition 1.2.13 (Young's inequality). Suppose 


1 1 1 
1 < p,q,r < œ and -+-=- +1. 
p q r 


If f € LP and g € L^, then fxg € L” and 


Ilf * gle) < lfl llall Lo 


Proof. First assuming r = oo, in this case p and q are conjugate exponents and 
the result follows from Hölder’s inequality. 

Second assuming r = q, p = 1, let q' be the conjugate exponent to q. By 
Hölder’s inequality, 


|f * 9(2)| < FA |f (æy 2) 0/9 0/4 | gy) dy 


< ( f Wes iar) K ( f Ferlota) D 
= qp ( D! [frusta i 


'Thus, by Fubini's theorem, we obtain 


ETOC irit f [ri Diana 


" 4i 
= Fl glg, 


so that || f * glla < |fllillgll¢- The rest follows by interpolation. 


Proposition 1.2.14 (Young's inequality for weak-L? spaces). Suppose 


1 1 1 
q<p<w, l1«q,r«oo and -+-=-+l1. 
P q r 


If f € LP and g € L% then f xg € weak-L" and there exists Cı = Ci(p,q) such 
that 
[f * glr < Ci f llplg]a- 
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Moreover, if p > 1 then f * g € L" and there exists C9 = Co(p,q) such that 


Ilf * gll» € Coll fllplala- 


Proof. By the Marcinkiewicz interpolation theorem one can notice that the strong 
result for p > 1 follows from the weak result. Suppose then that f € L? and 
g € L4, and (without loss of generality) that || f||; = [q]; = 1. Given a > 0 set 


M i (0/2)"%(a/ry/™, 


where p' is the conjugate exponent to p. Define gi(x) :— g(x) if |g(x)| € M and 
gi(x) := 0 otherwise, and set g2 := g — gi. Since 


Af«g(a) < Afag, (a/2) + À fxg (4/2), 


it is enough to show that each term on the right side is bounded by Co^, where 
C depends only on p and q. On the one hand, since q^! — (p)! = r^! > 0 we 
have p'q > 0 and therefore 


=i 


oo M 
[incor aso! f ert eda xr [orto 
G 0 


0 


M / 
< y a? 71-4 = —P M” = Mfr = (aan. 
0 p—4q q 


Thus, for every z € G, by Hólder's inequality (or by Proposition 1.2.13) we have 
f * an < IFllollgll < a/2, 
which implies that À fxg, (o//2) = 0. On the other hand, since q > 1, we have 
oo M oo 
| [ga(x)|dz = J Ag, (a)da = Ag(M)da + Ag(a)da 
G 0 


0 M 
oo 


« M.M^1 «f a^*da = —— M1, 
M q—1 


and therefore by Proposition 1.2.13, 
llf * g2llp < llfllpligalls < a(a — 1) M". 
But then 
Arg (0/2) < [2]. f * g2llp/al? 
p p 
« = —2 | wa-o» 
~ La q—1 


= C(p,q)a*. 


'This completes the proof. 
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Now let us summarize some properties of approximations to the identity in 
terms of the convolution. The following notation will be used throughout this 
monograph: if ¢@ is a function on G and t > 0, we define ¢; by 


$i :=t Pho Õim, thatis, d«(z):— t *o(z/t). (1.14) 


We notice that if ¢ € L'(G) then fg ó(x)dx is independent of t. 


ne 1.2.15 (Approximation of identity). Let ¢ € L!(G) and let a := 
fc e x)dx. Then we have the following properties: 


(i) If f € L"(G) for 1 € p < œ, then ||f * 6; — af||; — 0 ast > 0. 


(i) If f is bounded and right uniformly continuous, then || f * $; — af llo — 0 as 
t— 0. 


(iii) If f is bounded on G and continuous on an open set Q C G, then fxd,—af > 
0 uniformly on compact subsets of Q as t > 0. 


Proof. For a function f on G and y € G, let us define 
f" (x) = f(zy ). 
If f € L? for 1 € p « oo, then it can be shown that 
IZ” — fll; —-0 asy—0, (1.15) 
for example, using the fact that Co is dense in L?. If p = oo, property (1.15) 


holds if and only if f is (almost everywhere equal to) a right uniformly continuous 
function. We now observe that 


f*éiz) - af(z enr )t799(y/t)dy — af (2) 
= [re (tx) otdi =ar 
= [ PEE- feos: 
Hence by Minkowski’s inequality, 
I= bi -afle < [ Mr — Felted: 


Since || f’* — f|| < 2|| f||p, under the hypothesis of (i) or (ii) it follows from (1.15) 
and the dominated convergence theorem that || f * $; — af|| — 0. The routine 
modification of this argument (with p — oo) needed to establish (iii) is left to the 
reader. 
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1.2.4 Polynomials 
The Lie algebra g of G can be understood from different prospectives: 


e as tangent vectors at the origin, 
e as left invariant (and right invariant) vector fields. 
While in this book we will not make much use of the first interpretation, we will 


need the second. Consequently, let us denote by gz and gg the spaces of left 
invariant and right invariant vector fields on G. 


Let us fix a basis X1,...,X, for g consisting of eigenvectors for the dilations 
6, with eigenvalues r@,...,r@”, i.e., such that 
Op Xk = rte Xp. 


In other words, first, we consider X; as left invariant differential operators on G 
and we denote by Y;,...,Y, the corresponding basis for gr: that is, Y; is the 
element of gr such that Y;|o = X;|o and for f € C! we have 


d 
at -exp(tXx))|t=0, 


Ve f(u) = 55 fexp(t Xi) -w)leo 


Xkf(y) = 


Then X; and Y; are the differential operators homogeneous of degree d; since 
d 
X&(f o9.)(y) = y fry) exp(r^*tX1))|i-o 


=r? & S Fry) exp(tXp))leao 
= — o òr) (y), 
and similarly for Yp. For I = (i1,...,%n) € N”, we use the notation 
SKN ek, Yay Yp. 
According to the Poincaré-Birkhoff- Witt theorem, the operators X/ give a ba- 


sis for the algebra of left invariant differential operators on the Lie group G. In 
addition, we also use the notations 


Here |Z| is called an order of the differential operators X7 and Y7, and d(T) is 
their degree of homogeneity or the homogeneous degree. If we denote by A the set 
of all numbers d(I) as I ranges over N” then we have N C A as d; = 1. 

There are two useful facts. On the one hand, left translations are isometries 
on L?(G), and the operators X; and Y; are formally skew-adjoint. Therefore, 


[D= cn [ to, ] *2- D f a fs. 
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for all smooth functions f and g for which the integrands decay suitably at infinity. 
On the other hand, the operators X/ and Y7 interact with convolutions by the 
formulae 


X"(wg ejfe gn, Fea fea, QUf«gefeqY. 


Except for the last one these equalities are direct consequences of differentiating, 
and the third can be obtained by integration by parts: 


GC pa) = | X! rat! = C" | Few) X" latus 
= [ fente = f tac). 
Definition 1.2.16 (Polynomials on the homogeneous group G). A function P on G 


will be called a polynomial if P o exp is a polynomial on g. 
We can form a global coordinate system on G and generate the algebra of 
polynomials on G by setting 
Tk = o exp 5, 


where 774, ...,75, are polynomials on G, and £1,...,£, are the basis for the linear 
forms on g dual to the basis X4,..., X, for g. Therefore, each polynomial on G 
can be defined uniquely in the form 


P=} ar, 
I 
where 
I Qd in 
g eq ewe. 
a; € C, and all but finitely many of the coefficients a; vanish. Since 77 is homo- 


geneous of degree d(I), the set of possible homogeneous degrees for polynomials 
coincides with the set A. The isotropic degree of a polynomial P is 


max{|I| : a; #0}. 
And the homogeneous degree of a polynomial P is 
max{d(I) : ar #0}. 


By P°, for N € N, we denote the space of polynomials of isotropic degree < N, 
and by Pa, for a € A, we denote the space of polynomials of homogeneous degree 
<a. Since 1 € dj, € d for k = 1,...,n, we observe that 


Py C PR? C Pay 


for N € N. 
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There is a more explicit description of the group law in terms of the coordi- 
nates 7, since the map 
(v, y) => my) 


is a polynomial on G x G. Thus, we have 


ne ((rx)(ry)) =r ne (ay), 


that is, it is jointly homogeneous of degree dj and, according to the Baker- 
Campbell-Hausdorff formula, we have nk(xy) = (2) + nk(y) modulo terms of 
isotropic degree > 2. It follows that 


Nely) = m) + my) + 5 Cn (x)n” (y), (1.17) 
140, J40,d(I)+d(J)=d 


where C// are constants. It is easy to see that the monomials 7/,77 can only 
involve coordinates with homogeneous degree less than dx, since the multi-indices 
I and J in (1.17) must satisfy d(I) < dp and d(J) < dy. In particular, only the 
coordinates 7,...,1;-1 can be involved, for instance: 


dy —2: m(xy) = mx) + my) + 5 CH ng (a my). 
dj=d,=1 


Proposition 1.2.17 (Polynomials are translation invariant). For any a € A, Pa is 
left translation invariant. 


Proof. According the formula (1.17), it is easy to see that gr (zy) is in Pa, (as a 
function of z for each y, and also as a function of y for each x). On the other hand, 


the 7,’s generate all polynomials, therefore P, is left translation invariant for all 
a € A. 


Definition 1.2.18 (Coordinate functions on the group). For x € G and k = 1,...,n 
we can think of 


Le = nex) 


as the coordinates of the variable x. Thus, each z; becomes a polynomial of ho- 
mogeneous degree k. 


We now establish a link between left and right invariant differential operators 
and derivatives with respect to coordinate functions on the group. 


Proposition 1.2.19 (Formulae for invariant derivatives). We have 


Xr =X Bg(8/0m), Yr = > Qu(3/88), (1.18) 


where Pek = Qkk = 1, Pry = Qkj = 0 if dj < dy or if dj = dk and j # k, and 
Pki, Qkj are homogeneous polynomials of degree dy — dj if dj > dp. 
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Proof. Let us define the operator Le : G — G by Lely) := xy for x € G. Then, 
using the fact that X, agrees with 0/Ox, at 0, for each differentiable function f 
on G and z € G, we have 


Xyf(x) = (Xf) o L,(0) = Xe(f o Le)(0) = (0/0xx)(f o Lx) (0). 


Therefore, by the chain rule, we obtain 
2 Of 0 Tk O Ls 
Xho) = Y S. (s) EE 9 Tel) 


But by formula (1.17) it follows that 


O[x; o Lel 


Anc = Sait J Cw) 


d(I)=d;—d, 


where [k| is the multi-index with 1 in the kth place and zeros elsewhere. The 
desired result for X; follows from this, and for Y, it can be proved in a similar 
way. 


There are also similar expressions for 0/Ox;, in terms of X; or Y;: 


0/0, = 9 PiX; = X QY; 


where Pij» Qh; are of the same form as Pj, Qkj in (1.18). Above formulae can 
be directly obtained from (1.18) with j = n, that is, we have 


Xn = 0/02n, 


Xn-1 = O0/O%n—1 malt Pra 140/055; 
Xn-2 = 0/0x, 2 a Pn-2)(n-1)9/3Tn-1 + P -2)0/02n, 


therefore, we obtain 
O0/O0x4, = Xn, 


0/OEn 1=Xn-1- Pin 1)n0/OEn, 
O/ Ox, 2 = Xn 2 P 2)(n 10/0851 = Pin—2)n0/3En, 


and so on. Similarly, one can obtain expressions for higher-order derivatives. For 
instance, 
X! = > Pj; (0/0x)/, (1.19) 
|J|Eura(7)zdu) 
where Pj; is a homogeneous polynomial of degree d(J) — d(I). Analogously, we 
obtain formulae for Y7 in terms of (0/0z)7 and for (0/0x)! in terms of X7 or 
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Y”, that is, 
X! = 5 PyjY, 
| JI<|1],d(J)<d(1) 
pos 5 Qi; X", 


|J|S|1|,d(J)<d(1) 


where Pr; and Qr; are homogeneous polynomials of degree d(J) — d(T). 


Proposition 1.2.20 (Determination of invariant differential operators). Let a € 
A and let u :— dim P4. Then the following maps are linear isomorphisms from 
Pe to C^: 


(i) P > ((8/0)' P(0))at)«a. 
(ii) P > (X'P(0)am«a; 
(iii) P (Y?! P(0))auyza. 
Proof. Note that Case (i) is a simple consequence of Taylor's theorem. Also, in 


view of (1.19), since Pr; is a constant function when d(I) = d(J) and Pr;(0) = 0 
when d(J) > d(I), we have 


Xl|; = 5 Py; (8/80x)? |o, 


|J|<|Z],d(J)=d(Z) 


and similarly for the other formulae relating X!, Y? and (0/0n)!. Cases (ii) and 
(iii) follow easily from this observation together with Case (i). 


The properties above motivate the following: 


Definition 1.2.21 (Taylor polynomials). Let x € G, a € A, and let f be a function 
whose (distributional) derivatives X7 f (resp. Y! f) are continuous functions in a 
neighborhood of x for d(I) < a. The left (resp. right) Taylor polynomial of f at x 
of homogeneous degree a is the unique P € P, such that X! P(0) = X! f (x) (resp. 
Y! P(0) = Y? f(x)) for all J such that d(I) < a. 


Now we provide simple proofs of an explicit expression of the Taylor formula 
and the Taylor inequality in the spirit of [Bon09]. 
Let X € g be given, and suppose 7(t) is any integral curve of X, i.e. 


y-X(Y(t) 
for all t € R. If m € NU {0} and u € C™*1(G) is real-valued, then since 


d* k 
ag COW) = (X^u)((t)), 
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for each k € NU{0}, by applying the usual Taylor formula (with integral reminder) 
to tr u(y7(t)), we obtain 


u(y(t)) = X aX uO) +S | (—s)"(x"*u)(q(s)ds. — (10) 
k! a 


Moreover, it is easy to see that the integral curve y of logh starting at x is 
s> 7(s) = rexp(slog h). With 7(0) = x, y(1) = xh, we get 


m 1 
u(xh) = > ~= (Qog h)*u) (a) + — | (1 — s)"((log h)” ttu) (x exp(s log h))ds. 
Eu m! Jo 
(1.21) 
On the other hand, there always exist (polynomial) functions G 3 h +> 
Gi(h) € R such that 


logh = G(Rh) X1 +--+ G(h)X 
for all h € G, where (.X1,..., Xn} is a basis of the Lie algebra of G. Thus, we have 


k 
(log h)" = sm x) = » D Ga (h) ++ Gig (D) X Xi, 


ds RE 1 


for every k € N. 
Therefore, (1.21) implies that 


ueh EO DUE) 


k=1 I=(i1,.. ip) i, i En 


n 3 Gs (A) Gis (h) 


I-c(ii,...m41),d1,..., 5n 4157 


3 (Xru) | x exp S sG(h)X; CS 
0 


m! 
i<n 


(1.22) 


where X; = Xi, e Xi, and I = (i1,...,%,) with d,..., ig € {1,...,n}. 
For a multi-index o, we will be using the notations (1.16), i.e 


lo] =a, +--+: + n, d(o) = dios +--+ dnan, 


where d; is the homogeneous degree of X,; these are called the Euclidean length 
and the homogeneous length of o, respectively. One also sets 


6 :— (d(a) : a € (NU (0])"]. 


As usual, [8] below is the integer part of the real number 8. Now we are in a 
position to state the Taylor formula on homogeneous groups. 
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Theorem 1.2.22 (Taylor formula). Let G be a homogeneous group (identified with 
R” as a topological space). Suppose {X1,...,Xn} is the Jacobian basis for its Lie 
algebra, m € 6 and u € Cl"l*!(G). Let also xo € G be fixed. Then, for every 
x € G we have 


u(x) = Pm(u, xo)(x) + Ry (x, xo) (1.23) 


-um)eY, Y) EU oi). c gta) + Rale, 20), 


Xr u(xo) = _ 
Rm(x, x0) = 5 5 — n Sa (o 1e). Cil tg) 
k=1 I=(i1,.. ik), i 
di m iy €n, 


d(I)>m 


+ » Cia (zg ^a) QS us (x9 *2) 


1 
<f (Xru) | xo exp 3 sco 2) X; 
0 


i<n 


Proof of Theorem 1.2.22. If xo € G is any fixed element, by replacing x and h in 
the formula (1.22) by respectively zo and 2g !z, we obtain the following: 


u(x) -u(z)- 3, M AUC, (aq 2) +++ Gi, (2 2) 


d(»m. 
+ M, Gn xar r) (1.24) 

T=(41,---,2[mj+1)> 
il siim] +i En 

1 

1 — sym] 

«f (Xru) | zo exp X Gleg a) X; CM 

0 i<n g 


Since a polynomial G;(x) is homogeneous of degree g;, there exists C4 > 0 such 
that 


C; ‘lal? < Gœ) € Cile 


755 VYeeG, i-—l,...,n. 


As a consequence, for every k € N, Ci ++- Çi, is a homogeneous polynomial of degree 
di, +++: + di,. Similarly, Gi --- Gi;,;,, is homogeneous of degree > [m] + 1 (since 
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the d;'s are > 1) and, there appear only derivatives Xru with d(I) > [m]+1>m 
in the integral summands. 

We restate (1.24) emphasizing out the polynomial of degree < m in the 
right-hand side: 


ule) =u) + Xs) 6 (rg a) -- Gu (rg) 


EE e (sa) 


ur > culty d) ss @) 
ay Tm Um Mam 


1 
J (Xru) | zo exp So aGlag 2) x; E es 


i<n 


=: Pa (u, xo)(z) + Rm(x, xo). 


By construction, Pm (u, xo)(x) is a polynomial of homogeneous degree < m. 


Theorem 1.2.23 (Taylor inequality). Assume the hypotheses of Theorem 1.2.22. 
Then for every fixed homogeneous norm |-| on G and every m € 6, there exists 
C » 0 (depending on G and |- |) such that 


[m1 ok 
R(mao) S $^ 2. des? sup qXrw(sg!y). (1.25) 
k=1 . m ly|<Olap tz] 
"dm 


Moreover, an explicit formula for the Taylor polynomial P4, (u, xo) of degree m € & 
related to u about xg is 


Im] 
Xru zo) = 
+ » Suc (ege) Grp m). (1.26) 
k=1 I-(ü sd), i1,- nik In, d(I)<m 


Proof of Theorem 1.2.23. Since 
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by Proposition 1.2.5 we obtain 


(Xru) | exp S sG(z)Xi € sup |Xru(y)|. 


i<n lyl<Colx| 


This implies that 


tee) oso (aa 

Beas E sup, Day e eme) 

k-1 I—(i..qi), lv S Colzg "zl : 
di... ig En, 


d(I)>m 
[m1 ok 
s $m YD dust? sip [Xr yh 
—1 7 FE (ay ende), ly|<Colag z| 

[UE iy n 

d(I)»m 


Choosing C := max{ Co, C1) we complete the proof of the Taylor inequality (1.25). 

First, note that the above estimate of Rm gives Ry (xr) = O(p"'**(z)) as 
x — 0, where 

e:= min  [(d(I) — m:I = (i1,... dg), dq... dg < n, d(I) >m}. (1.27) 
k=1,...,[m]+1 

Thus, the Taylor formula (1.23) can be rewritten as u(x) = Pj (x) --O(|x|"***) 
as x — 0, with £ > 0 as in (1.27). 

Now let us see that there exists at most one polynomial function P on G, 
with degree < m, such that, for some £ > 0 (depending on P and m) it holds 


u(x) = P(x) + Os a, (|yg I| ^**). (1.28) 


Indeed, suppose there are two such polynomials, A and B (with related £1, £2 > 0). 
Then setting € := min(e1, £2) we have 


Q(r):B—A- Osseo llea arm 
Setting Q(z) := Q(xoz), this is equivalent to 
Q(z) = O, ,o(|z|"**). (1.29) 


The fact that Q is a polynomial of degree at most m and the ith component 
function of zoz is a polynomial in z of degree at most d;, it follows that Q(xoz) is 
a polynomial in z of degree at most m. 

Therefore, (1.29) is valid if and only if Q = 0, that is, Q(xoz) = 0 for all 
z € G. This is in turn equivalent to Q = 0, i.e., A = B. Note that the equivalence 
of all homogeneous norms (cf. Proposition 1.2.3) implies that a polynomial P as 
in (1.28) is independent of | |. Thus, Pm is the Taylor polynomial of degree m 
related to u, which has the explicit formula (1.26). 
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1.3 Radial and Euler operators 


An important tool for working on homogeneous groups will be an extensive use of 
radial and Euler operators. We now discuss them in some detail and establish a 
number of properties used throughout the book. 


1.3.1 Radial derivative 


First we introduce a radial derivative (acting on a differentiable function f) on a 
homogeneous group G by 
_ df (x) 


Rf (x) = d|z| ' 


where |x| is a homogeneous quasi-norm of G. Note that the homogeneous quasi- 
norm |x| in the formula (1.30) can be arbitrary, that is, in general the radial 
operator R depends on a chosen homogeneous quasi-norm. 

Let {X1,...,Xn} be a basis of the Lie algebra g of G such that we have 


(1.30) 


AX, — vyXy for every k=1,...,n. 


Then the matrix A can be taken to be A = diag(ni,...,v4,) and each Xj is 
homogeneous of degree vg. By decomposing the vector expg (x) in g with respect 
to the basis {X1,..., Xn}, we get the vector 


e(z) = (e(z),..., en(x)) 


given by the formula 


where 
V= (Xirsi) 


is the full gradient. It gives the equality 
x = expg (e1(z) X1 +--+ + enlx)Xn). (1.31) 


By homogeneity and denoting r = ry, with y € p being on the quasi-sphere (1.12), 
we get 
e(x) = e(ry) = (r^ ex(y),. r^ en(y)). 


Indeed, since each X; is homogeneous of degree vg, from (1.31) we get that 
rr = expg (r e(x)X1 +- +r” enlx)Xn), 


and hence 
e(rz) = (r^ e(z),...,r"" en(z)). 
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Thus, since r > 0 is arbitrary, without loss of generality taking |x| = 1, we can 
write 
d 


ara) 09) = Z (r^ ex(z) X4 +: r"^ enl£)Xn)). (1.32) 


dr 
So, summarizing, one obtains 


LFO) = LFW) = ZF epg (eru) X res (y)Xn))) 


diz| dr 
(1.33) 
Throughout this book we will be often abbreviate the notation by writing 
d 
R := — 1.34 
dr’ ( ) 


meaning that the derivative is taken with respect to the radial direction with 
respect to the quasi-norm |: |. 
We can also observe that for any differentiable function f we have 


d eges e pep oct T evt 
allo = qui (enl) = ren fc)» — Qa) 


|z| i| 


since for x € G, we have that 77 does not depend on |x|, and where 


o o 
VE = (Eee) 


is an anisotropic (Euclidean) gradient on G consisting of partial derivatives with 
respect to coordinate functions. 
Although z; and 5 may have degrees of homogeneity depending on j, the 


Operator 
M VE d 
R= 2 (1.36) 
|x| d|z| 


is homogeneous of degree —1. 


1.3.2 Euler operator 


Given the radial derivative operator R, we define the Euler operator on G by 


z i= z[R. (1.37) 


Since R is homogeneous of degree —1, the operator E is homogeneous of degree 0. 

We can note the following useful property shedding some more light on the 
link between the radial derivative and the Euler operators, also clarifying how to 
take derivatives with respect to points that are not on the quasi-sphere œ. Thus, 


1.3. Radial and Euler operators 37 


for x € G, we can write x = ry with y € p. Then, denoting p := etr for t € R, we 
have 


aU) = fer) = FF (ow) = eso) = Efl) = Ef (2) 
that is, 
a ex) =Ef(e’x 1.38) 
Í flex) = Ef(e'a). a. 


The Euler operator has the following useful properties, also justifying the 
name of Euler associated to this operator. 


Proposition 1.3.1 (Properties of the Euler operator). We have the following prop- 
erties: 


(i) Let v ER. If f : G\{0}  R is differentiable, then 


W(f)-—vf if and only if f(rx) =r’ f(x) (Vr > 0,2 40). 


(ii) The formal adjoint operator of E has the form 


* = QI — E, (1.39) 


where I is the identity operator. 
(iii) For all complez-valued functions f € C° (GN(01) we have 


fl ro (o) = || £" fll z2) : (1.40) 


Proof. Part (i). If a function f is positively homogeneous of order v, that is, if 
f(rz) =r” f(x) 


holds for all r > 0 and x := py # 0, y € p, then using (1.30) for such an f, it 
follows that 


if = vf (z). 
Conversely, let us fix x Z 0 and define 
g(r) := f(rz). 


Using (1.30), the equality Ef (rx) =v f(rx) means that 


V 


d) = È pra) = Efez) = ftra) = a. 


Consequently, g(r) = g(1)r", i.e., f(rz) = r” f(x) and thus f is positively homo- 
geneous of order v. 
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Part (ii). We can calculate the formal adjoint operator of E on C§°(G\{0}) 
as follows: 


[eren f b Í L frog? do(y)dr 
= -f [ re» (eres E) do (y)dr 
= f f(x)(Q + E)gta)ae, 


by the polar decomposition in Proposition 1.2.10 and the integration by parts 
using formula (1.30). 
Part (iii). By using the representation of E* in (1.39), we get 


IE* fl) = l7 QI — E) £122 (s) 


(1.41) 

= Q? fida, + 2QRe i f(x)EfGydz + IEF IZ) - 

Then we have 
— oo d—— 
2QR } dx = 2QR ry) — f(ry)r@da(y)dr 
ane | SETE =20Re f [ se gT dolo) 
a "a = ry)|?)d dr 

afr? f UPa) T 


— 2 T 2 Q—1g d 
Q n Í |f (rg) r9 1 do (y)dr 
= -Q' [fll 22t - 


Combining this with (1.41) we obtain (1.40). 


Let us introduce the following operator that will be of importance in the 
sequel, 


A := EE* 


It is easy to see that this operator is formally self-adjoint, that is, 


A = EE* = E*E — A*, 


where we can use Proposition 1.3.1, Part (ii), to also write 


MES DO SED _ 7 2 
wa SS ee —— 47 H 


Then by replacing f by Ef in (1.40), we obtain the equality 


lAfllz2@ = ETFI rao; (1.43) 
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for all complex-valued functions f € C§°(G\{0}). Moreover, the operator A is 
Komatsu-non-negative in L?(G), which means that (—oo,0) is included in the 
resolvent set p(A) of A and we have the property 


M>0,VA>0, |A A)  lzqayors() < MA. 


Indeed, and more precisely, we have the following: 


Lemma 1.3.2 (A = EE* is Komatsu-non-negative). The operator A = EE* is 
Komatsu-non-negative in L?(G): 


ICA + À) ll r2(c) s r2 (6) < AC for all À > 0. (1.44) 


Proof. We start with f € Cg* (G\{0}). Using Proposition 1.3.1, Part (ii), a direct 
calculation shows that we have the equality 


(AL -- A) fll 22(e; = (AM — E(QT + E)) fll) 


= X Ia, + IIE(QI - E)f|3 e — 2ARe n f(e)QEF +E fdr. 


(1.45) 


Since 


Re | Sæde - Re | f ftris frt dol)dr 


=se f "erem (2 E: fry) + Qr fy) do(y)dr 


--JEf 


ieg- QRe | E da, 
ao) — QRe L Feat (a)da 


we have 


—2aRe | SQ if (x) + E? f(x)dx 


= —2.0Re | f(z)ETGyds - 2are | GET Gs —2A|Eflz2«s. (1-46) 
Combining (1.45) with (1.46), we obtain the equality 
l| — E(QT + E)) fllZ2¢@) =” If llze@) + 2A IES 

By dropping positive terms, it follows that 
|| X — E(QT + E) flt) 2 M Ilio) 


which implies (1.44). 


I2: «y + IIE(QI +E) fll (c, - 


We can refer to [FR16, Section A.3] for more details on general further prop- 
erties of Komatsu-non-negative operators and their use in the theory of fractional 
powers of operators. 
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1.3.3 From radial to non-radial inequalities 


Now we show that the Euler operator and, consequently, also the radial derivative 
operator, have a very useful property that in order to prove certain inequalities 
on G is may be enough to prove them only for radially symmetric functions. We 
summarize it in the following proposition. Such ideas will be of use, for example, 
in the analysis of remainder estimates in Theorem 2.3.1 or in Theorem 3.2.6. 

As usual, we will say that a function f = f(x) on G is radial, or radially 
symmetric, if it depends only on ||; clearly, this notion depends on the seminorm 
that we are using. 


Proposition 1.3.3 (Radialisation of functions). Let $1, ¢2,¢3 € Li,.(G) be arbitrary 
radially symmetric functions. For f € L} (G), define its radial average by 


Flat) (E [isdewnraaty )) e (1.47) 


Then for any f € LẸ (G) and 1 < p< oo we have the equality 


[eo [feo as = [ ortas. (1.48) 
G G 
Moreover, if $2, 93 > 0, we have the inequalities 
[exo EFD] ax < f oso EFE] de (149) 
G G 
and p 
[e [RF] de< | gala) [RE fto) de, (1.50) 


for all 1 < p < oo, any k € N and all f € LẸ (G) such that EFf € L^ .(G) or 
R' fe L} (G), respectively. The constants in these inequalities are sharp, and are 


attained when f = f. 


Proof. Using definition (1.47) and the polar decomposition formula in Proposition 
1.2.10, we have 


[ife (|x|) |? oi (x as = lel [AR r)?ói(r)r97!dr 


= — ry)|?do i(r)r?-ldr = x)|” $1 (z)da 
=i f g | vom Pdatnen( d ] itcm coa 


which proves the identity (1.48). 
To prove (1.49) let us show first that 


(1.51) 


a 


ES (= [ | * firi) doty) "rc [el (1.52) 
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holds for any k € N. We use the induction. For k = 1, by the Holder inequality we 
obtain 


id 


=r (= [ir euP) vu 
< (= ri frais) ^ i fry) Po 
zu do(y y (f we (ry)|?do(y Du 


[fente rende) 


r£ f(ry) dol) 


gp 
-(à f. ri) doto) 


For the induction step, we assume that for some £ € N we have 


xj < (= | * ftl" doty) d (1.53) 


and we want to prove that it then follows that 


£41 7| 1 £41 p ad 
is (E f ero a) 
lol Jo 
So, using (1.53), similarly to the case Z = 1 above, we calculate 
1 " 
^ ey < e (os ff Eren dow) 
lel Jo 


= (= Í "ey dot) ic Í IE rov)" EL ry) = ? finite) 


< (= f | Zr (= Í Foy)" | + firy) dat) 
1 
| 


«(X f * F(rw)!da(y)) e mal 


p-1 


«( [ " f(nidet)) 
- (m/f 4 foy dot) 


Here in the last line we have used Hólder's inequality. It proves (1.52). 
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Now (1.52) yields 


[EFO] estas = et [^ EFO, (rye? 


TL V f(ry)|” és(ryr971 r 
«ie f a. fri" éxr)97 doy) 


= | I^ reo exco. 
G 


This completes the proof of (1.49). The proof of (1.50) is similar. 


1.3.4 Euler semigroup e^! 


Here we will describe the operator semigroup {e "E },>o associated with the 
Euler operator on homogeneous groups. 


Theorem 1.3.4 (Euler semigroup). Let G be a homogeneous group of homogeneous 
dimension Q. Let x € G, x £0, and let y :— E and t > 0. Then the semigroup 


e ** E js given by 


e- tQ? /4 
v Ant 


Before we prove formula (1.54), let us introduce some notation that will be 
useful in the sequel. Thus, let us define the map F : L?(G) — L?(R x p) by the 
formula 


* ca n|z|—ins 2 
(PE Ala) = ear tal 8 fe TAA 6 RIP (ys Ms. (1.54) 


(FF)(s,y) = e°? f(e*y), (1.55) 


for y € o and s € R. Its inverse map F^! : L?(R x o) — L?(G) can be given by 
the formula 
(F^'g)(z) =r? g(nr, y), (1.56) 


and one can readily check that F preserves the L? norm. The map F can be also 
described as 


(Ff)(s,y) = (U(5)f)(u) 
for all y € o and s € R, with the dilation mapping U(t) defined by 
U (t)f (x) :— e'9/? f (ez). (1.57) 
We then immediately have 
(FUS), y) = (U(S)(U HF) = (Uls + HAW) = (FA(s+t.y). (158) 


The dilations U(t) can be linked to the Euler operator through the relation 
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see (1.38). It then follows that these dilations can be also seen as a group of unitary 
operators U(t) = e/^* with the generator 


Af = 5 UO Slo 5 : (842) r--i jig. (1.59) 


Since E* = —QI — E by Proposition 1.3.1, Part (ii), the formula (1.59) implies 
that 


A=A* —— (1.60) 


which yields the relation 
2 
i= (-i 2) (i4- 2)- A? + B (1.61) 


The family U(t) is mapped to the multiplication by exponents e'** through the 
Mellin transformation M : L?(G) > L?(R x p) defined by the formula M = FoF, 
where F is the Fourier transform on R, that is, 


1 —isT 
(Mra) = Te [PN sus (1.62) 


J 
* 


A=E 


Indeed, using (1.58) and changing variables, we have 


(MU(t)f)(r.y) = e ""(Ff)(s +t, y)ds 
7h (1.63) 


- m f. e" (Ff)(s, y)ds =e" (M f)(r.y). 


Before finally proving Theorem 1.3.4, let us point out that it implies the 
following representation of the semigroup e -Ur 


Corollary 1.3.5 (Semigroup e t^ ). Let F and F^! be mappings as in (1.55) and 
(1.56), respectively. Then we have 


Fe” p-1f(r, y) -=Í exp (—! ——| f (sy)ds. (1.64) 


Proof of Corollary 1.3.5. Setting e-*4^ = e'Q*/46—!E'E as well as combining (1.55) 
and (1.56), and using (1.54) we get 


Fe’ F- f(r, y) 


—tQ? /A,.—Q/2 nr—ia 2)? 
jos a um mE C “240s. 
Ant 0 
-rQ/2 pains 
Lent cet Oa, 


which is (1.64), where we have used the new variable s = eĉ! in the last line. 


(r-51)? 
E f(s1y)ds1, 
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Let us finally prove Theorem 1.3.4. 


Proof of Theorem 1.3.4. Noting that from the definition we have iAe“4 


we can calculate 
(MiAe'^' f)(r, y) = (MOU (E) F)(T, y) = (MU (E) S) 
Now using (1.63) we get from above that 


(MiAe'^ f)(r, y) = de” (M f)(r, y) = ire” (M f)(r. y), 


which (after setting t = 0) implies 
(MAf)(7,y) = T(M f)(r, y) 


T, y). 


= 0,U(t), 


(1.65) 


for f in the domain D(A). It follows that the condition f € D(A) can be described 


by the property that the function (T, y) 9 T(M f)(r, y) € L?(R x p). 


So, first we prove that 


(Me™ f)(r,y) = e" (M f)(r, y). 


We have m " 
(Me™ Pery) => E MA fs y) 
k=0 


Moreover, by iterating (1.65), it follows that 
(MA? f)(r,y) = (MFT, y), &=0,1,2,.... 
Combining this with (1.67), we get 


7 CO f LIR 2 
(Me (7,9) = 3 GT MAy) = OMA 


That is, we have showed that (1.66) holds. Thus, it follows that 
eA = Me" M. 
Here by using that M = F o F, we have 
e i^ = plo Fei F o F). 
Furthermore, we calculate 


Fe MSA y) = a MEX. PO 


-x | f 0e EA, y)dsdr 


->f ( he et HOR (FA\(s,y)ds 


(s, y)ds =: pe(A, y), 


AU 


y). 


(1.66) 


(1.67) 


(1.68) 
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MN Um T _ (~s)? 
e +i(r 8)T dr = e 3. 
R t 


From this and (1.68), using (1.55), (1.56) and M = Fo F with x = |z|y, we 
compute 


since 


(e^ f)(lely) = (Frp laly) — r7 ^e (In [a], y) 


1 -Q/2 Qn |z|=s)? 
= |z| e  * -(Ff)(s,y)ds 
R 


virt 
-Q/2 99  _ dnfal—inz)? Q 4 
|z| e = z* f (zy) dz, 
0 


1 
v Ant 
where we have used the change of variables z — e? in the last line. 

Since we have e !E'E = e-!9*/46—t4* by (1.61), we arrive at 


—A4E* 2402 442 
(e f)(lz|y) =e" "(e^ f)(z|y) 
1 2 ??  (miz|-inz)? Q 
= la |- @/2e-t@ "T CREE z3 lf(zy)dz 
y Amt 0 


1 2 ??  (miz|-in2?  Q 
= |z|-9/2e-t9 /4 e t z 3 f(zy)29 ldz, 
V Ant 0 


completing the proof of (1.54). 


Remark 1.3.6. 


1. The representation of the Euler semigroup in Theorem 1.3.4 becomes in- 
strumental in deriving several forms of the Hardy-Sobolev and Gagliardo- 
Nirenberg type inequalities for the Euler operator, as we will show in the 
sequel, see, e.g., Section 10.4. 

2. In the Euclidean case R”, the results of this section have been obtained in 
[BEHLOS]. For general homogeneous groups, our presentation followed the 
results obtained in [RSY18a]. 
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1.4 Stratified groups 


An important special case of homogeneous groups is that of stratified groups 
introduced in Definition 1.1.5. Because this is an important class that will be 
analysed in Chapter 6 from the point of view of Hardy and other inequalities, here 
we will provide more details on it and fix the corresponding notation. 


1.4.1 Stratified Lie groups 
We recall the definition of stratified groups. 


Definition 1.4.1 (Stratified groups). A Lie group G = (IR",o) is called a stratified 
group (or a homogeneous Carnot group) if it satisfies the following conditions: 


(a) For some natural numbers N + No +--+ N, = n, that is N = Nj, the 
decomposition R” = R x ---x R^ is valid, and for every A > 0 the dilation 
6, : R” > R” given by 


6y(x) = 6y(a’,2,..., 0) = (Ax, 2,02, A 2O) 


is an automorphism of the group G. Here z/ = x“ € RX and z(? € R^* for 
k= Qaida? 


(b) Let N be as in (a) and let X1,..., Xx be the left invariant vector fields on 
G such that X4(0) = glo for k = 1,..., N. Then 


rank(Lie( X1,..., Xw]) =n, 


for every x € R”, i.e., the iterated commutators of X4,..., Xy span the Lie 
algebra of G. 


The number r is called the step of G and the left invariant vector fields 
Xi,..., Xy are called the (Jacobian) generators of G. The homogeneous dimension 
of a stratified Lie group G is given by 


Q=ŅX kN, M=N. 
k=1 


The second-order differential operator 


De xX, (1.69) 


is called the (canonical) sub-Laplacian on G. The sub-Laplacian £ is a left invariant 
homogeneous hypoelliptic differential operator and it is elliptic if and only if the 
step of G is equal to 1. 
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The hypoellipticity of L means that for a distribution f € D'(Q) in any open 
set Q, if Lf € C?*(Q) then f € C??(Q). It is a special case of Hórmander's sum 
of squares theorem [Hór67]. 

The left invariant vector field X; has an explicit form given in Proposition 
1.2.19, namely, 


r N 
0 * 0 
Xy = + le (a. a 070) ; (1.70) 
Be, * 2 2 ant 
where a is a homogeneous (with respect to 94) polynomial function of degree 


| — 1. We will also use the following notation for the horizontal gradient 
Vg := (X... XN), 
for the horizontal divergence 
divgv:— Vg-v, 
and for the horizontal p-Laplacian (or p-sub-Laplacian) 
Lpf := divg (| Va fP? VHf), 1<p<oo. (1.71) 


Denoting the Euclidean distance by 


for the Euclidean norm on RN, the representation (1.70) for derivatives leads to 
the identities 


Vale] = ye", (1.72) 
and 
N N = 
a \ bja le Xr- bja rle iX] N-w 
welp ee ~~e C9 


for all y € R, |2’| £0. 
It was shown by Folland [Fol75] that the sub-Laplacian £ in (1.69) on a 
general stratified group G has a unique fundamental solution £, that is, 


Le =ô, (1.74) 


where 6 is the delta-distribution at the unit element of G. Moreover, the function 
€ is homogeneous of degree 2 — Q. 


The function i 
=Q f 
diel fiu e SERUUM, (1.75) 
0, for x = 0, 
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is called the £-gauge on G. It is a homogeneous quasi-norm on G, that is, it is a 
continuous function d : G — [0, 00), smooth away from the origin, which satisfies 
the conditions 


d(Ax) = Ad(x), d(x~') = d(x) and d(x) = 0 if only if z = 0. (1.76) 


We refer to the original paper [Fol75] by Folland as well as to a recent pre- 
sentation in [FR16, Section 3.2.7] for further details and properties of these fun- 
damental solutions. 

For future use, we record the action of £ on d and its powers. Since £d?- 9 = 0 
in G\{0}, a straightforward calculation shows that for Q > 3 we have 


V 
£a - (Q - 1) 9 80 in a (o, (1.77) 
as well as, consequently, for all a € R, 
£d* = a(a +Q — 2)d^?|V gd[? in GV {0}. (1.78) 


1.4.2 Extended sub-Laplacians 


In general, most of the results described in this book in the setting of stratified 
groups can be extended to any second-order hypoelliptic differential operators 
which are “equivalent” to the sub-Laplacian £. Let us very briefly discuss this 
matter in the sprit of [BLUO07]. 

Let A = (ax,;)1<k,j<n, be a positive-definite symmetric matrix. Consider 
the following second-order hypoelliptic differential operator based on the matrix 
A and the vector fields (.X4,..., Xy, } from the first stratum, given by 


Ni 
La= M akjXkXj. (1.79) 
k,j=1 


For instance, in the Euclidean case, that is, for G = (R, +) and Nı = N, the 
constant coefficients second-order elliptic operator 


N a2 
Age i 2. ki On, Ok; 
k,j=l1 j 


is transformed into the Laplacian 


under a linear change of coordinates in RY. Thus, the operator A4 is “equivalent” 
to the operator A by a linear change of the coordinate system. 
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In general, to apply the above argument to transform £4 to the sub-Laplacian 
L it is not enough to change the basis by a linear transformation. However, it is 
enough in the setting of free stratified groups. We say that a stratified group G is 
a free stratified group if its Lie algebra is (isomorphic to) a free Lie algebra. For 
instance, the Heisenberg group H! is a free stratified group. In this case we have 
the following result. 


Theorem 1.4.2 ([BLUO7]). Let G be a free stratified group and let A be a given 


positive-definite symmetric matrix. Let X = (X4,..., Xy, } be left invariant vector 
fields in the first stratum of the Lie algebra of G. Let 
Ni 
jos (4?) X, k=1,..., N. 
k 2 kd j 1 


Consider the related second-order differential operator 


Ny Ni 
y 2 y 

LA = Yi = Gy. Xy Xj 
k=1 k,j=1 


Then there exists a Lie group automorphism T4 of G such that 
¥, (uo Ta) = (Xyu)o Ta, k=1,...,M, 
Lalu o Ta) = (Lu) o TA, 


for every smooth function u : G — IR. Moreover, T4 has polynomial component 
functions and commutes with the dilations of G. 


Remark 1.4.3. The automorphism T4 may not exist when G is not a free stratified 
group. However, for any stratified group G one can find a different stratified group 
G, = (RY, «,65)), that is, the stratified group with the same underlying manifold 
R^ and the same group of dilations 6, as G, and a Lie-group isomorphism from 
G to G, turning the extended sub-Laplacian £4 on G into the sub-Laplacian £ 
on G,, see [BLU07, Chapter 16.3]. 


1.4.3 Divergence theorem 


Here we discuss the divergence theorem on stratified Lie groups that will be useful 
for our analysis at different places of the book. 

Let dv denote the volume element on G corresponding to the first stratum 
on G: 


N 
dv := dv(x) = A dz. (1.80) 


However, for simplicity of the exposition, we will mainly use the notation dx :— 
dv(x). Regarding it as a differential form, let (X5, dv) denote the natural pairing 
between vector fields and differential forms. As it will follow from the proof of The- 
orem 1.4.5, using formula (1.70) for the left invariant operators X; expressing them 
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in terms of the Euclidean derivatives, the pairing (Xx, dv) can be also expressed 
in terms of the differential forms corresponding to the Euclidean coordinates in 


the form 
(Xx, dv(a "E dit A n Om: (1.81) 
j=1,j4k l=2m=1 
with 
Ni 
Om = — al? (2, -— , a 07 D)qa CO) + da (D, (1.82) 
k= 
for l = 2,...,r and m = 1,..., Ni, where ab. is a homogeneous polynomial of 


degree | — 1 from (1.70). 


Definition 1.4.4 (Admissible domains). A bounded open set 2 C G will be called 
an admissible domain if its boundary OC is piecewise smooth and simple, that is, 
it has no self-intersections. The condition for the boundary to be simple amounts 
to OQ being orientable. 


The following divergence theorem can be regarded as a consequence of the 
abstract Stokes formula. However, we give a detailed local proof which will also 
lead to the explicit representation formula (1.82) that will be of use in the sequel. 


Theorem 1.4.5 (Divergence formula). Let Q C G be an admissible domain. Let 
fx € CQ NCQ), k=1,...,Ni. Then for each k =1,...,Ni, we have 


f tite | «00,22. (1.83) 
Q [2/9] 


Consequently, we also have 


Ni Ni 
dv = (X;,, dv). $ 
[35 [, 3^0 ) (1.84) 


Proof of Theorem 1.4.5. Using (1.70), for any function f we obtain the following 
differentiation formula 


“=> 27 ae) : da D 
pco ped i» "E 
zl k 


-1 Oa" 122 mal Om 


Ni r Ni 
_ S^ x, far, E23 5 a (2,...,a-9) 2 RE PE Doi g^ 
k=1 2m 


k=1 l=2 m=1 


Ny T 
3537725 35 a E yal (a, rui] 
=l 


l=2 m=1 


Ny T 
=X Xi fda? +Y DE 


m 
k=1 122 mal Om 


—~ i, amo 


1.4. Stratified groups 51 


where for each | = 2,...,r and m = l,..., Nj, 
Ni 
Om = — 5 NC "T a 0-9 )qa 0) + da, 


That is, we can write 


df = QE So at x. Olm: (1.85) 


l=2 m=1 


It is simple to see that 
1 
(Xat = 


where ôs; is the Kronecker delta. Moreover, we have 


(Xs, Olm) 


d a 
= (zin 15: d al a ao) 2 
xs 1 Tg 


h=2 g= 
Ni 
x (- 2. NC -— cD) dg) + il 
k=1 


al) (a9, aah a) da) 


T 


aa 


ll 

| 
z i Mz 
N 
=| & 


1 
0) (4Q) (1-1) (1) 
=y dro qa paket ) dx,’ + —~dz;, 
3 k, EO k ax) 


a Ny fa) 

= l = 1 

S33: eee) 22.500" i (zin d ks x d D dai) 
Tg 


k=1 h=2 g=1 
r Na 


NUNC 214.9  , (2 
BS» a (a, gt Dayna TEE d 
g 


k=1 h=2 g=1 


r Nr 


o 
Hg ghi) m 
yay (@ perag x (3; dn 


V aw (1) = (1) 
= — 5 (ua esty) da) — a) E 
k=1 


Ni : Nn 
o 
SEF ea (Feat sem a 


k=1 h=2 g=1 mo 
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+ 5 al”) (a, P r”) gmn 
h=2 g=1 
Nı T Ny 8 
= l = 1 
- -3:Y S HED, a) i nal, (a,..., a ») aa) 
k=1h=2 g=1 axl 


Ni 8 
‘ = 1 
E (a, (2, ..., 20 ») de) 
k=1 S 
Nı r 1 P 
= 3 a, ( pestem) 
k=l h=2 g=1 Óxg 
o 
+T Eml, 42m) dab 
Ts 


That is, we have 
for s, j =1,...,Ni, and 


(Xs, 01,m) - exe 


fors=1,...,Mi, 1=2,...,r, m=1,...,M. Here we used the notation 
T 1 ] | 
C = — 25 as? (2, . .. (^79) (h) ana), L.. ald) 
h=2 g=1 " 
o 
i ð (1) a?) (a, P gi y. 
Ts 


dv = dv(x) SA dx; = A dx AA ^ dx) = A dz? AA ^ Olm, 


j=1 l=2 m=1 l=2m=1 


so that we obtain 


r 


Ni 
(Xp, du(x 2 di? A A Gm: 


j-lJjzk l=2 m=1 


Therefore, using (1.85) we get 
d(fs (Xs, dv(a))) = dfs ^ (Xs, dv(z)) 


Ni; r Ni af 
1 s 
= 2 Xf ) ^ (Xs, dv(z)) + M S 55^ m ^ OG, dv(z)) 


= X,f.dv(z), 
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that is, we have 
d((fi Xy, dv(a))) = Xy fydv(x), k= 1,..., Ni. 


Now using the classical Stokes theorem (see, e.g., [DFN84, Theorem 26.3.1]) we 
obtain (1.83). Taking a sum over k we also obtain (1.84). 


1.4.4 Green's identities for sub-Laplacians 


In this section we prove Green's first and second formulae for the sub-Laplacian 
on stratified groups. These formulae will be useful throughout the book when we 
will be dealing with inequalities and with the potential theory on stratified groups. 
We will formulate them in admissible domains in the sense of Definition 1.4.4. 


Theorem 1.4.6 (Green's first and second identities). Let G be a stratified group 
and let Q C G be an admissible domain. 


(1) Green's first identity: Let v e C! (Q)(| CM) and u e C?(Q)(] C1(Q). Then 


i (Fou + v£u) dv — i v(Vu, dv), (1.86) 
Q on 
where £. is the sub-Laplacian on G and where the vector field Vu is defined by 
~ Ni 
Vu = M (Xu) X. (1.87) 
k=1 


(2) Green's second identity: Let u,v € C?(Q) (| C1 (Q). Then 
nc — v£u)dv = n (u(Vv, dv) — v(Vu, dv)). (1.88) 
Q oQ 
Remark 1.4.7. 


1. The definition (1.87) means that Vu is a vector field. Consequently, the 
expression (Vv)u is a scalar, given by 


" 7 Ni Ni 
(vv) u = Vvu = 5 (Xkv) (Xku) = by XyvXyu. 
k=1 k=1 


At the same time the expression V(vu) is a vector field, also understood as 
an operator. 

2. Although we formulate Green’s identities in bounded domains, they are still 
applicable in unbounded domains for functions with necessary decay rates at 
infinity. It can be readily shown by the standard argument using quasi-balls 
with radii R — oo. 
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3. The version (1.86) of Green's first identity was proved for the ball in [Gav77] 
and for any smooth domain of the complex Heisenberg group in [Rom91]. 
Other analogues have been also obtained in [BLUOT] and [CGNO08] but using 
different terminologies. Also, the group structure is not needed for it, see 
Proposition 12.2.1, with other versions also known, see, e.g., [CGL93]. The 
version given in Theorem 1.4.6 was obtained in [RS17c]. 


Proof of Theorem 1.4.6. Part (1). Let fk :— v X&u, so that 


Ni 
5 Xf = (Vv)u +vLu. 


k=1 


By using the divergence formula in Theorem 1.4.5 we obtain 


N, M 
[ (Gow ven) w= [3 Xdfete | 30i do 


Ni 
= S 7 (uXpuXp, dv) =| v(Vu, dv), 
dQ 


OQ L1 


yielding (1.86). 
Part (2). Rewriting (1.86) we have 


f (Cuv + u£v) dv = , u(Vv, dv), 


[ (yu + vlu) dv = | E 


By subtracting the second identity from the first one and using 


(Vu)v — (Vv)u, 


we obtain (1.88). 


Taking v — 1 in Theorem 1.4.6 we obtain the following analogue of Gauss' 
mean value formula for harmonic functions: 


Corollary 1.4.8 (Gauss! mean value formula). If Lu = 0 in an admissible domain 


Q CG, then 
i (Vu, dv) =0. 
[29] 


As in the classical theory, we can approximate functions with (weak) singu- 
larities such as smooth functions because the Green formulae are still valid for 
them. In this sense, without further justification and using these Green formulae, 
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in particular, we apply them to the fundamental solution & of the sub-Laplacian 
L as in (1.74). We define the function 


e(z, y) :— e(x7 ty). (1.89) 
The properties of the £-gauge imply that e(x, y) = &(y, x). 


Thus, for x € Q, taking v = 1 and u(y) = &(x, y) we can record the following 
consequence of 'Theorem 1.4.6, (1): 


Corollary 1.4.9. IQ C G is an admissible domain, and x € Q, then 


| (e(z, y),dv(y)) — 1, 
[2/9 


where £ is the fundamental solution of the sub-Laplacian £. 


Putting the fundamental solution & instead of v in (1.88) we obtain the 
following representation formulae. 


Corollary 1.4.10 (Representation formulae for functions on stratified groups). Let 
G be a stratified group and let Q C G be an admissible domain. 


(1) Let u € C?(Q)(] C1 (Q0). Then for x € Q we have 


u(z) = T e(z, y) £u(y)dv(y) 
" | _ elu) Se). dug) — f e(z, y)(Wuly), dv(y)). 


Q 
(2) Let u e C?(Q) (| C1 (à) and £u — 0 on €, then for x € € we have 
u(z) = | G0 sos), deg) - f SG) uy), de) 
(3) Let u e C?(Q) (] C! (à) and u(x) = 0, x € AQ, then 
u(z) = ri e(e, y) £u(y)dv(y) - | cle ut). dvo) 


(4) Let u € C?(Q)(] C1 (Q0) and peel Xj;u(X;,dv) =0 on OQ, then 


u(z) = f e(e, y)Lu(y)dv(y) + | _ uy) Če, y), duto): 
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1.4.5 Green’s identities for p-sub-Laplacians 


In this section we show how Green's first and second formulae for the sub-Laplacian 
from Section 1.4.4 on stratified groups can be extended to the p-sub-Laplacian for 
all 1 < p < oo. As before, we will formulate them in admissible domains in 
the sense of Definition 1.4.4. We recall the definition of the p-sub-Laplacian from 
(1.71) as 


Lyf :=diva(|Vafl’ VHf), 1<p<oo. 


Theorem 1.4.11 (Green’s first and second identities for p-sub-Laplacian). Let G 
be a stratified group and let Q C G be an admissible domain. Let 1 < p < oo. 


(1) Green's first identity: Let v € C! (Q)] C(Q) and u € C?(Q)(] C1 (0). Then 


f (Veu v v)u + v£pu) dv = I. IVau|?-?v(Vu, dv), (1.90) 
where 
Ni 
Vu = 5 (Xku) Xk 
k=1 


(2) Green's second identity: Let u,v € C?(Q)(]C!(Q). Then 


| (ulpu — vLpu + (IVav|"? — Veul?) (Vou) dv 
" (1.91) 
z | (|Vgul?-2ulFu, dv) — |Veul? 2v, dw). 

an 
Proof of Theorem 1.4.11. Part (1). Let fi :=v|Voeul?-?X,u, then 


Ni 
Xp fr = (\Veul? 2Vv)u + vLpu. 
k=1 


By integrating both sides of this equality over € and using Proposition 1.4.5 we 
obtain 


Ni Ni 
J (Uou yu + ve pu) w= f » = f Y (fe Xe, dv) 
2 9 k=1 80 y 
Ni o 
= f y U| Veu P? XxuX;, dv) = f IVcu|?7?v(Vu, dv), 
9011 aa 


showing (1.90). 
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Part (2). Using (1.90) we have 
i (Vev 2Vu)o + ulyv) dv = | IVav|?-?u(Vv, dv), 
Q 8n 


| ((Voul”?Vo)u + v£pu) dv = ri IVcu|?-?v(Vu, dv). 

Q an 

By subtracting the second identity from the first one, the equality 
(Vu)v = (Vv)u 


implies (1.91). 


Taking v — 1 in Theorem 1.4.11 we get the following analogue of Gauss' 
mean value formula for p-harmonic functions: 


Corollary 1.4.12 (Gauss’ mean value formula for p-harmonic functions). Jf 1 < 
p « oo and £u = 0 in an admissible domain Q C G, then 


| IVcu|?-?(Vu, dv) = 0. 
[o9 


1.4.6 Sub-Laplacians with drift 


In this section we briefly describe the so-called sub-Laplacians with drift. While 
such operators can be analysed on more general groups, we restrict our presen- 
tation to stratified groups G only since this will be the setting where we will be 
using these operators. 

Definition 1.4.13 (Sub-Laplacian with drift). The (extended) positive sub-La- 
placian with drift is defined on C§°(G) as the operator 


N 
£x =- M aiXiX; - 4X, (1.92) 
i,j=l 
where y € R, the matrix (01:5 54 is real, symmetric, positive definite, and X € g 
is a left invariant vector field on G. 
Similar to Section 1.4.2 the operator (1.92) can be transformed to the (posi- 
tive) sub-Laplacian with drift of the form 


N 
£x 2M X2 -7X := £o - 3X, (1.93) 


j=1 


where Lo is the positive sub-Laplacian on G defined by 


N 
£o 2 -M Xj. (1.94) 
j=l 


The details of such a transformation can be found in [HMM05] or [MOV17]. 
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N N 1/2 
If X =", a; Xj, then we denote |X|| :— (= " a?) and 
x 
Jen : i (1.95) 


where a; € R for j = 1,..., N. 


Let us collect the following spectral properties of (positive) sub-Laplacians 
with drift (1.93) which are true on more general groups than the stratified ones. In 
the case y = 1 this was shown in [AMM05, Proposition 3.1] while here we follow 
[RY18b] for general y € R: 


Proposition 1.4.14 (Spectral properties of sub-Laplacians with drift). Let G be 
a connected Lie group with unit e, X1,...,XN an algebraic basis of g and let 
X € g M0]. Let y € R. Then we have for the operator Lx, with domain C$ (G), 
the following properties: 


(i) the operator Lx is symmetric on L?(G, u) for some positive measure u on 
G if and only if there exists a positive character x of G and a constant C 
such that u = Cux and V ux|e = yX\|e, where ux is the measure absolutely 
continuous with respect to the Haar measure u with density x; 


— 
rA 
[uH 

— 


assume that V gx|e = yX|e for some positive character x of G. Then the 
operator Lx is essentially self-adjoint on L?(G, ux) and its spectrum is con- 
tained in the interval [n?02., oo). 


Proof of Proposition 1.4.14. Let u be a positive measure on G. Then for all test 
functions à, v € C$? (G) we can calculate 


N 


(£xó)idu — — M UG dn -7 | Xd 
G 


j=l 


3f X;éX; pies ue oXy 


i ] extet -2 | xtX- | ovxtn ) 


ef óXidp +y a Xu 


= | é(Ex )dp +27 | pii- f sva: | és (£o 40 
G G G G 


A HLxb)du + (b,2y(Xb)u — 2V gb V aw + (£o +7X)u) 


. i: é(Cx)dp + X, 0, u), (1.96) 
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where £o is defined in (1.94), Va = (X4,..., Xn) and (-,-) is the pairing between 
distributions and test functions on G. From this we see that Lx is symmetric on 
L?(G, u) if and only if 3(¢, v, u) = 0 for all functions ¢ and v, that is, 


(£o * 4X)u —0, vY(Xv)u — Vu V nup —0, Vv € CF (G). (1.97) 


The vector fields X4,..., Xy satisfy Hórmander's condition, so that Lo + yX 
is hypoelliptic, which implies with the condition (Zo + 4.X)u = 0 that u has a 
smooth density w with respect to the Haar measure. Then, as in [HMM05, Proof 
of Proposition 3.1], we show that 


N 
kay a (1.98) 
j=l 
for some coefficients a1,..., ay. Using the fact that X4,..., Xy are linearly inde- 


pendent and the second equation of (1.97), we obtain that 
Xkw = yapw, (1.99) 


where k = 1,..., N. The solution of (1.99) is given by 


1 N 
w(x) = w(e) exp gı Padte) ; 
0 k=1 


which is a positive and uniquely determined by its value at the identity, where 
0;(t) is the piecewise C! path. By normalizing w, we get that w(e) = 1, and that 
it is a character of G. Then, we see that the function z œ> w(xy)/w(y) is a solution 
of (1.99) for any y in G. Since the value of this function at the identity is 1, we 
have w(ay) = w(a)w(y) for any z, y € G, and w is a character of G. From (1.98) 
and (1.99), we get V gx|e = yX|e with x = w. This proves Part (i) of Proposition 
1.4.14. 

As in the case y = 1 (see [HMMO05, Proposition 3.1]), by considering the 
isometry Lo f = x-!/? f of L?(G, u) onto L?(G, ux), we have 


x3£x(x 5f) = (Lot POR), (1.100) 


which is an essentially self-adjoint operator on L?(G, u), where bx is defined in 
(1.95). Since the spectrum of this operator is contained in [y?b%, 00), we obtain 
that Lx is essentially self-adjoint on L?(G, ux) and its spectrum is contained in 
[77b% , oo). 

This completes the proof of Proposition 1.4.14. 


As a corollary of Proposition 1.4.14 let us collect the properties that will be 
important for us in the sequel. 
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Corollary 1.4.15 (Transformation of sub-Laplacian with drift). Let G be a stratified 
group and assume conditions of Proposition 1.4.14. Assume that there exists a 
positive character x of G such that 


V uxle — YX le- 


Then the operator Lx is formally self-adjoint with respect to the positive measure 
ux = xp, where u is the Haar measure of G. The operator Lx is self-adjoint on 
L?(G, ux) and the mapping 


L(G, u) > fœ xf € L(G, ux) (1.101) 
is an isometric isomorphism. 


For a detailed discussion about more properties of the sub-Laplacians with 
drift we refer to [HMM04], [HMMO05] and [MOV17]. 


1.4.7 Polarizable Carnot groups 


In (1.74) we recalled the result of Folland that the sub-Laplacian £ on general 
stratified groups always has a unique fundamental solution £. The explicit formula 
(1.75) relating the fundamental solution to the £-gauge turns out to be useful in 
many explicit calculations. 

In applications to nonlinear partial differential equations, a natural question 
arises to express the fundamental solution of the p-sub-Laplacian (1.71) in terms of 
the fundamental solution of the sub-Laplacian or, equivalently, in terms of the £- 
gauge. One of the largest classes of stratified Lie groups, for which the fundamental 
solution of the p-sub-Laplacian is known to be expressed explicitly in terms of the 
£-gauge are the so-called polarizable Carnot groups which we now briefly discuss. 

A Lie group G is called a polarizable Carnot group if the C-gauge d satisfies 
the following oo-sub-Laplacian equality 


Ead S (Va adf), Vid) =0 in G\{0}. (1.102) 


It is known that the Euclidean space, the Heisenberg group H” and Kaplan's 
H-type groups are polarizable Carnot groups. 

It was shown by Balogh and Tyson in [B TO2b] that if G is a polarizable 
Carnot group, then the fundamental solutions of the p-sub-Laplacian (1.71) are 
given by the explicit formulae 


p-Q : 
pied NE D (1.103) 
? —cg log d, if p —Q. 


This class of groups also admits an advantageous version of the polar coor- 
dinates decomposition. In particular, it can be shown (see [BT02b, Proposition 
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2.20]) that (1.103) implies a useful identity 


u 4 
dpa = SPON 
Q-2 u 
which can be also written as 
N 
uX;uX;Vgu Q-1 
5 EN ZUM = Q-2 (1.104) 
j=l 


It can be shown that the £-gauge d on polarizable Carnot groups satisfies a num- 
ber of further useful relations. For example, the following formula established in 
[BT02b] will be useful for some calculations in the sequel: 


d F 


where the set 
Z := {0}| {x € G\ {0} : Vad = 0} 
has Haar measure zero, and we have V gd Æ 0 for a.e. x € G. 
As usual, the Green identities are still valid for functions with (weak) singu- 
larities provided we can approximate them by smooth functions. Thus, for exam- 


ple, for x € Q in a polarizable Carnot group, taking v = 1 and u(y) = ej(z, y) we 
have the following corollary of Theorem 1.4.11 as an extension of Corollary 1.4.9: 


Corollary 1.4.16. Let Q be an admissible domain in a polarizable Carnot group G 
and let x € Q. Then we have 


| [Veep (Čepe, y), dv(y)) = 1. 
(ele) 


Note that there are stratified Lie groups other than polarizable Carnot groups 
where the fundamental solution of the sub-Laplacian can be expressed explicitly 
(see, e.g., [BT02b, Section 6]). 

In particular, since on the polarizable Carnot groups we have the fundamental 
solution €p, putting it instead of v in (1.91) we get the following representation 
type formulae extending those for p = 2 from Corollary 1.4.10: 


Corollary 1.4.17 (Representation formulae for functions on polarizable Carnot 
groups). Let Q be an admissible domain in a polarizable Carnot group G. 


1. Let ue C?(Q)(\C1(Q). Then for x € € we have 
u(z) = f ep£yu — (Veep? — [Vul *(Vep)udv 
Q 


+ | (|Veepl? 2ulVep, dv) — |Veu|?-?e, (Vu, dv)). 
[29] 
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2. Let u € C?(Q)(] C! (0) and Lpu — 0 on €, then for x € € we have 
wa) = f (Veu? - [Veep P? G ep)udv 
Q 


«f (Veep P uV ep, dv) — |Vau|??e, (Vu, dv)). 
aa 


3. Let u € C?(Q)(] CIMA) and 
u(x) =0, x € AQ, 
then 


TE f Ex ic (ans? T a e udy 
z f Teut aTi. 
[29] 
4. Let u € C?(Q)(] C1 (Q) and xu Xju(Xj,dv) =0 on OQ, then 
u(a) =f eplyu— (Vep? — [Veul-*)(Wepudy 


«f IVce,|?-?u(Ve,, dv). 
aa 


1.4.8 Heisenberg group 


One of the important examples of the stratified groups is the Heisenberg group that 
was introduced in Example 1.1.8. Here we collect several of its basic properties that 
will be of use later in the book. We will give both real and complex descriptions 
of the Heisenberg group as both will be of use to us in the sequel. 


Real description of the Heisenberg group. ‘The Heisenberg group H” is the man- 
ifold R?"*! but with the group law given by 


(a), yD 400) (Q2, 4,00. 42) 


= (a0 4, yD 4 VO HO 4 4 4 slo) PONO 22 d 


for (cD, yO £00), (0,40), t) © R” x R” xR ~ H”, where 2 . y(? and 
x) . y™ are the usual scalar products on R”. The canonical basis of the Lie 
algebra b" of the Heisenberg group H” is given by the left invariant vector fields 


X; = ôs; — Za, Y; = dy, + Za, j=l, on, T=. (1.107) 
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It follows that the basis elements X;, Yj, T, 7 = 1,...,n, have the following com- 
mutator relations, 
[X,Y]-7, j-1,...n 


with all the other commutators being zero. The Heisenberg (Lie) algebra b" is 
stratified via the decomposition 


b” —WueVv, 


where Vj is linearly spanned by the X;'s and Y;'s, and V2 = RT. Therefore, the 
natural dilations on 5" are given by 


ó(X;) - rXj, (Y) 2 rY;, 6-(T) = r?T. 
On the level of the Heisenberg group H” this can be expressed as 
5-(x,y,t) = r(z. y, t) = (rz, ry, r^t), (x,y,t) € H”, r » 0. 


Consequently, Q — 2n 4- 2 is the homogeneous dimension of the Heisenberg group 
H”. The (negative) sub-Laplacian on H” is given by 


TL TL . 2 . 2 
=F +¥7) =) (6,- 2a) + (a, + a). 
= - 
corresponding to the horizontal gradient 


VH = (Xs oq YLares Yn): 


We can also write 


L= Any + EE gp, za thZ- Y jð D 
— Agy 4 t ts with =X (zj yj; YG ey) 


j=1 


where Agy is the Euclidean Laplacian with respect to x, y, and Z is the tangential 
derivative in the (x, y)-variables. 


Complex description of the Heisenberg group. There is an alternative description 
of the Heisenberg group using complex rather than real variables. It is easy to see 
that both descriptions are equivalent. 

The Heisenberg group H” is the space C” x R with the group operation 
given by 

(C, t)o (m T) =(C+n,t+74+2Im¢n), (1.108) 

for (Ç, t), (7,7) € C" x R. 

Comparing (1.106) with (1.108) we can note the change of the constant from 


4 to 2. As a result, we are getting different constants in the group law and in the 
formulae for the left invariant vector fields. We chose to give two descriptions with 
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different constants since the adaptation of such constants in real and complex de- 
scriptions of the Heisenberg group seems to be happening in most of the literature. 
As a result, it will make it more convenient to refer to the relevant literature when 
needed. This should lead to no confusion since we will never be using these two 
descriptions at the same time. We note that in general, one can put any constant 
instead of 4 or 2, the appearing objects are all isomorphic. We can refer the reader 
to [FR16, Section 6.1.1] for a detailed discussion on the choice of constants in the 
descriptions of the Heisenberg group. 

Writing Ç = x + iy with zj, yj, j = 1,...,n, the real coordinates on H”, the 
left invariant vector fields 


~ o o 
X;=—+2y,—, JS 
J On; * Ya Bp? J 2 sn, 
~ o o 
Yen pm j= 1,12: 
J Oy; Tip J , QD 
o 
T = — 
Ot’ 


form a basis for the Lie algebra 5" of H”; again, this can be compared to (1.107). 
At the same time, H” can be seen as the boundary of the Siegel upper half- 
space in C^, 


H” = {(¢, 2n41) € ce : Im 2n41 = Ic, c = (z1, es 5 Zn))- 


Again, we can refer the reader, e.g., to [FR16, Section 6.1.1] for more details on 
different descriptions of the Heisenberg group. 

Parametrising H,, by z = (¢,t) where t = Rez,41, a basis for the complex 
tangent space of H, at the point z is given by the left invariant vector fields 


o _ ; 
j= 85; TY VIELE IEEE Ne 
We denote their conjugates by 
Xo, = 5 isp, j=l, n 
'The operator 
Lab = V (aX;Xy + bX5X;) a+b=n, (1.109) 
j=1 


is a left invariant, rotation invariant differential operator that is homogeneous 
of degree two. We can refer to the book of Folland and Kohn [FK72] for fur- 
ther properties of such operators. However, we can note that this operator is a 
slight generalization of the standard sub-Laplacian or Kohn-Laplacian £ on the 
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Heisenberg group H” which, when acting on the coefficients of a (0, q)-form can 
be written as 


1 n 
uni q)X;X; + qX5X;). 
J= 


Folland and Stein [FS74] obtained the fundamental solution of the operator 
La as a constant multiple of the function 


1 
(t + ilc]? E — ilc] 


More precisely, the distribution ze is the fundamental solution of La,» since € 


Ea blz) = e(z) = &e(G,t) (1.110) 


from (1.110) satisfies the equation 
La, bE = Ca,bÓ. (1.111) 


The constant Ca,» is zero if a and b = —1,—2,...,n,n+1,..., and ca, £0 if a or 
bz —1,—2,...,n,n-F 1,.... In fact, then we can take 


2(a? + 0?) Vol(B1) n! 


Ca,b = tM - aucuns n exp(—2iam7)) (1.112) 


for a ¢ Z, see Romero [Rom91, Proof of Theorem 1.6]. We will use the above 
description of the Heisenberg group and of the (rescaled) fundamental solution 
(1.110) to La,» in Section 11.3.3. 


1.4.9 Quaternionic Heisenberg group 


In this section we describe the basics of the quaternionic version of the Heisenberg 

group. We start by recalling the notion of quaternions and summarizing their 

main properties. As the space of quaternions is usually denoted by H, we keep this 

notation here as well. There should be no notational confusion with the Heisenberg 

group since the quaternionic notation will be mostly localized to this section only. 
Let H be the set of quaternions 


x := £o + £111 + $212 + $313, 


where (29,21, £2, £3) € R*, and 1,%,,i2,73 are the basis elements of H with the 
following rules of multiplication: 


@ = 2 = 2 = dii = -1, 


iji9 = 1911 = 13, 1913 = —1349 = 11, 1301 = —1113 = 22. 


The usual convention is that the real part of x € H is the real number zo and 
its imaginary part is the point (x1, 72,23) € IR?. And so, the real and imaginary 
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parts of x can be denoted by Rr and Sz, respectively. In addition, we use more 
precise notations for the imaginary parts as 


SitiaH ay, Spi Sax: x3. 
The conjugate of x is denoted by 
T := £o — 111 — $219 — £313, 


and the modulus |x| is defined by 


3 
|z|? := pm b» sî. 
j=0 


The Grassmanian product (or the quaternion product) of x and y is defined by 


zy := (zoyo — Sz - Sy) + (ao Sy + yoSa + Sa x Sy), 


where , l , 
1 2 8B 
Sax Sy := det | xı £2 r3 
y Y2 y 
Let us denote H; := H x R?, it is called the quaternion Heisenberg group. Then 
HH, becomes a non-commutative group with the group law 


(x, t1, to, t3) o (y, Ti, 72, 73) 
= (a +y, ti +1] — 234 (Yu), t2 ty» — 2Sy» (ya), ta + 73 — 233(Yx)), 


for all (x,t), (y, T) € Hy. We note that e = (0,0, 0,0) is the identity element of Hg 
and the inverse of every element (x, ti, t2,t3) € Hy is (—x, —t1, —t2, —ts). 

The Haar measure on H, coincides with the Lebesgue measure on H x IR? 
which is denoted by dv = dxdt. Let hq be the Lie algebra of left invariant vector 
fields on H,. A basis of b, is given by (.Xo, X1, X2, X3} and (T1, 15, T3], where 


Xo = E = huy — Puy — frs. 
X= Ka + 2x9 A- irse + 2227, 
X= a7 + 2ra Pas 2 
re — — 2z E 4 2a Meg. 


and 


1.4. Stratified groups 67 


The Lie brackets of these vector fields are given by 


[Xo, X1] = [X3, X2] = 4T), 
[Xo, X2] 2 [X1, X3] = 415, 
[Xo, Xs] = [X2, X1] = 415. 


Thus, the sub-Laplacian on IH, is given by 
3 


3 
o 
EM X 25 xe 2 » ) : 
E52% = As — 4lļz| Arma A V Vela (1.113) 


where 
3 3 
pt a? 
A=) ae’ and A=) ag 
k=0 k=1 
Note that the fundamental solution of the sub-Laplacian £ on IH, was found by 
Tie and Wong in [TW09]. We restate their results in the following theorem. 


Theorem 1.4.18 (Fundamental solutions for sub-Laplacian on quaternion Heisen- 
berg groups). The fundamental solution T(E) of the sub-Laplacian £ on the quater- 
nion Heisenberg group Hg is given by 


where € = (x,t) € Hy, n = (ni, na, na) is a point on the unit sphere S? in R? with 
centre at the origin, and do is the surface measure on S?. That is, 


Ely — dg, (1.115) 
where Telé) — F(C ^! o£) and à; is the Dirac distribution at ¢ = (y, T) € Hy. 


The quaternion Heisenberg group is a special case of the model step two 
nilpotent Lie group. It is a homogeneous group with respect to the dilation 


ó4:R' — R7, 6) = (Az, Mt). 


Thus, 
1 


d(£) = TUS) E= (x,t) € Hy, (1.116) 


is a homogeneous quasi-norm on H, with respect to the dilation 5) (see, e.g., 
[Cyg81]). 
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1.4.10 H-type groups 


The H-type groups are a special family of stratified groups with a similar struc- 
ture to that of the Heisenberg group; one of their important features is that the 
fundamental solutions to the sub-Laplacian are known explicitly. 

We briefly recall the main notions related to this family of groups adopting 
the notation from [BLU07]; we refer to it for further details. 


Definition 1.4.19 (Prototype H-type groups). The space R™*” equipped with the 
group law 


u Tk d yk, kK=1,...,m 
me (y, 7) = m. + Ax, y), Ks CET 


and with the dilations 
ôa (x, t) = (Ax, ATL) 


is called a prototype H-type group. Here AU? is an m x m skew-symmetric orthog- 
onal matrix, such that, 
AM AO 4 4AM A00 =0 


for all k,l € {1,...,n} with k £1. 


Clearly, the Euclidean (Abelian) group and the Heisenberg group are exam- 
ples of prototype H-type groups. 

We leave aside the general H-type groups since it can be shown that any (ab- 
stract) H-type group is naturally isomorphic to a prototype H-group (see [BLUOT, 
Theorem 18.2.1]). 

It can be directly checked that prototype H-groups are two step nilpotent 
Lie groups in which the identity of the group is the origin (0, 0) and the inverse of 
(x, t) is 

(x,t)? = (—2, -t). 


It can be also verified that the vector field in the Lie algebra g of G that agrees 


at the origin with x. j — l,...,m,is given by 
a 14/< ð 
X, = = kg) — 1.118 


where ak is the (j, i)th element of the matrix A“). 
The prototype H-type groups are stratified with a basis of the first stratum 
given by these vector fields X1,..., Xm. Thus, the (negative) sub-Laplacian on a 


prototype H-type group G is given by 


m 1 n 8 
: k 
j=l k=1 
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where A and V are the Euclidean Laplacian and the Euclidean gradient, respec- 
tively. There is no restriction to suppose that, if o is the centre of the Lie algebra 
g of G, o^ is the orthogonal complement of o and 


m = dim(g^), n dim(o). 


So, the R"-component of the prototype H-type group G c R™*” can be thought 
of as of its centre. 
We have that the homogeneous dimension of the group is 


Q — m - 2n. 


We note that since for H-type groups we have m > 2 and n > 1, we actually 
always have Q > 4. 

Now using a generic coordinate € = (x, t), x € R”, t € R”, let us introduce 
the following functions on G: 


v: G> a, v(£) :— S “(expe (6), X5) Xj, 
j=l 


where {X1,..., Xm} is an orthogonal basis of o^, 
2:G— 0, e(£):— Y (expos! (€), Zj)Zi, 


where {Z1,..., Zn} is an orthogonal basis of o. Thus, by the definition of v and 
z, for any € € G, one has 


&—exp(v(£) + 2(€)), (E Eor, seo 


and by a direct calculation we have (see, e.g., [BLU07, Proof of Remark 18.3.3]) 
that 


WO = zl, | 12(6)] = It]. 
'The fundamental solutions for the sub-Laplacian on abstract H-type groups were 
found by A. Kaplan in [Kap80]. Such results boil down to the following statement. 


Theorem 1.4.20 (Fundamental solutions for sub-Laplacian on H-type groups). 
There exists a positive constant c such that 


T(£) := c (læt + 16|¢|2)°° 9^ 
is the fundamental solution of the sub-Laplacian L, that is, 
LV ¢ = —d¢, (1.120) 


where V¢(€) =T'(¢7' o£) and d¢ is the Dirac distribution at C = (y,T) € G. 
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For future use in Section 11.5, we will prefer to have the appearing function 
T positive, which leads to the appearance of the minus sign in (1.120). 


For further details and analysis on H-type and related groups we may refer 
the reader to Kohn-Nirenberg [KN65], Folland [Fol75], Kaplan [Kap80], as well as 
to a more detailed exposition in [BLUO7]. 
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Hardy Inequalities on Homogeneous Groups 


This chapter is devoted to Hardy inequalities and the analysis of their remainders 
in different forms. Moreover, we discuss several related inequalities such as Rellich 
inequalities and uncertainty principles. 

In this chapter we will use all the notations given in Chapter 1 concerning 
homogeneous groups and the operators defined on it. In particular, G is always a 
homogeneous group of homogeneous dimension Q > 1. Some statements will hold 
for Q > 2 or for Q > 3 but we will be specifying this explicitly in formulations 
when needed. 


2.1 Hardy inequalities and sharp remainders 


In this section we analyse the anisotropic version of the classical L?-Hardy in- 
equality 
f 


l| 


p 
EE IV fll ro qus) , n2 2, 1 Ss p<n, (2.1) 
L?(R”) —p 


where V is the standard gradient in R^, |r| g = yz} +--+- +22 is the Euclidean 
norm, f € Cg* (R"), and the constant —L— is known to be sharp. We also discuss 
in detail its critical cases and remainder estimates. As consequences, we derive 
Rellich type inequalities and the corresponding uncertainty principles. 


2.1.1 Hardy inequality and uncertainty principle 


First we establish the L?-Hardy inequality and derive a formula for the remainder 
on a homogeneous group G of homogeneous dimension Q > 2. The radial operator 
R from (1.30) is entering the appearing expressions. 


Theorem 2.1.1 (Hardy inequalities on homogeneous groups). Let |-| be any ho- 
mogeneous quasi-norm on G. 
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(i) Let f € C§°(G\{0}) be a complex-valued function. Then we have 


f 


i| 


p 
< — [Rf p , l«p«Q, 2.2 
NERIS (2.2) 


where the constant vs is sharp. Moreover, the equality in (2.2) is attained 
if and only if f — 0. 
For a real-valued function f € C§°(G\{0}) and with the notations 


(ii 


wa 


wi ule) = - S REG) 
= v(x) = f) 
|x| 
we have 
lul ss, — lels) =P ui L(wu)e-ufdz, ^ (23) 
where 
1,0.9)- (0-1) f Ie Q - Eged. (24) 
(iii) For Q > 3, for a complex-valued function f € CE (GN(0)) we have 
2 2 
IR liu = (825) L2(G) + ere e 4l. L2(6) A 
that is, when p = 2, (2.3) holds for complex-valued functions as well. 
Remark 2.1.2. 
1. In the case of G = R” and |æ| 2 |x| g = yx? +--+: + z2 the Euclidean norm, 


we have Q = n and R = ð, is the usual radial derivative, and (2.2) implies the 
classical Hardy inequality (2.1). Indeed, in this case for 1 < p < n inequality 
(2.2) yields 


f p p 
= < ——|Rf ll zer = —— lOr fll zo cen 
lz |e pg) n-p LR np L»(R") i 
p X p 
=P}. SV Allien 
n—p || |tlp LP(R”) n-—p 


in view of the Cauchy-Schwarz inequality for the Euclidean norm. 
An interesting feature of the Hardy inequality in Part (i) is that the 
constant in (2.2) is sharp for any homogeneous quasi-norm | - |. 
2. In the setting of Part 1 above the remainder formula (2.3) for the Euclidean 
norm |- |g in R” was analysed by Ioku, Ishiwata and Ozawa [IIO17]. 
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3. In Theorem 2.1.1, Part (ii) implies Part (i). To show it one can notice that 
the right-hand side of (2.3) is non-negative, which implies that 


f 


L <2 
|x| 


L? (G) ^ Q-p 


lerla 1<P<Q, (2.7) 


for any real-valued f € C§°(G\{0}). Moreover, by using the following identity 
we obtain the same inequality for all complex-valued functions: for all z € C 
we have 


T —1 T 
ar - (f cos "a J) (Rel) cost + m) sino? ap, (2.8) 


which is a consequence of the decomposition of a complex number z = 
r(cos $ + i sin œ). 

That is, we obtain inequality (2.2), and also that the constant =~ is 
sharp, in view of the remainder formula. Now let us show that this constant 
is attained only for f — 0. Identity (2.8) says that it is sufficient to look only 
for real-valued functions f. If the right-hand side of (2.3) vanishes, then we 
must have u — v, that is, 


ex OR ras 


f(z) 
Q-p | 


This also means that Ef = -2r f. Lemma 1.3.1 implies that f is positively 


homogeneous of order — 22, i.e., there exists a function h : op — C such that 


_ Q=p z 
f) - |e a(S), (29) 
|z| 
where p is the unit sphere for the quasi-norm | - |. It confirms that f cannot 


be compactly supported unless it is identically zero. 

4. The identity (2.8) has been often used in similar estimates for passing from 
real-valued to complex-valued functions, see, e.g., Davies [Dav80, p. 176]. 

5. Let us denote by H} (G) the functional space of the functions f € L?(G) with 
Rf € L?(G). Then Theorem 2.1.1 can be extended for functions in H4 (G), 
that is, the proof of (2.2) given above works in this case. As for the sharpness 
and the equality in (2.2), having (2.9) also implies that — = e| FA (4) 
is not in L?(G) unless h = 0 and f = 0. 


Remark 2.1.2, Part 2, shows that (2.3) implies Part (i) of Theorem 2.1.1, that 
is, we only need to prove Parts (ii) and (iii). However, we now give an independent 
proof of (2.2) for complex-valued functions without relying on the formula (2.8). 
We see that this argument will be also useful in the proof of Part (ii). 
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Proof of Theorem 2.1.1. Proof of Part (i). Using the polar decomposition from 
Proposition 1.2.10, a direct calculation shows that 


FP S f LOWE ood, 
ar e] [ poi UM 


--gi | rne f rrt re aeta 


Q-p 
f(z)? f) df (x) 
--g-;Re da. 2.10 
Lei qn PM 
Now by the Holder inequality with I + d = ] we obtain 
p )IP- 2 
PO gp =p? pe [ LITO, 
"E p Be d|a] 
1 
J|? 2 p P 
«ees (Ern a) (I la) 
Q— p» Nc |x|? d 
p -( (o)? e) df (x) 
| Q-p G |x|? dx; L»(G) 
This proves inequality (2.2) in Part (i). 
Proof of Part (ii). Since 
p f(a) 
u := u(x) = —————Rf, and v:=v(ax 
(e) = -g ors (a) = 722, 
the formula (2.10) can be restated as 
lvl = Re f jo Pome (2.11) 
For a real-valued f the formula (2.10) becomes 
F(x)? e — ——— z)|^ * f(x) F@) iy 
v 1 
G PR | Q-p» ||? d|a] 
and (2.11) becomes 
lvl = f lvP-vude. (2.12) 
G 


Moreover, for any L?-integrable real-valued functions u and v, we have 
lalao = lola f. (ol? — lo a)dz 


(2.13) 
= | (Jul? + (p — 1)|v[? — p|v|? ^vu)dz = p f I,(v,u)|v — uļ’dz, 
G G 
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where F 
L(v,u) = (p— 1) | lev + (1 — euP Ede. 
0 
To show the last equality in (2.13), we observe the identity, for real numbers u Æ v, 
al 1 
clu + (1- 5) oP - ovu 
p p 
1 
z (: : 2) (lol? — Iul?) — a o a 
1 
p25 I |£u - (1 — £)u ori 
0 
T 
MN n leo + (L— Sul? de (v — v) 
0 


- (p- 1) a leu + (1 — £)uJ?"?£d£ (v — u), 


using the integral expression for the remainder in the Taylor expansion formula. 
Combining (2.13) with (2.12) we arrive at 


lalao) - llle, =P | loo- ufa. 
It completes the proof of Part (ii). 


Proof of Part (iii). When p — 2, the equality (2.11) for complex-valued func- 
tions reduces to 


llli (c; =Re | vade. 


Then we have 
Illae — WollZecey = llullZ2ey — lelte) + 2 f (lel — Revu)dx 


= T (Jul? + |u|? — 2Reva)dz = | Ju — v|?dz, 
G G 


that is, (2.5) is proved. 


As a direct consequence of the inequality (2.2) we obtain the corresponding 
uncertainty principle: 


Corollary 2.1.3 (Uncertainty principle on homogeneous groups). For every com- 
plex-valued function f € C§°(G\{0}) we have 


(f ae) ds) i ( f iemnas) ^" > 82 | fies (2.14) 


dæ] 
Here Q > 2, |- | is an arbitrary homogeneous quasi-norm on G, 1 < p < Q and 
El 
Lidl q 
p 'q 
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Proof. The inequality (2.7) and the Hélder inequality imply that 
df (x) 


p E. F 
q q 
(f djal D (Jin i D 
Q-p/ fife "( y Q- j 
A ([ dos f plfide) = S 3 |fl?dz, 


This shows (2.14). 


Remark 2.1.4. In the Abelian case G = (R”,+) with the standard Euclidean 
distance |z|g, we have Q = n, so that (2.14) with p = q = 2 and n > 3 implies the 
uncertainty principle 


[. “ae [ egoa > (225) (f. mora)’, Gam 


which in turn implies the classical uncertainty principle for G = R”: 


[mite f eiua (257) (f initis). nes. 


2.1.2 Weighted Hardy inequalities 


-Vu(a) 


|z|z 


In this section G is a homogeneous group of homogeneous dimension Q > 3. Let 
|- | be an arbitrary homogeneous quasi-norm on G. Here, we are going to discuss 
weighted Hardy inequalities on G which are the consequences of exact equalities. 


Theorem 2.1.5 (Weighted Hardy identity in L?(G)). Let G be a homogeneous group 
of homogeneous dimension Q > 3 and let |-| be a homogeneous quasi-norm on G. 
Then for every complez-valued function f € C§°(G\{0}) and for any a € R we 
have the equality 


—[(——-a 
L(G) 2 


The equality (2.16) implies many different inequalities. For instance, by tak- 
ing a = 1 and simplifying its coefficient, for any Q > 3 we obtain the identity 


2 7 (855) 
L2(G) 2 


By dropping the last term in (2.16) which is non-negative we obtain: 


1 2 


RI 


|x| 


NI Q—2-—2a 
ae © 


rau 2|z|e-*1 


LG) 
(2.16) 


2 


f 


le? 


Q-4 


E EP Q-4 |" 


Rf + (2.17) 


|x| TR B L?(G) 
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Corollary 2.1.6 (Weighted Hardy inequality in L?(G)). Let Q > 3 and let a € R be 
such that Q — 2 — 2a z: 0. Then for all complex-valued functions f € C>°(G\{0}) 


we have 


f 2 1 
"EE Mun scr (2.18) 
Im^ re 7 Q- 2- 2al] Tlcl*. [Irae 
Here the constant Er is sharp and it is attained if and only if f = 0. 
Remark 2.1.7. 
1. It is interesting to note that the constant TEE in (2.18) is sharp for any 
homogeneous quasi-norm |- | on G. 
2. When a = 1, (2.17) or (2.18) also imply that 
f 2 |1 
|z|? L2? (G) Q-— 4 |i lz] L? (G) 


again with Zu being the sharp constant. 
3. If a = 0, the identity (2.16) recovers Part (iii) of Theorem 2.1.1. However, 
we will use Part (iii) of Theorem 2.1.1 in the proof of Theorem 2.1.5. 


4. In the Abelian case G = (IR^, +), n > 3, we have Q = n, so for any homoge- 


neous quasi-norm |- | on R” identity (2.16) implies the following inequality 
with the optimal constant: 
—2.—2 1 
ies tuta <|—_~ Vf for alla € R. 
2 |x| L2(R") [|^ |z| L2(R") 


In the case of the Euclidean distance |x| g = y£? + --- + z2, by the Cauchy- 
Schwarz inequality we obtain the following estimate: 


f 


+1 
zl 


[n — 2 — 2a] 


2 Vi 


(2.20) 


L2(R") Edra L?(R”) 


for all a € R and for any f € C (R”\{0}). The sharpness of the constant 
11-22*! in the Euclidean case of R” with the Euclidean norm, (2.20) was 


shown in [CWO01, Theorem 1.1. (ii)]. 


5. Hardy inequalities with homogeneous weights have been also considered by 
Hoffmann-Ostenhof and Laptev [HOL 15]. There are also further many-part- 
icle versions of such inequalities, see [HOHOLT08] and many further refer- 
ences therein. We will discuss some of such inequalities in Section 6.11 and 
Section 6.12. 


6. Theorem 2.1.5 was established in [RS17b]. Its extension from L? to L? spaces 
presented in Theorem 2.1.8 was made in [Ngu17]. 
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Proof of Theorem 2.1.5. We first observe the equality 


1 f f 
Rf =R- + a—— (2.21) 
[d lj $ "dapi 
for any a € R, which follows from 
f 
Ro LS de fR—— 
ld ^ dal E T 
and hence, by using (1.30), we have 
MEC 1i 1 zH 
lzl* drre — Arati T Te] eee 
Then using (2.21) we can write 
1 2 2 
me E | — c 
|x| L2(G) |x| |x| L?(G) 
2 E 2 
-|r +2aRe [ R(E) Ede + EM 
|x| L?(G) G |x| |x| |x| L2(G) 
By applying (2.5) to the function al (2.21) we have that 
2 2 2 
—2 1 —2—2 
|n a = (5; ) L * ec + 2- af í 
|x| L2(G) |x| L2(G) |x| |x| L2(G) 


In addition, a direct calculation using the polar decomposition in Proposition 
1.2.10 shows that 


f f 7 q- f 4 (flry)\ fry), 
aane | (I) F pind = 2aRe | re o (22) a de(y)dr 


2 


oo 2 4 
= Q-2 If(ry)| ) E f 
=a r — | — —— | do(y)dr = —a(Q — 2) |.——— : 
[ nf s (ERE) comer - et - n |t 
In conclusion, combining these identities we arrive at 
1 : -2 ? ? 1 -2-2a 
Tm = c n a) -L + mat — ? 
|x| L2(G) 2 |x| L?(G) |x| 2|z| L?(G) 


yielding (2.16). 


To present a weighted L?-Hardy inequality on G we will use the following 
function Rp in analogy to Jp in (2.4). For €, n € C we denote 


Rp(E,0) = zn +P "ij" — Re(\el?-2e7). (2.22) 
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By the convexity of the function z ++ |z|? we see that Rp(£, n) > 0 is non-negative 
and R,(€,7) = 0 and if and only if £ = n. If £,7 € R, we then have 


1 
R,(é,4) = (p- 1) f tE + (1 — A)? -tdt |E — n}, 


analogous to Ip in (2.4). 


Theorem 2.1.8 (Weighted Hardy identity in L?(G)). Let G be a homogeneous group 
of homogeneous dimension Q. Let 1 <p < Q anda €R. Then for any homoge- 
neous quasi-norm |:| on G and for all complex-valued functions f € CE (GN(0)) 


we have 
p p 
mam 
s BP 


| Q- 1*0) f. ) ae. 
Fy ( pla? 


ea 


- 


eS) (2.23) 


P Jo lepra 
By dropping the last term in (2.23) which is non-negative we obtain: 


Corollary 2.1.9 (Weighted Hardy inequality in L?(G)). Let 1 < p < Q and let 
a € R. Then for all complex-valued functions f € Cg? (G0}) we have 


Q-pü +a) || f 
p [eji te 


IDE (2.24) 


L(G) | L(G) 


If Q-— p(l +a) 4 0, then the constant ——— in (2.24) is sharp and it is 
attained if and only if f — 0. 


Proof of Theorem 2.1.8. We can assume that Q — p(1 + a) z 0, otherwise there is 
nothing to prove. À direct calculation gives 


KOl * @-plta)- 
ee fee / Lr)" de(y)dr 


u 1 Bl pQ-»(1*0) / ry)l?do T 
-y y J Iren Past)a 
= soa f pur f IF(ry) P f(ry)R.f(ry)do(y)dr 


Q — p(14 
E ay f eel" FG) RFR), 
^ Q-»0-e) Js keD Jaye 
O p-f df 1 b P FIRfIP 
=> Aspera) t y (a p+ 3) c epo 77 
Rf 


f E EM 
- fim i - Q-»1*3)| Ras 


which implies the identity (2.23). 
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Proof of Corollary 2.1.9. The equality (2.23) implies inequality (2.24) since the 
last term in (2.23) is non-negative. Let us now show the sharpness of the constant. 
For this we approximate the function r-(9—»(1*9)/? by smooth compactly sup- 
ported functions, for details of such an argument see also the proof of Theorem 
3.1.4. Using (2.23) it follows that the equality in (2.24) holds if and only if 


— p(1 
n, (-S2029 T ep) <0, 
p |x| 
or, equivalently, 
— p(1 
WIS RUE 
p |x| 

In turn, this is equivalent to 

g Q-pil+a 

ja Galle, 


By Proposition 1.3.1 it follows that f is positively homogeneous of order —(Q — 
p(1+a))/p. Since |f|/|x|! ** is in L?(G), it follows that f = 0. 


2.1.3 Hardy inequalities with super weights 


In this section we discuss sharp L?-Hardy type inequalities with super weights, 
i.e., with weights of the form 


(2.25) 


Such weights are sometimes called the super weights because of the arbitrariness of 
the choice of any homogeneous quasi-norm as well as a wide range of parameters. 
However, all the inequalities can be obtained with best constants. 


Theorem 2.1.10 (Hardy inequalities with super weights). Let G be a homogeneous 
group of homogeneous dimension Q > 1. Let a,b > 0 and 1 < p < oo. Then we 
have the following inequalities: 


(i) If aB > 0 and pm < Q — p, then for all f € C§°(G\{0}) we have 


(a + bla)? 


B 
f (a + b|z|^)? 
|a [m1 


[ac | 


Q — pm -—p 
p 


Rf (2.26) 


L»(G) L»(G) 


If Q £z pm -- p then the constant gem is sharp. 
(ii) If aB « 0 and pm — aß € Q — p, then for all f € CE (GN(0)) we have 


(a + blz|*)* 


Q—pm+aB -p f 
[ac | mrt 


p 


. (2.27) 
Lr (G) 


L? (G) 


IfQ#pm+p—a then the constant —— is sharp. 
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Proof of Theorem 2.1.10. Proof of Part (i). We can assume Q 4 pm + p since in 
the case Q = pm + p there is nothing to prove. As usual with (r, y) = (|x|, iat € 
(0,00) x p on G, where 

Q:— {x eG: |z| 21), 


using the polar decomposition in Proposition 1.2.10 and integrating by parts, we 
obtain 


(a + blx|*)? Pde = (a+ br?) P,Q- dol, 
| Sr Pee —_—_____|f (a) |?dx = [ Pid uc |f (ry)?r* ^ de(y)dr. (2.28) 


Since a,b > 0, of > 0 and m < SP we obtain 


[SEE inre: 
« [7 [erem (Áo gg th) endete 
z ic (T) erant 


oo d 
(oA f (a + br®)frQ-Pm-P Re IFY)? fry) (79) do (yy 


p (a + b|x|*)P [Rf (a)|] f (z)]P 1 " 
<la pm -I í 


[zjem 


B(p— B 
= p [ £m 7f)" (a + b|z|*)* 
Q — pm — p Jc |x| @—1) |e” 


Now by using Hölder’s inequality we arrive at the inequality 


blæ) 
[EEA opa 


p (a + b|a:|*)? E (a + b|z|*)8 7 


which gives (2.26). 
We need to check the equality condition in the above Hölder inequality in 
order to show the sharpness of the constant. Setting 


g(x) = |2|°, 


where C € R, C Z 0 and Q 4 pm + p a direct calculation shows 

B. p a D c2 RET 
ll[(e-biz|*)"[Rg(z)| — [(a-bizi*) 7» g) 
C |z[ m |a:|@m+1)(p—1) ? 


which satisfies the equality condition of the Holder inequality. This gives the sharp- 
ness of the constant S-pR-R in the inequality (2.26). 


IRf(x)|de. 
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Proof of Part (ii). Here we can assume that Q 4 pm + p — af since for Q = 
pm4-p— aff there is nothing to prove. Using the polar decomposition in Proposition 
1.2.10, as before we have the equality (2.28). Since a8 < 0 and pm — aß < Q— p 
we obtain 


bla|*)F 
[SEE repre 
<f i a + br* 8r 9-1-?m-rp 
(HT qu uz a et 
a+ bre a+ bre Q- a= CENT: 
Jf? f (ator yérQ-1-»m-» / abbr | 
=| | Ra (<= +Q-pm-) If (ry) |/Pdo(y)dr 
af" f d (esr | 
d Ls peser If (ry) |Pdo(y)dr 


) I (ry)|Pdo(y) ar 


| Q- pm — p af 

oe d 
x [ (at bry mme f Vr roo) AP aotar 
0 f 
z p Jd DJEP s 
~ iIQ- pm — pt oB| Ja lg poenas 
B(p— 

"pour f SEDIT" eeu 
| Q-pm-pctof Jc e|- |x|” 

By Holder’s inequality, it follows that 


[apn We < om pra (| s rata) m 


jojo Q — pm — p t ap arn? 


1/p 
b [07 
x q CHR rta) l 
c lz[?" 
which gives (2.27). 


To show the sharpness of the constant we will check the equality condition 
in the above Hólder inequality. Thus, by taking 


h(x) = |2|°, 
where C € R, C Z 0 and Q Z pm + p — o, we get 


B p BC p/(p-1) 
E à — B i 2) 
C , 


|x| |a:|@r+1)(p—1) 
which satisfies the equality condition in Holder’s inequality. This gives the sharp- 
ness of the constant g-pn-prad in (2.27). 


IRf(x)|de. 
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2.1.4 Hardy inequalities of higher order with super weights 


The iteration process gives the following higher-order L?-Hardy type inequalities 
with super weights. Here as before, G is a homogeneous group of homogeneous 
dimension Q > 1 and |- | is a homogeneous quasi-norm on G. 


Theorem 2.1.11 (Higher-order Hardy inequalities with super weights). Let a,b > 0 
andl<p<w,Q>1,keEN. Then we have the following inequalities. 


(i) If aB >0 and pm < Q — p, then for all f € C5°(G\{0}) we have 


k—1 B 

= bla 
I] (22-45) | ete 
l p jg pem 
ad PAIS) (2.29) 

i ; 
< ex2el)* pr, 
||" rendi 


(ii) If aB « 0 and pm — aß € Q — p, then for all f € CE (GN(0)) we have 


k—1 ays 
TT (SE - m5) Js 
= is (2.30) 
b|a|*) 
< (a+ - RY f 
" — 


Remark 2.1.12. 1. In the case of k = 1, (2.29) gives inequality (2.26), and (2.30) 
gives inequality (2.27). 

2. In the Euclidean case G = R” and |-| = |: |g the Euclidean norm, the super 

weights in the form (2.25) have appeared in [GMO08], together with some 

applications to problems for differential equations. The case of homogeneous 


groups, as well as the iterative higher order estimates as in Theorem 2.1.11 
were analysed in [RSY17b, RSY18b]. 


Proof of Theorem 2.1.11. We can iterate (2.26). That is, we start with 


B B 
= = b [2277 b [2071 
Q- om -» | (a dle) ACELLU um 
D |ac| n L |ac| 
P(G) L"(G) 
In (2.31) replacing f by Rf we obtain 
bla|*) > b|z|?)* 
p jare |x|" 
Lr(G) Lr(G) 
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On the other hand, replacing m by m + 1, (2.31) gives 


Q -pm +1) -p | (a+ del)? (a+dlel*)? p 
D |a | i? f [ac | rt f 
Lr(G) Lr(G) 
Combining this with (2.32) we obtain 
B 
(mee) (umes) (a + dla|*)? 
m+2 
p p i| H 
B 
(a+ diel")? ns 
i |x|" 
L»(G) 
'This iteration process gives 
k—1 B B 
Q—p . a + bla|*)» a+ blei”)? mg 
T] (S22 -men A < EXTUeg 
, p |x| |x| 
j=0 L»(G) L»(G) 


Similarly, we have for af < 0, pm — aß € Q — 2 and f € Cg? (GN(0)) that 


= zm ax 
p (e pret (mj) | EET; 
=0 L»(G) 
(a + blal®)? r 
5E Bm o 
L? (G) 


completing the proof. 


2.1.5 Two-weight Hardy inequalities 


In this section, using the method of factorization of differential expressions, we 
obtain Hardy type inequalities with two general weights ọ(x) and y(x). The idea 
of the factorization method can be best illustrated by the following example of an 
estimate due to Gesztesy and Littlejohn [GL17]. 


Example 2.1.13 (Gesztesy and Littlejohn two-parameter inequality). Let a, 8 € R, 
x € R"\{0} and n > 2. Let us define the operator 


Tag = —A + a|z|g?^z - V + B|z|g^. 
One readily checks that its formal adjoint is given by 


Ts = —A - o|z|g^z- V + (8 — a(n — 2))|x|g?. 
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Using the non-negativity of the operator qm gla,p on Co? (IR"A(0)), for all f € 
CE (R"\{0}) we can deduce that 


[ \anteyPar = (n= 9a - 28 [ etg? f) Gd 
— o(a — 4) J lel gle (V.P) Pax (2.33) 
i. 


-8(n-4(o-2)- 8) | llf) da. 


By choosing particular values of a and 58 it can be checked that this inequality 
yields classical Rellich and Hardy-Rellich type inequalities as special cases, see 
[GL17] for details. 

On the other hand, using the non-negativity of the operator Ty, T, a g» it was 
shown in [RY17] that for o, 8 € R and n > 2, and for all f € C° (R"N(0]) we can 
deduce another two-parameter inequality 


J &ncora: (2.34) 


> (na — 28) [ del! D GOP da — ala +4) I dele (V) GP dz 


- (2(n — 4)(a(n — 2) — 8) — 2o? (n — 2) +aBn e lx| ^l f (x) [2 da. 


The following result is à two-weight inequality on general homogeneous 
groups with general weights. 


Theorem 2.1.14 (Two-weight Hardy inequality). Let G be a homogeneous group of 
homogeneous dimension Q > 3 and let |-| be a homogeneous quasi-norm on G. Let 


h, v € L2 .(GWV(0]) be any real-valued functions such that Ro, Rw € L2..(G\{0}). 


loc loc 


Let a € R. Then for all complex-valued functions f € C§°(G\{0}) we have in- 
equalities 


ri (Olz) PIRS Gd 

i [ (H(x)Reb(e) + v(z)Ré(2)) [f(a) Pde (2.35) 

o(x)p(a) 2 2 2 2 
+a(Q~-1) f TE ffs -a f WEP f(x) eda 
and 

f (6(2))"|R f(a) da 

>a | (HEROE) — é(z)Rw(z)) |f (a) Pax 

G 
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-yf 999 He (2)|?dz — ef (Cx)? f(x) Pde 
um ; OLIONI 
ao] EO] e n ae 
+ [! é(x)R* (x) |f Go) dr. (2.36) 
G 


From Theorem 2.1.14 one can get different weighted Hardy inequalities. Let 
us point out several examples. 


Remark 2.1.15. 


1. If we take ọ(x) = 1 in Theorem 2.1.14, we obtain for all a € R and for all 
f € C (G\{0}) families of inequalities 


W(x) 


[ROP f (aroa) +a- 582 


- ey? Jure 
and 
[iri@pac 
G 


> f (oro) «tQ - 58? 


i| 


- a? (W(a))? — at HO 


2. If we take ¢(x) = |v|"*^ and a(x) = |z|~® for a,b € R, then (2.35) implies 
that 


D RAM an M SHE NIST |f (x IL 
c dz? 


| s 


In the case when we take b — a 4- 1, we get 
[RA (x)! a f M GP 
] Tis > (oto 720-275 ) gee 


Then, by maximizing the constant (a(Q — 2a — 2) — a?) with respect to a 
we obtain the weighted Hardy inequality from Corollary 2.1.6, namely, 


IRA)? Vs G-—— f Vo (2.37) 
G 


G |a: |2e = 4 |a: peT? 


for which it is known that the constant in (2.37) is sharp. 
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3. If we take ¢(x) = |v|-* (log |z|)? and y(x) = |a|~°(log |x|)? for a,b,c,d € R, 
then we obtain from (2.35) the inequality 


G 


|a: |2« 


(e+ d) (log zl)***7* + (Q — 1— a — d)(log al) 
>of ( n ) reos 


If we take a = 9—2, b = 9, c = 1 and d = 0, it follows that 
log |x|)? — 
S FERI > ( P 


After maximizing the above constant with respect to a we obtain the critical 
Hardy inequality 


(log |z|)? e) 
[Seer Rf dn o i [| 5a, (2.38) 


recovering the critical inequality in Theorem 2.2.4. There, it is shown that 
the constant 4 in (2.38) is sharp. 


4. We can refer to [GL17] for a thorough discussion of the factorization method, 
its history and different features. We also refer to [GP80] for obtaining the 
Hardy inequality and to [Ges84] for logarithmic refinements by this factor- 
ization method. 


The inequalities in Theorem 2.1.14 were obtained in [RY17] which we 
follow for the proof. 


Proof of Theorem 2.1.14. Let us introduce the one-parameter differential expres- 
sion 


Ta :— ó(x)R + ow(x). 
One can readily calculate for the formal adjoint operator of T4 on C$* (G\{0}): 


] «te un dus 


-[ [^ (ry) Gru) ra]r 27 dede +a f (o) f Gr) Gode 
=- f [ot ara) Fri) Lari)" dejar 


(a=) ' J olry)s (ry)g(ry)r?2do(y)dr +a [ OOTO. 
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= [te zyRg()) ds - ( n ze 
y Jon ) (Role "aA 


Thus, the formal adjoint operator of Tẹ has the form 
Q-1 
Ty :— —é(z)R. — "ur us — Ré(x) + onb(z), 
where x z 0. Then we have 


Q-1 


|z| 


(Ty Taf)(z) = — $(x)R(O(2)RF(z)) — oó(z)RCf (z)u(z)) — (6(z))* Rf (x) 
1 


) 
I l $a) (x) f(x) — dx) Ré Gx)R (a) — a(x) f (x) Ró(r) 


+ a9(x)p(x)Rf(x) + o? (p(s)? f(x). 
By the non-negativity of T. T4, introducing polar coordinates (r, y) = (|z|, me 


(0,00) x p on G, where p is the quasi-sphere as in (1.12), and using Proposition 
1.2.10 one calculates 


Mh 2 dq = x "ur a LIAL 

o« f rai Pa [^ YI T. PY) T 

- Re f f(a)\(T2Taf)(z)\de =: D + h + I3 + I4 + Is + I6, 
G 


where we set 


n= -ref f feet (ote dod 240 


-y [ 5888 repas a f ntt 


ta el (b(2))? | f (a) de, 


and 
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Now we simplify the sum of the terms J1, I2, I}, I5 and Ig. By a direct calculation 
we obtain 


I 
T 
ee) 
oO 
— 
— 
& 
3 
= 
>| 
N E T 
ale Q 3 
Ey 
2 
ST: 
= 
TI 
= 
—A 
c 
m 
3 
© 
= 
a 
q 
ps 
= 
a 
3 


d 


(Fry) r97 da(y)dr 


eg], S sena tr rero dola 
19- do (dr 
ieu IP fi (ri) MC) Pr? odo y)ar 

: "s J e» o(ry))| f(ry)2r2-2do(y)dr 

ZINC n) [err do yir 


ub [os y sa (Gu) fry) v 2-1 do(y)dr 
k d " , 
7 E = rh (ry))|f (ry) r° ? do(y)dr 


= f GEPRE Pa- CDD [ EY faya 
G 2 e lel 
ó(r)Ró(v) |2 T p x)|2dz 
ert 5 [ (Rowyrre@ea 


- [ R? G(x) o(a)|F( er £ T 


Now we calculate I> as follows, 


B= -aRe [7 J eow OEG = en enai 
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== Sf [sehe ant 


| 
! 
-a ff eei ome dolar 
i 
| 
| 


+ e - 1) £ [om v(ry)|f (ry) Pre-2do(y )dr 
f(x 


Pax + 2 ; f ee) \Rap(x)|f (a) dz 
, (Q=1) | PEG 


2 c dz 


|f) ‘ae - o | o 2) Rw(x)| f(a) Pade. 


For 7/3, one has 


= —(Q-1 LIN ae ó(ry)) E Cels 2-2 do (y)dr 
op [vw ditus fear de hae 


E t - 9 [^ [omy é(ry)) (ry) r9? do (y)dr 


peee = » (ry)? (ry) r9 de (y)dr 


pews (Q-1XQ-2) [ GA), >) 
CDP | SEF eae 


x)| da + 


For I5, we have 
-re [^ f ton eroon (Flr)? dotar 
= af [o ó(ry))óQru) Uf (ry)r9- dety)dr 
"d 


=; f Je n) s € é(ry))|f (ry) re" do(y)dr 
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ZI [ (qe (ry) ») Fer) rS da (yyar 
Ü ad mnm ry) Pr? doy)dr 


-i ; [Re R24( al? ie i (Ré(z) f Gf dz 


isis m 


Finally, for /g we obtain 


Icone [^ [^ Hraolra) (ra) ley))r2 dejar (2.41) 
=f J seo V(ry)- F(ry)Pr97! de(y)dr 
=- IEG (ry))b(ry)| f (ry) r9 do (y)dr 
=a, d 2 iis a Jar 
- 29 f* [ icy e LOWE oaa, 
B fran ONE neci a YRw(z) fa) dz 


Q-1) f oa 
E 2 m Dry 


Putting (2.40)-(2.41) in (2.39), we obtain that 


| (6(2))?|R f (a) Pax 
G 


pry (z) 


-a | (etcynotz) «eno  (Q - 1287 


) Ho 
da ri (62) FG da: > 0, 


which implies (2.35). 
Thus, we have obtained (2.35) using the non-negativity of T. T4. Now we can 
obtain (2.36) using the non-negativity of TT‘. Similar to the above we calculate 


Q-1 


(TaT f)(x) = — $(2)R(O(2)RF(2)) + ad(2)R(F(2)¥(2)) -7—0 PREE) 
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- CKD (ale) fe) - ole )ROlE)RS (e) - odo) fx) Ro) 


— ad(a)W(a)R f(x) + a?(9(2))? F(2) 
- (Q — )é(2)f (x) S) - bao?) 


Using the non-negativity of TaT$ we get 


o« [ i.n Pas - | Fay GTI fy wae 
=Re | fT (T, TÀ f)(z)dz = Ta + 15 + T5 + Ta + 5 + To, 


where " " 7 " T 
=, b =-h, Ig = Ia, I4 = I4 +A, I5 = Is, Io = —Ho 


with 


A=-Q-1) [ INFOR (H) a -[s« YR? ó(a)| f (x) * da. 


Taking into account these and (2.40)-(2.41), we obtain (2.36). 


To finish this section, we observe another version of weighted Hardy inequal- 
ity with the radial derivative. Anticipating the material presented in later chapters, 
the proof will be based on the integral Hardy inequality from Theorem 5.1.1. 


Theorem 2.1.16 (Weighted Hardy inequality for radial functions). Let G be a 
homogeneous group of homogeneous dimension Q. Let o > 0, w > 0 be positive 
weight functions on G and let 1 < p € q < oo. Then there exists a positive constant 
C » 0 such that 


(f T) ^ <C ([ «ores ii (2.42) 


holds for all radial functions f with f(0) =0 if and only if 
1/p' 


sup = soaz) d n (J aL) Ut i) « oo. (2.43) 


Remark 2.1.17. In the Abelian case G = (R", +) and Q = n, (2.42) was obtained 
in [DHK97] and in [Saw84]. On homogeneous groups it was observed in [RY18a] 
and we follow the proof there. 


Proof of Theorem 2.1.16. For r = |x|, let us denote f(r) = f(x). We also denote 


Hr) = f reote), V(r) = | 12 w(ry)aoty) 
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Consequently, using f (0) = 0, we have 


u aie) i 7 / a rA hot ardet) i 
= ( f i olola) B 
7 n 209 n d) b 
«(f^ wo a) 1/p 


= c (f weirrerer) 7 


if and only if the condition (2.43) holds by Theorem 5.1.1, namely by (5.2) and 
(5.3). 


Rf(r) 


2.2 Critical Hardy inequalities 


In this section we discuss critical Hardy inequalities. The critical behaviour may be 
manifested with respect to different parameters. For example, one major critical 
case arises when we have p = Q in (2.2). In this case, in the Euclidean case of R” 
with p = Q = n it is known that the Hardy inequality (2.1) fails for any constant, 
see, e.g., [ET99] and [IIO16a], and references therein. In such critical cases it is 
natural to expect the appearance of the logarithmic terms. 

One version of such a critical case is the inequality 


"m - ai lIRflro, Q22, (2.44) 
EZ 


L9(G) 


su 
R»0 


for all f € C§°(G\{0}), where we denote 


fn(z) =s (RE) for € GG and R>0. 


|z| 


In fact, this inequality is a special case (with p = Q) of the following more general 
family of critical inequalities derived in Theorem 2.2.1, namely, 


z 1 
sup E R <> —z Rf (2.45) 
R>0 || |x|” logi] L»(G) Pp |x|” L»(G) 


for all 1 < p < oo. Here the constant -#4 in (2.45) is sharp but is in general 
unattainable. 
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The inequalities (2.45) are all critical with respect to their weight lz|- * 
in L?-space because its pth power gives |z|-9 which is the critical order for the 
integrability at zero and at infinity in L?(G). 

Moreover, we show another type of a critical Hardy inequality on general 
homogeneous groups with the logarithm being on the right-hand side: 


f 


" < QI|(log ||) Rf |o (c)- (2.46) 


LQ(G) 


Furthermore, we also give improved versions of the Hardy inequality (2.1) 
on quasi-balls of homogeneous (Lie) groups, the so-called Hardy-Sobolev type 
inequalities. 


2.2.1 Critical Hardy inequalities 


First we discuss a family of generalized critical Hardy inequalities on the homoge- 
neous group G mentioned in (2.45). In this section, G is a homogeneous group of 
homogeneous dimension Q > 2 and |- | is an arbitrary homogeneous quasi-norm 
on G. 


Theorem 2.2.1 (A family of critical Hardy inequalities). Let f € Cg? (GV(0)) and 
denote fr(x) :— fü) for x € G and R » 0. Then we have the inequalities 


= 1 
R>0 || ||? log ry BT ||» L»(G) 


Lv(G) 


where the constant a is sharp. Moreover, denoting 


UR(x) :— Se and u(x) := Rf (2), 
In| log " 


for each R » 0 we have the following expression for the remainder: 


P p 
I-—Jn = ( p ) 1 Rf 
|z|” loge P-1/ [x 
Il | L(G) L? (G) (2.48) 
p 2 
p | Ium : 1? vi s dz, 


where I is defined by 
il 1 L 2 u 
Wios (ur J (1 - 2) lul? — fel? ^ne) =, wey, 


p=l; in 
I(g,g) = la? = 
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Remark 2.2.2. 


1. For p = Q the inequality (2.47) becomes 


f- fr 
|z|log & Le 


Q 


^ 9-1 Q- 1 IRF I eqs) , Q22, (2.49) 


which gives the mentioned critical estimate (2.44). 

2. In the Euclidean isotropic case G = R” with the Euclidean norm |-|z, similar 
to Remark 2.1.2, Part 1, inequalities (2.47) yields inequalities for the usual 
gradient V in R” for all 1 < p < oc: 


— 1 
sup — < — —R—] ; (2.50) 
iid |z| 5 lograr LP(R") á Iz] E L»(R") 


where fg(z) := f (Ryp) for x € R” and R > 0. The critical inequality (2.49) 
becomes 


f- fr 


porsa 


Lr (R?) 


n 
up < — |V fll ina, 12> 2. 2.51 
sup Ale (2.51) 


3. For the sharpness of the constant TAn in (2.47) we refer to the Euclidean 
case with the Euclidean norm where this constant is known to be sharp 
but is in general unattainable. This was shown in [IIO16a]. In the case of 
general homogeneous groups this follows from the expression (2.48) for the 
remainder. 


4. For p = 2, in the Euclidean case G = R” with the Euclidean norm, the 
estimate (2.50) was shown in [MOW17a]. In principle, this case can be also 
obtained from [MOW15a, Theorem 1.1]. Inequality (2.51) in bounded do- 
mains of R” was analysed in [II15]. 


Proof of Theorem 2.2.1. Using the polar decomposition in Proposition 1.2.10, a 
straightforward calculation shows 


[ VORTO 
ams E 
|f(ry RF "T 
zi [Sa m dade 
d p 
= Ei = mes | re- f(Ry)|Pdoly ) 
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R df (ry). 
- Pore | iT [fen seme aen - ray Fe én) dr 


E p i 1 aiu p-2 _ df (ry) o r 
--;ej (cien [ie Fw) " (f(ry) - f(Ry)) t DE 


NE 


p—1 


where ø is the Borel measure on g and the contribution on the boundary at r = R 
vanishes due to the inequalities 


Hey) - fy OR- F < og”, 


By using the formula (1.30) we obtain 


|f(x) — fr(x)|? 
M) — Intr 7 
[A |x|? log i i 


RN P )pP- 2 = df (ry) c r 
--— Ref ag gary Le! ras) qos) - 10) 9 aya 
___P ge f(x )- fræ j | (fle) = fn(r) 1  df(z) 

E p1" hon " log = " P lo Em |x| 2-1 d|z| m 


Similarly, one has 


MEL. e : =f I aF do(y)d 


? d 1 1 p 
=- f & (rn G] io) dr 


p RS 1 = df (ry) 
+Pore f (Sr [ren (ry) - fU) 5 Zr 


p—1 


p—2 
p fGe-fa)| ON AORE NO] 
Se oe A Ed 
pua log. | lal Flog que dal 
This implies that 
HOROJ 


G |z| log f |P 


2 
(fG)- fa(2) 1 d), 
lr*logii —|x[e-* dial 


p 
p p | p p 
—[—— vll oe p | I(u,———v 
(4) vlr s (e) E ( mi ) 7 


—1 


" 
f(x) = frla) 
In|? loge 


= -— Re 


p—1 


2 
dz, 


v+u 
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with 
Qo dG)- fni) ao) 


O deg Co gap del 


and I is defined by 


1 il 1 1 
nb (ur + SIP - ur ej) fot? 20, 25 1«l-i 
-1 
I(g, 9) = Elg. 


Thus, we establish 


p 
p E p um u D p 
lll ote; = (4 z) loll o (c) pfi («. p-1 zo) — 1 


This proves the equality (2.48) and the inequality (2.47) since the last term is 
non-positive. 


We have the following consequence of Theorem 2.2.1: 


Corollary 2.2.3 (Critical uncertainty type principles). Let 1 « p « oo and f € 
C§°(G\{0}). Then for any R>0 and i + ; = į with q > 1, we have 


il gu) 
ae lf late) 2 —» |izSieR (2.52) 
d L»(G) z| logi iu 
and also 
2 
z EN = 
Rf ju s J| — fn (2.53) 
CES Q Q 
e|?! |z| 7 log £ ||? log & 
L»(G) Ta] L»'(G) IET L?(G) 
d^ 
for p + p zl. 
Proof of Corollary 2.2.3. By Theorem 2.2.1 and Hólder's inequality we have 
1 pel JR 
|a UZOR E eeka lf loa (e) 
|x|” L? (G) EE O8 Tay L(G) 
12 
23 us 12 
= = 24 
= p=1 f fr dx | f|22 da: 
2) OR 
p G |z| logi G 
2 1/2 
p-1 PU Ix p—-1l|/f(f- fr) 
= [ fice | ITE 
|x| O8 Tay |z|? O8 Tay 12(G) 


The formula (2.52) is proved. The proof of (2.53) is similar so we can omit it. 
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2.2.2 Another type of critical Hardy inequality 


In this section we analyse another type of a critical Hardy inequality when the log- 
arithmic term appears on the other side of the inequality. This extends inequality 
(2.38) that was obtained for p — 2 by a factorization method. 


Theorem 2.2.4 (Critical Hardy inequality). Let G be a homogeneous group of ho- 
mogeneous dimension Q > 1 and let |- | be a homogeneous quasi-norm on G. Let 
1<p<oo. Then for any complex-valued function f € C§°(G\{0}) we have 


|f (x)? | log |x||P 
d = D ee eee 
p |z| 9-7» 


IRf (2) | dz, (2.54) 


and the constant p? in this inequality is sharp. 
Remark 2.2.5. 


1. Inequality (2.54) was mentioned in (2.46) as another type of a critical Hardy 
inequality in the critical case of p — Q, in which case we have 


Fœ)? 
F dr sa, | (log |x|) Rf (x)|? dz. (2.55) 


2. In the Euclidean case G = (R”, +) we have Q = n, so for any quasi-norm 
|-| on R” the inequality (2.54) implies a new inequality with the optimal 
constant: For each f € C§°(R”\{0}), we have 


f 


|z| 


MH 


n | loglzl) = - Vf 


< 


(2.56) 


L"(R") L"(R7") 


If we take now the standard Euclidean distance |v|g = aj +--+ 22, it 
follows that we have 


RN < n||(log lz[) V f| 


[xg L” (R?) 


ee (2.57) 


for all f € CE (R”\{0}), where V is the standard gradient in R”. The con- 
stants in the above inequalities are sharp. 

3. The inequality (2.57) and its consequence are analogous to the critical Hardy 
inequality of Edmunds and Triebel [ET99] that they showed in R” for the 
Euclidean norm |- |g in bounded domains B C R^: 


f(x) 


TL 
m < — |V fll np, > 2, 2.58 


L"(B) 


with sharp constant —4, which was also discussed in [AS06]. This inequality 
was also shown to be equivalent to the critical case of the Sobolev—Lorentz 
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inequality. However, a different feature of (2.57) compared to (2.58) is that 
the logarithmic term enters the other side of the inequality. Inequalities of 
this type have been investigated in [RS16a]. 


Proof of Theorem 2.2.4. Let R > 0 be such that suppf C B(0, R). A direct cal- 
culation using the polar decomposition in Proposition 1.2.10 with integration by 
parts yields 


VG)" = 7 p,Q—1-Q dg T 
jos lz|2 a= | [ueo do(y)d 


: E 
- -» f rogere [ OOP Gs e) Eae yi 


Rf (2)]| f (0) |P71 
«pf IER iog [alite 
B(0,R) |x| 
" I [RF(a)|| Yog [xl] If) 
=p ——— 8-1 ey Ah 
B(0,R) |x|? |x| P 


and by using the Hölder inequality, we obtain that 


pal 


p p p 5 p i 
f Um s,(p  Erorbei, V (fe an)” 
B(om |«|9 B(0,R) |z| 27» BOR) lal 


which gives (2.54). 

Now it remains to show the optimality of the constant, so we need to check 
the equality condition in the above Hölder inequality. Let us consider the test 
function 


h(x) = log |z|. 


p 7T 

— - (E) i 
Q 1 ES Q(»-1) 
||? e| 7 


which satisfies the equality condition in Hólder's inequality. This gives the opti- 
mality of the constant p? in (2.54). 


Thus, we have 


As usual, the Hardy inequality implies the corresponding uncertainty princi- 
ple: 


Corollary 2.2.6 (Another type of critical uncertainty principle). Let G be a ho- 
mogeneous group of homogeneous dimension Q > 2. Let |- | be a homogeneous 
quasi-norm on G. Then for each f € Cg*(GN(0)) we have 


1 Q-1 
( i [E ( [ lepras) 7 >5 [ Hid. (2.59) 
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Proof. From the inequality (2.54) we get 


Q-1 


[2] A 8 E 
( f os yer?) | Í te Pra) 
B(0,R) B(0,R) 


1 Q—1 
1 Q X? T scd 
29 J Aot | lc [93s |/| S dex 2 |f ^ dz, 
Q VJ B(o,n) Ix] B(0,R) Q JB(o,n) 


where we have used the Holder inequality in the last line. This shows (2.59). 


2.2.8 Critical Hardy inequalities of logarithmic type 


In this section we present yet another logarithmic type of critical Hardy inequalities 
on the homogeneous group G of homogeneous dimension Q > 1. As usual, let |- | 
be a homogeneous quasi-norm on G. 


Theorem 2.2.7 (Another family of logarithmic Hardy inequalities). Let 1 < y < 
oo and max(l,y — 1} < p < oo. Then for all complex-valued functions f € 
CE (G\{0}) and all R > 0 we have the inequality 


p—7Yy 


Es (os =) E 


i| 


f- fn PE. 


Q CR 2 ~ a — il 
xn (tog &) L»(G) 


, (2.60) 
L^(G) 


where fn(x) :— f (ni). and the constant E is sharp. 


|a 


Proof of Theorem 2.2.7. For a quasi-ball B(0, R) we have using the polar decom- 
position in Proposition 1.2.10 that 


f(x) fa)" ff My) = FOI" oi cs, 
I ED nae | ri do (y)d 


Ty E; 
(0.R) |z| log & r9 (log =) 


R d 1 , | 
-f dr (ae [fen re 2) d 


f 
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where p—y+1 > 0, so that the boundary term at r = R vanishes due to inequalities 
R. R-r 
fry) - fy) < C(R-=r), — lg-2 


Then by the Holder inequality we get 


R p f(y) — f(Ry)P 
f / " (log Ey do(y)dr 
R —y+1 Say 
--—ej (ios z) Í Mr) — AG)? G9) — r0) E ao (yar 


p R R =A "m 
«zu (el) fren seme 


y-— 


(L^ (5 awe)” 


dr 
Thus, we obtain 


: 1/p 
[Late a 
p pie 1/p 
<2 (f fair efog =} RIEP) d. 
ya B(0,R) |æ] 
Similarly, we have 
1/p 
f BOR 
3 
ë R 
p RIPI 1/p 
< (f ehg] geras]. 
y=1 B*(0,R) |æ] 


The inequalities (2.61) and (2.62) imply (2.60). Furthermore, the optimality of the 
constant in (2.60) is proved exactly in the same way as in the Euclidean case (see 
[MOW15b, Section 3]). 


Corollary 2.2.8 (Another family of logarithmic uncertainty type principles). Let 
1<p< œ andq> 1 be such that 14i = 4. Let 1 « y< oo and max(1,y — 1) < 
p « oo. Then for any R > 0 and f € C (G\{0}) we have 


(p—)/ 
jl (ln) my f(f — fr) 


y—1 
ll flr) = —— | —29——————— —— 
|z|* (log( R/ |al))7/” 


L»(G) p 


L? (G) 
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Moreover, 


P-Y 


p— R P E 
lz] = (os =) Rf —— 
x > 
L(G) || |x|?” (los 4) : 
be Tod (2.63) 
2 
dci] Je 
p # log E 
efle] 
donor 
holds for ary at 
Proof of Corollary 2.2.8. By (2.60), we have 
p-Q R m = -— 
e (em) mr Meo |B] iro 
|x| p 2 (i, KR)? 
L(G) le aT) cais 


i2 
25 2P 


Ur ees ^] Vermme)s 


and using Holder’s inequality, we obtain 


EIS 


- R Bed 
e (s) RA Iino 
ZEE 2 1/2 
p11 | [joto] a) aci uci 
2 7 = 7 
P Asel ja? (log £) P P- Iia? (log E) P "- 


Similarly, one can prove (2.63). 


Remark 2.2.9. When y = p, the statement in Theorem 2.2.7 appeared in [RS16a, 
Theorem 3.1] in the form 


E i 


E R 
i2|* log £ 


p-Q 


p 
<2 | Rel EL 2.64 
5-1 lal Flag) 2<?<© (2.64) 


Lr(G) 


for all R > 0. For general p and y it was analysed in [RS16a]. In the Euclidean case 
with the Euclidean distance such inequalities have been analysed in [MOW15b, 
Section 3]. 
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2.3 Remainder estimates 


In this section we analyse the remainder estimates for L?-weighted Hardy in- 
equalities with sharp constants on homogeneous groups. In addition, other refined 
versions involving a distance and the critical case p = Q = 2 on the quasi-ball are 
discussed. 

The analysis of remainder terms in Hardy inequalities has a long history 
initiated by Brézis and Nirenberg in [BN83], with subsequent works by Brézis and 
Lieb [BL85] for Hardy-Sobolev inequalities, Brézis and Vázquez in [BV97, Section 
4]. Nowadays there is a lot of literature on this subject and this section will contain 
some further references on this subject. 


2.3.1 Remainder estimates for L?-weighted Hardy inequalities 


Let G be a homogeneous group of homogeneous dimension Q > 3 and let |-| bea 
homogeneous quasi-norm on G. We now present a family of remainder estimates 
for the weighted L?-Hardy inequalities, with a freedom of choosing the parameter 
bcR. 


Theorem 2.3.1 (Remainder estimates for L?-weighted Hardy inequalities). Let 


Q—p 


2<p<Q, Sees 
and let 
+ pb 
ee eee ES 
p 
bp 


ð = Q- p- ap- —, 
p—1 


for b € R. Then for all complex-valued functions f € C§°(G\{0}) we have 


REE V = [ NT d 


c lefe? p |z [porn 
s c Halolla)” Pus 
Z Vp —1? 
(fog F(a) I| da)" 
where the constant Cp = Cp een! is sharp, with 
Cp = min ((1—t)? — t? + ptt). (2.66) 


0<t<1/2 


Due to the positivity of the last remainder term, Theorem 2.3.1 implies the 
L?-weighted Hardy inequalities with the radial derivative. In the case of the Eu- 
clidean norm, they reduce to the usual L?-weighted Hardy estimates: 
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Remark 2.3.2 (L?-weighted Hardy inequalities). 


1. If we take b — —— we have Cp = 0, and then inequality (2.65) gives the 
L?-weighted Hardy inequalities with sharp constant on G: 


RIP an > (==) f lf(z)P WP ap 
G 


ap IPITTCESVI 
G |æ] p |a: (2.67) 
Q-p 
p 


p 2<p<Q, 


for all complex-valued functions f € C§°(G\{0}). Such inequalities on ho- 
mogeneous groups have been investigated in [RS17b], and their remainders 
have been analysed in [RSY 18b]. 

2. If G = (R",+) with Q = n, the inequality (2.67) gives the L?-weighted 
Hardy inequalities with sharp constant for any quasi-norm on R": For any 
complex-valued function f € Cg§°(R"\{0}) we obtain 


ý n- p-ap)” |f (x) |? 
—ap 
n |x| dx = (= ) n EPET 


where Coo <a < X and 2 € p « n, and where V is the standard gradient 


T . VF (a) 


|x] 


in R”. Now, if we take the Euclidean norm |v|g = yx? +23 +---+ 22, by 
using the Schwarz inequality we obtain the Euclidean form of the L?-weighted 
Hardy inequalities with sharp constants: 


IV f(x zhi (==) |f (æ)|P 
I. p = \ L perm d 


n—p 
—œ < & < —, 2<p<n, 
P 


(2.68) 


for any complex-valued function f € C§°(R”\{0}). 
3. Moreover, for any function f € C§°(R”\{0}) and for any b € R, we have 


p D app zum p p 

| |a|-°P de — € P æ) T "nu Ai dz 
R^ p n [apte 
(San Lf (2) |P Inl dac)" 

" (Jen FŒ leda)” 


where V is the standard gradient in R”. As in Part 2 above, by the Schwarz 
inequality with the usual Euclidean distance |- |g, we obtain 


IV f(x ali 2 (==) |f (x)]P 
[A al?“ p J ja» ier 


(Jen LG) (2.70) 


TL 
Poors 2$Sp&n =% <a < —, 
(Jan IFE) lagaz) " 


Z Vf (2) 


|z| 


(2.69) 


n— 
2<p<n, aoa E 
p 
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for all complex-valued functions f € Cf°(R"\{0}) and for any b € R, where 
the constant C, is sharp. 


4. In R* a variant of inequality (2.65) is known for radially symmetric functions. 
abu MD NP Let N € N, t € (0,1), 
y < min(1— t, £X) and 6 = N — n + 4—— AG (7+ 222-92). Then there 
exists a constant C > 0 such that the inequality 


n IV? as - (zz y f FP jz 
rn lelg p g^ |z |f 


(1—t—») 
Nt 


che Ellas) 


(fa. lfl * T 

holds for all radially symmetric functions f € Wy? (R^), f # 0, where 
Woe (IR^) is an appropriate Sobolev type space. For o = 0 this was shown 
by Sano and Takahashi [ST17] and then extended in [ST18a] for any —oo < 
a< =. 

5. The constant cp in (2.66) appears in view of the following result that will be 
also of use in the determination of this constant: 
Lemma 2.3.3 ([FS08]). Let p > 2 and let a, b be real numbers. Then there 
exists Cp > 0 such that 


|a — b|? > lal? — plalP-Pab + cp |b)? 


holds, where cp = nm ((1 — t)? — t? + pt?-1) is sharp in this inequality. 
0<t<1/2 


6. Remainder estimates of different forms are possible. In general, it is known 
from Ghoussoub and Moradifam [GM08] that there are no strictly positive 
functions V € C1(0,oo) such that the inequality 


2 2 
2d = AI, d 
[vitis (S53) | Fears f vasontas 


holds for all Sobolev space functions f € W1? (R”). At the same time, Cianchi 
and Ferone showed in [CF08] that for all 1 < p < n there exists a constant 
C = C(p,n) such that 


[ivsirae > Cop Em dz (1+ Cd, (f?) 


holds for all real-valued weakly differentiable functions f in R” such that f 
and |V f| € L"(R") go to zero at infinity, where 


If- dalz ^ d oe (R7) 
d, (f) = inf ——— — ———————— 
= ceR Ilf los P (R?) 
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with p* = nx and L'^?(R?) is the Lorentz space for 0 < r < oo and 
1 < ø < oo. In the case of a bounded domain 2, Wang and Willem [WW03] 
for p = 2 and Abdellaoui, Colorado and Peral [ACP05] for 1 < p < oo 
investigated other expressions of remainders, see also [ST17] and [ST18a] for 


more details. 


In the following proof we will rely on a useful feature that some estimates 
involving radial derivatives of the Euler operator can be proved first for radial 
functions, and then extended to non-radial ones by a more abstract argument, see 
Section 1.3.3. 


Proof of Theorem 2.3.1. Let f € C§°(G\{0}) be a radial function, then f can be 
represented as f(a) = f(|a|). By using Brézis-Vázquez' idea ([BV97]), we define 


Q—p—op ~ 
p 


f(r). (2.71) 
Since f = f(r) € C$ (0,00) and a < v. we have g(0) = 0 and g(4-oc) = 0. We 
set 

g(x) = g(Ixl) 


for x € G. Introducing polar coordinates (r, y) = (|x|, t) € (0,00) x p on G, by 
Proposition 1.2.10 we have 


je [ BEM ag (S-o- my p ME as 
G 


g(r):—rm 


c æf? p [epet 
oo d P " u oo 
= of —f(r)| r~Pt2-ldp — |p| (Syr IF )er- mo 9-18,. 
dr p ò 


Q-1-epq,. 


-ap _ Q=p-ap d. P 
= [^ (5-28) i-o tr Eg 
— ER p oo 
- lel CH [ moras 
p 0 


where || is the Q— 1-dimensional surface measure of the unit sphere. Here applying 
Lemma 2.3.3 to the integrand of the first term in the last expression above, we get 


=p= -ap =p-op d ü 
(See) ge - Lt ae) nm 
p dr 
ee p 
> (==) rego) yQ-1-ap 
p 


Q—p-—op pes ~ Das d. _(Q=ap = _( Q=p-ap Sia 
rd ee CG aor ems etaim 


d e p 
Téh 4:90) pr QtPtop,Q-l-ap 
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- (Q228) iugo - (S7 2— PY" grt Lam 
ea | Lg) m 


Since g(0) = g(--oo) = 0 and p > 2, we note that 


oo 


^ iy 226 La = d (e yPydr = 
p| BOPPEN I= [^ dme = 0. 


'This gives a so-called ground state representation of the Hardy difference J: 


p 


oo d. 
> 2 
J> elel | PIT 


pP ldy = f. |Rg(x)|? ||?" dz. (2.72) 


Putting a = £= in Lemma 2.3.3, we obtain for any b € R that 
8 p 


Q(p — 1) — pb _ Qtpb 
os gl? lel ae 
p G 


Eu p—i 
< ( | Raed) ( i gle- tdo) 
G G 


It gives the estimate 


J> ey | [Role)leP -Caz 
G 
_ Q+pb p 
p (I lg|l?|z| 7 dz) (2.73) 
bp. p-l' 
(Je lolle az) 


Taking into account that g(x) = 9(|x|), x € G, and (2.71), one calculates 


Q(p — 1) — pb 


>c 
p? 


= Up 


oo 
n ls] 3^ le(s) Pade = |p n POP AP | Fp) Pr- S29, 9-19, 
G 0 


-f LF (x) la] 7770-2 de = f LF (a) Pll ae. 
G G 


On the other hand, 
[let PtaCoyPae = |p| f racha 
G 0 


= [ coris | e)la. 
G G 
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Putting these equalities into (2.73), we obtain 
P (Ue lf@)P lel dr)” 
(Jo F@)P lede)” 
Now let us prove the statement for non-radial functions. For a non-radial function 


f we consider the radial one obtained as its spherical average with respect to the 
homogeneous quasi-norm |: |: 


Q(p — 1) 


Jc 
a 


p 


U(r) = (= | Í It(ry)Pdoty y’. (2.74) 


Using Holder’s inequality, we calculate 
oe ( : Í noL )» : Í ifi re e 
Tr p lel y y lo | P y Y dr y y 


fry) Pdoly D : sre 


E 


feas)" E Hr 


3. Fey) m 
dotu) i 


fü » do(y) 


zo) ({ vere)” 


Tr 


p P 


s|- x|- ale 


pour eus 


2g (ry) 


Here we note that since there exists the function h(x) = e-!*! which satisfies the 
equality 


= (a(z) P1, 


the equality condition in the above Hölder inequality holds. Thus, we have 


T 
d i p ) P 
—U (r) x do . 
zoe s (mf w) 
It follows that 


eld p 
e [^ on 


Pa 


s at ry) 


p 
y) r9 1-9? do(y)dr 


roars lo f E 
0 


2 | REI ||P de, 
G 


that is, 
[imr leas < f REP lz|-*^dz. (2.75) 
G G 
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In view of (2.74), we obtain the equality 
[UPa de = el f UEP +a (2.76) 
0 


= ME p 6+Q-1 dr = P||9 
= ol f - [ |f (ry) do (y)r* 97 ar [ HOM 


for any 0 € R. Then, it is easy to see that (2.75) and (2.76) imply that (2.65) holds 
also for all non-radial functions. 


2.3.2 Critical and subcritical Hardy inequalities 


Here we discuss the relation between the critical and the subcritical Hardy in- 
equalities on homogeneous groups. We formulate this relation for functions that 
are radially symmetric with respect to a homogeneous quasi-norm |- | on G. 
Proposition 2.3.4 (Critical and subcritical Hardy inequalities). Let G be a homoge- 
neous group of homogeneous dimension Q > 3 and let G bea homogeneous group 
of homogeneous dimension m > 2, and assume that Q > m+ 1. Let |- | denote 
homogeneous quasi-norms on G and on G. Then for amy non-negative radially 
symmetric function g € Cj(B™(0, R)\{0}), there exists a non-negative radially 
symmetric function f € C1(B9(0,1) (0]) such that 


| [Rf (a) |" dz — (zy GO ax 
B2 (0,1) m BQ9(o1) |zl™ 


-4 (ey (2.77) 


—1 m m 
(f. me- (EYS Bt ni 
B™(0,R) m B^ (5) |z|" (log Ee) 


holds true, where |p| and |p| are Q — 1- and m — 1-dimensional surface measures 
of the unit sphere, respectively. 


Proof of Proposition 2.3.4. Let r = |z|, x € Gand s = |z|, z € G, where G is a 
homogeneous group of homogeneous dimension m. Let us define a radial function 
f = f(x) € C4(B2(0,1)\{0}) for a non-negative radial function g = g(z) € 
Co (B" (0, R)\{0}): 

f(r) = g(s(r)), 


where s(r) = Rexp(1 — rS), that is, 


Q-m Re -mM _Q=m 
r m1 = log —, s'(r)- Q rom 
E 


Here we see that s'(r) > 0 for r € [0,1] and s(0) = 0, s(1) = R. Since g(s) = 0 
near s = R, we also note that f = 0 near r = 1. 
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Then a direct calculation shows 


| IRf|™dx — (==) | LA a, 
B9 (0,1) m B9 (0,1) |æ] 


1 _ m ‘it 
7 if eae (Sz) f f (ryr97 dr 
R 


= ! (s)s' (r(s)) | r971 (s ds 
- je f. ioter 


-(8z*y uf ree 
-ia(S-m)" ^ worst: 


Q—m m m-—1 R g" (s) 
lol Re m ds 
n Q-m Jo s(log^t) 


—1\” nm 
‘(a 2 er c He 
B (0,R) m B™(0,R) |z|™ (Ios E) 


yielding (2.77). 


2.3.3 A family of Hardy-Sobolev type inequalities on quasi-balls 


Let G be a homogeneous group of homogeneous dimension Q > 3. It will be 
convenient to denote the dilations by ó,(x) = rz in the following formulations. Here 
we discuss another type of Hardy-Sobolev inequalities for functions supported in 
balls of radius R. As usual, we denote by B(0, R) a quasi-ball of radius R around 
0 with respect to the quasi-norm | - |. 


Theorem 2.3.5 (Another type of Hardy inequalities for Q > 3). For each f € 
CE (B(0, R)JN(0)) and any homogeneous quasi-norm |-| on G we have 


: NO 5 1/2 ó 1/2 
mE = Ae 2dax 
"n |x|? fe) '( ) 2 = Q-2 = ear 


|x| 
(2.78) 
and 


i : Q Mi 
"E e is) < (a5) xf us i) (2.79) 


[v 
NIB 
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Remark 2.3.6. 


1. Theorem 2.3.5 could have been formulated for functions f € C§°(G\{0}) 
choosing R > 0 such that suppf C B(0, R). The introduction of R into the 


nl » appears in the 


notation is essential here since the dilated function f ( 
inequality (2.78). 

2. In the Euclidean setting with the Euclidean norm inequalities in Theorem 
2.3.5 have been studied in [MOW13b]. 
In the case Q — 2 we have the following inequalities: 


Theorem 2.3.7 (Another type of critical Hardy inequality for Q — 2). Let G 
be a homogeneous group of homogeneous dimension Q — 2. Then for each f € 
CE (B(0, R)\{0}) and any homogeneous quasi-norm |-| on G we have 


1/2 


1 ô í 15 
Lem reor as «(f ret) : 
B(0.R) |y2 [log z B(0,R) 

(2.80) 
and 
1/2 
2 
[ FAC) d 
OM apa (1+ s ) (2.81) 


1/2 1/2 
< I "n roa) +2(1+ v2) (an res) 


Proof of Theorem 2.3.5. By the polar decomposition from Proposition 1.2.10, we 
write (r, y) = (|x|, rey? € (0,00) x p on G, where p is the unit quasi-sphere, so that 


Joa MOS 


4 / HF.) — f Gn Gr) r9 do (y)dr 


-l _,0-2 : If (5-(y)) — FG (y)! do (y) 


2 
dx 


r=R 


r=0 


"9-3 Te (+ CD - fug) Poo) de 


R "EM e 
e fre Re f F660) - fnt) A 
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Now using Schwarz’ inequality, we obtain 


Los BR PO (CR) 


|z| 
2 R 1/2 
TS | ni POD) - stor 


R " 1/2 
x | bods mum uL 


" i 5 1/2 1/2 
= — — |f(a dx | Rf da : 
Q-2 "n |z|? ) | B(0,R) IRA 


This implies that 
õr(2) 5 " 1/2 
RV 2 
- d — Rf |*d. 
f(z) r( " ) jJ «ax (f. fl J 


n E 
B(0,R) |z|? 
that is, the inequality (2.78) is proved. The triangle inequality gives 
E 1 ZOCO : 
dz | = — — d 
ant eel ) "n gero (Or C e 
ES x) — m ES i M (a) p 
: (= o-s aael Cis | 
(2.82) 
Moreover, we have 
1 Ón(x )? Q-3 
Ex (ó dc 
Chow cel E li 2E 2! -(f" J, fester Sota J 
Q-2 
= ($3 [ ris )Pdoty D 
Ro Q 
-(à —[ J ERD aota J 
_({_@ 21 O) ae : 
(535) R = r( |z] 
Q \i1 uo) -— 
(325) R (CL. r( 7e 


2 


dx 


1/2 


2 A3 $ 
d 2d 
A) + (fante) ) 
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< es "n us (22) - f(a) «) | 


|x] 
1 


Q Ma T 
+ (a5) x us z) ? 


" 1/2 
2 (2.83) 


< (es) (sr C) e 
i a 
(a) a Iron) 


Combining (2.83) with (2.82) we arrive at 


i 1/2 
—— | fl2d 
"n jp z) 

Q 1/2 1 
1 —— PEN 
i ( li a) ) "n |x|? 
/2 

EX m 
i (aS ;) R "n Ide 


Now by using (2.78) we arrive at (2.79). 


2 1/2 
is) 


f(e)-f (5e 


i| 


Proof of Theorem 2.3.7. By using polar coordinates (r, y) = (|x|, Ip € (0,00) x o 
on G, where Q is the unit quasi-sphere, one calculates 


fx) -f (S52) | ae 


|z| 


1 
_ |x|? |log(R/|2])|? 


R ; 1 
= ri Í POUD — PORD pp O 


r=R 


: 2 
= mR f If(5-(y)) — f Gn C da (y) 


r=0 


" | 72) (x L £6.) - Förtal) m 
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"e di df (0.(y)) 
- 2 fae | en) — fnt) D aya 
Here we have used the fact that 
log( R/r) — log (1+ (= = 1)) > = -l= = 


and that 
|f(5-(y)) — f(ó08Q) € CIR- rẹ’. 


Using Schwarz's inequality we obtain 


f) - f eo 


i| 


1 
= |x|? Nog(R/Ial) |? 
R 1 
2i | f [ caesa ew) - fato) 2) 


" | [se 


1 
( B(o,R) |#|?]log(R/|2|)|? 


1 


2 


2 3 
zu 


fx) f (22) | ae) (= rae) 


It completes the proof of (2.80). To show (2.81) we calculate 


1/2 
1 
| Fe) Ader 
"n is 4 Hog (R/1 DD? ^ l ) 


1 
ee ee 
" Us ls? (1 + flog CR/ 1^ 


1 


Moreover, we have 


Loser (EP) ee) 


R 1 ; 
7 (/ Revert 2) 


i 
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E (mr TET R/r)|) zdr f IN ôrly))| do(y ) 
in dr(y))|?do(y "A 


bm + llog( R/r)| 


Ja es QE 
E "n i Q Tog G1 D]? 


1 


J feas 
B(0,R) 


where we use the simple inequality 


1 il 
— X. — R í 
R? — r2(1 4+ log(R/r))?’ reap 


Therefore, we obtain 


jJ 
(eam EFC 


f (22) - f(x) 


V — — 
: "n i G + [log(R/lel)) 


y i 
e O is) ! 


Combining (2.85) with (2.84) we arrive at 


r $ 
— ~ fiae da 
"n |z|? (1 + log(R/|z|)|)? E 
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yo 


1 
4x9 "n lz? (+ flog(R/|z|)|)" 


Ja T 
+> "n |f) 2 


Finally, using (2.80) we obtain (2.81). 


2.3.4 Improved Hardy inequalities on quasi-balls 


For p = Q = 2 and any homogeneous quasi-norm |- | on G we have the following 
refinement of Theorem 2.3.7 with an estimate for a remainder. 


Theorem 2.3.8 (Remainder estimate in critical Hardy inequality for Q — 2). We 
have 


il 2 
| [R.f ds — J ile de (2.86) 
B2(0,R B?(0,R B 
(o. (9.9) |x|? (log $) 


v — log È izz 
> gaw] fT (E) m vene 
R?\a| v>0 B2(0,R) |z! (log &) |x| 
or all real-valued radial functions f € C5°(B?(0, R)\{0}), where B?(0, R) and | 
0 


are 2-dimensional quasi-ball with radius R and 1-dimensional surface measure of 
the unit sphere, respectively. 


Proof of Theorem 2.3.8. Let us define the new function g = g(x) on B?(0, R) as 


1 
R US 
g(r) := (os i) f(r), r = |z|, x € B?(0, R). 
One calculates 


HP 


1 
Fite | IR f|?dz — J ME D 
B2(0,R) B2(0,R) 7 iG E) 


= lé f "(ferar - 8l al [e ae re a 
-e f Ge 5 am, E -E (^ut, 
ai f ote wee e f wt Jrlog Ž ns 


dx 
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- 8 f^: 44, Zl] fw 24 B 
=- Ff Goya E P garten]. 


and applying g(0) = g(R) = 0, we obtain 


Biel pe 24 R 
n= 2 (/ lg (r)P pat log Žar | 


Taking into account that z fo" rlog Rdr = 1 and using Hölder’s inequality, we 
get 


1 T L 
R 2 R ej R 2 
4 R 4 R 4 R 
2 = 2 
(/ lg’ (r)| jars Har) = (/ lg’ (r)| Fp" bos Ear) (=J los žar) 
4 R 


It follows that 


2 
R?|s| R Alc] 
Using g(0) = g(R) = 0, we have 


R R R = 
| g'(r)r log B dr = -f g(r) (os Me 1) dr = J p) Far 
0 T 0 P 0 (log R)? 


1 1- logi 
— — d) — 
lel B2(0,R) la: (log &) 


Putting this in (2.87), we arrive at 


4 1 — log a 
i> = | f (a) dx 
R?|6| |J B2(0,R) 2 


ial (log &)" 


Now we note that J; is invariant under the scaling f —> f,(r) = v-3 f(Ri-"r"). 
Then setting 


— log = 
(f= | T =. 5 -dz = [o [n fe) 89 ar, 
B2(0,R) la: n & Tog? y 
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one obtains 


h > def, 2. 
for any v > 0. On the other hand, we ire 
E R 1— log £ 
h(fj- ef nd flr Peles i ew f f(r’ RI) T gr 
a i (log $)? 


d 
Using a change of variable s = r" R17", dr = i (&) " ds, one calculates 
1 


C a fE 1-loøg(£)71 /R\? 
neta ept f i9 EEEE) as 
(tos (5)*) 
— log £ tao 
=? f n (=) di 
à (logs )* > 
v — log E RAUS 
a? fs p—s (=) dz. (2.89) 
B?(0,R) |z| (log E) 


The estimates (2.88) and (2.89) imply (2.86). 


Theorem 2.3.9 (Remainder estimate in critical Hardy inequality). Let G be a ho- 
mogeneous group of homogeneous dimension Q > 2. Let |- | be a homogeneous 
quasi-norm on G. Let q > 0 be such that 


a = o(q, L) = Spas, 


for —1 < L « Q — 2. Then for all real-valued positive non-increasing radial func- 
tions u € Cg (B(0, R)) we have 


—149 Q 
f, Raf (Sri) fav? a 
B(0,R) Q B(0,R) |,4Q (log &) 
d (2.90) 


> |pp-*c* f ol de 
i B(0,R) |y|9 (los fe) 


where || is the measure of the unit quasi-sphere in G and 


1 {\ a4 
C=C Oa 7 = | a (ios 2) ds 
0 


where T (-) is the Gamma function. 


2.3. Remainder estimates 


Proof of Theorem 2.3.9. As in previous proofs we set 


—1 


v(s) = (os Ry ut, where r-—|zr|,s— s(r) = (108 = 


We have v(0) = v(1) = 0 since u(R) = 0 and, moreover, 
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ute) es (+) (os 2 o (os — © late) te <0. 


T 


It is straightforward to calculate that 


_ Q 
ref maar (Spr S e 
B(0,R) Q BO.R) | IQ i 
R — 
= lel f Wera- (S53) in p 
0 nd 


-i f (3 (eke) * em — (ae) T aeos 


Ge) wen 


By applying the third relation in Lemma 2.4.2 with 
alt 
= -9 
a= ot log Be a) and b= 
Q p (s 


and dropping a? > 0 as well as using the boundary conditions v(0) 


we get 


I 


S 
© 
, 
| © 
= 
Sa 
an 
os 
By) 
e 
6 
© 
BR 
AS 
© 
uw 
P 
3 
x 
a 
3 


II 
| 
S 
© 
a X 
D 
= 
Ra 
P 
By) 
e 
— 
© 
— 
aS 
= 
uw 
ZU 
3 
oasis: 
a 
3 


E T v) (9. 
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= - elg (S33) | "E v GC) (dr 


R 
v'(s(r Q s(r)e-1 s (r r 
+o f lo’ (8(r))]2s(r)®-"s"(r)d 
= — Q-1 T PACEM s T la! (s)|@s@-2ds 
E io (>) [ro (sds + lol f. (o) d 
= v'(s)|?se— ds. 
jel (s)|? s-ta 


Moreover, by using the inequality 


f voa = 


1 e 1 E 
< ( itor) (vs 3 : 
0 S 


Q-1 


1 1 $ pl 1\ 739 
| lv(s)|ts" ds < (J Qs as) n a? (ios 2) ds 
0 0 0 


for —1 < L < Q — 2. Thus, we have 


|v(s)] = 


we obtain 


lo 


i, \u'(s)|@s@1ds > C8 D. lurstas) s (2.92) 


Now it follows from (2.91) and (2.92) that 


1 2 R * 
q q q 
1» lglc* (J luotatas) =i? | [OT ar 
0 o 1 (log +) 
Q 


igs fete 
0 |x|@ 


(log fe) 


where a = a(q, L) = a4 + L 4- 2. The proof is complete. 
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2.4 Stability of Hardy inequalities 


Expressions for the remainder in an estimate in terms of the distance function to 
the set of extremisers are sometimes called the stability estimates in the literature. 
The purpose of this section is to discuss such estimates for the Hardy inequalities. 
Several results of such a type have been established in the Euclidean space R” in 
[San18, ST17, ST18a, ST15, ST16]. In the following section our presentation on 
homogeneous groups follows [RS18]. 


2.4.1 Stability of Hardy inequalities for radial functions 


Let G be a homogeneous group of homogeneous dimension Q > 3 and let |- | be 
a homogeneous quasi-norm on G. We note that although sharp constants in the 
Hardy inequalities are not achieved the formal extremisers of such inequalities are 
given by homogeneous functions. To this end let us denote 


fala) := Jel 


Q-—p-—op 
p 


(2.93) 


for -œ < a < 2r, and 


: T E (2.94) 
Pa F (a+1) 


for functions f, g for which the integral in (2.94) is finite. We start with the case 
of radially symmetric functions. 


Theorem 2.4.1 (Stability of Hardy inequalities for radially symmetric functions). 
Let G be a homogeneous group of homogeneous dimension Q and let | - | be a 
homogeneous quasi-norm on G. Let 


2<p<Q and —co«a« 


Q-p 
p 
Then for all radial complex-valued functions f € C§°(G\{0}) we have 


IG), CE "no 
aa Jalen 97 7 un 


pex 
> cy (=) sup dr(f, cp (R) fa)”, 
P R>0 


-r PY d 


where cg(R) := R f(R) with f(x) = f(r), |z| =r, R :— Ta i$ the radial 
derivative, cy is defined in Lemma 2.3.3, i.e., 


(2.95) 


: =i 
Cp = d Md u hod :), 


and fa and dp(-,-) are defined in (2.93) and (2.94), respectively. 
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Proof of Theorem 2.4.1. Since p > 2, as in (2.72) in the proof of Theorem 2.3.1, 
we have 
Rf|? —p— P p 
c lale? p q [zen 


> cpl f. ij -iq n 
C, = T T -—C 
_ da 0 dr? P G 


By Corollary 2.2.8 with y = p, we obtain 


p 
p-1 a) - a8) 

J(f) > ey | Roe 2dr > cp | — e” 
log È| Jele 


p 
ad l|? 9 dz. 


Q—p-—op p 
NC zd | fa) — RO p (fis) 
- f Ep or EM 
E isl? 
for any R > 0. Here using f(x) = f(r), r = |x|, we can estimate 
. Q=p-ap |P 
p—1\? p [fe fag ^5 
J(f)2 q =a Ma" 
los & | |n (o) 
—ap[D 


-« (2 - |f — eg( R)|e|" 
- pce vu 
[log d | |a|P(o+1) 


yielding (2.95). 


2.4.2 Stability of Hardy inequalities for general functions 


Here we discuss the stability of L?-Hardy inequalities for functions which do not 
have to be radially symmetric. Before discussing the stability estimates for non- 
radial functions let us recall the following relations. 


Lemma 2.4.2. Let a,b € R. Then 


(i) We have 
la — b? — Jal? > —plalP-*ab, p21. 


(ii) There exists a constant C = C (p) > 0 such that 
la — b? — Jal? > -pla "ab + Clb P, p> 2. 
(iii) Ifa > 0 anda—b> 0, then 


(a — b)? + paP 1b — a? > bP, p>2. 
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Proof of Lemma 2.4.2. One has (see, e.g., [Lin90]) the inequality 
Id? > |e? c ple ?c(d - o), p21, 


which is the condition for the convexity of the function |x|P. Now, taking a = c 
and d — a — b we get the first relation. Furthermore, consider the function 


g(s) := |1 — s|? — |s|? + p|s[?s, s ER. 


To show (ii), it is sufficient to prove that g(s) > C > 0, and then take s = 7. Let 
s > 1. Then for p > 2 we have 


g (s) = p((t — 1)? — t"77) + p(p— 1)s"? = p(p — 1)(s?-? — ~?) > 0, 
by the mean value theorem for the function z?-?, x > 0. Thus, we have 
g(s) 2 (1) 2 p-1 


for all s > 1. Similarly, we get g(s) > g(0) = 1 for all s € 1. Let now 0 € s < 1. 
Setting 


C,:— m reb. 
we assume that Cp = f(so) for some 0 € so < 1. The first relation implies that 
C, > 0. If Cp = 0, then we have f(so) = 0 and so— f (sg) — 0 which implies 
so = 0, contradicting that f(0) = 1. Therefore, we have g(s) > Cp > 0. This 


proves (ii). The Taylor formula yields that 


1 
(a — b)? + pa? 1b — a? > |b|? = p(p — ne f (1— t)(a — 7b)? ?dr. 
0 


Thus, if b € 0, then a — rb > r|b|, which implies (iii) in this case. On the other 
hand, if 0 € b, then a — Tb > (1 — 7)|b| which implies (iii) in this case as well. 


To formulate the following result, for R > 0, let us set 


1 
Q-p |P P 


a-i d = 
ju) —Rvu (n) |a| ^7 
dg(u; R) :— | M dee i 
G |x|P| log 5l” 


Then we have the following stability property. 


Theorem 2.4.3 (Stability of Hardy inequalities for general real-valued functions). 
Let G be a homogeneous group of homogeneous dimension Q and let |-| be a 
homogeneous quasi-norm on G. Let 2 € p « Q. Then there exists a constant 
C > 0 such that for all real-valued functions u € Cg? (G) we have 


—p\? p 
T [R.u|? dz — (=) ue > Cp sup d. (us R). (2.96) 
G p c |z|? R»0 
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Proof of Theorem 2.4.3. Let x = (r,y) = (|x|, 7) € (0,00) x p on G, where p is 
the unit quasi-sphere p := {x € G : |x| = 1}, and 


Q=p 
v(ry) :=r » u(ry), 
where u € Cg? (G). It follows that v(0) = 0 and that lim v(ry) = 0 for y € p since 
T—OO0 


u is compactly supported. Using the polar decomposition from Proposition 1.2.10 
and integrating by parts, we get 


= p p 
= | Ru az- ae Ey 
p c ||? 


P ES p 
-Jf EZ ry) ro (22 3 lu(ry)|?r9-?-! drdy 


p 
= If 2 r ?o(ry-—r ^» —v(ry)| re! 
940 p 
DN P 
— (=) lo(ry)|?r- ! drdy 
p 
Now using relation (ii) in Lemma 2.4.2 with the choice a — Q-2,— 5 v(ry) and 


p 
d- 
bar x Zv(ry), and using the fact that [Y° |u|?~2v (Av) dr = 0, we obtain 


p> f f° (SLE weem]eRe» er 


+C tp ! drdy 


2-v(ry) 
E cf Ix|P—@ (Ru? dz. 


Finally, combining (2.97) and Remark 2.2.9, we arrive at 


ory a ad ee EDP a acf f lvry) = (RWI ay ay 
Te Tel T r |log #|” 


u(Ry)r 57 p 


o | [ee entm 


for any R » 0. This proves the desired result. 


2.4.8 Stability of critical Hardy inequality 


Here we discuss the stability of the critical Hardy inequality, i.e., the L?-Hardy 
inequality in the case p — Q. For this, let us denote 

Q-1 
R x) EE 


|x] 


fr.r() := Tu (net =) (1 og — 
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We also introduce the following ‘distance’ function: 


|u(x) — fr,r(x)|? 


den(u;T, R) :— f = a S8 
B(6,R) |z|Q [log £] |T log $ 


(2.98) 


for some parameter T > 0, functions u and fr,r for which the integral in (2.98) is 
finite. 


Theorem 2.4.4 (Stability of critical Hardy inequality). Let G be a homogeneous 
group of homogeneous dimension Q and let |- | be a homogeneous quasi-norm 
on G. Then there exists a constant C > 0 such that for all real-valued functions 
u € CE (B(0, R)) we have 


u Q Q 
rata} a- ($73) ula) 
Loom peu ee Q LN ||? (log p? i (2.99) 


> C, sup d, (v; T,, R). 
T0 


Proof of Theorem 2.4.4. With polar coordinates (r, y) = (|x|, ap) € (0,00) x p on 
G, where ¢ is the sphere as in (1.12), we have u(x) = u(ry) € Cg* (B(0, R)). In 
addition, let us set 


where 


Since u € Cg? (B(0, R)) we have v(0) = 0 and v has a compact support. Moreover, 
it is straightforward that 


r 


A direct calculation using the polar decomposition in Proposition 1.2.10 gives 


—1\2 Q 
S:= | Rul? dx — (<>) f — 
B(0,R) Q B(.R) |p|Q (log E) 


= 7 n Pug] 77 — pnr ODE a) dy 
o Vo lor 


Q / + (log 2)° 
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- f [' ((S22) (oo) * «ee (rn E) * Zane 


Q 
= (224) |v(sy Ue) ray 
Q rlog 2 


Now by applying relation (ii) from Lemma 2.4.2 with the choice 


Q- 


-è = 
g= ¢ log i) v(sy) and b= T log i) Ž v(sy)s'(7), 
Q " T Os 


sz f ['(-0(%} D^ pto) Zeon) 
2 wf eee TN 

-f f (-0 (S53) went toten 
Fus cts (B) n 
-[['(-e (S53) wt hore 


eran) drdy 


=] 


Q-1 
) eeni n) 


Il 
$— 
om 

Q5 v] 
no 
| 
© 
nn 
© 
© 


that is, 
S> cf |Ro|? dz. (2.100) 
G 


According to Remark 2.2.9 for v € Cg? (G\{0}) with p = Q and (2.100), it 
follows that 


hed 
seu E TED wzo f f t vy) n ee dsdy 
aie log 4 TeT [2 s| log + 
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(log Rye u(ry) — r^ unb 
I Te 
u(ry) -TT u(Re- Ty) (log £ ye 
| [a 
Thus, we arrive at 
Q-Q 


u(x) — Tu (Re~ T ^i) (log E) ES 
— o —cg-—- de 


Q 
|x|@ log E hog (Tog &) | 


for all T > 0. This completes the proof of Theorem 2.4.4. 


Bc 
B(0,R) 
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Chapter 3 ®) 


Check for 
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Rellich, Caffarelli-Kohn—Nirenberg, and 
Sobolev Type Inequalities 


This chapter is devoted to other functional inequalities usually associated to the 
Hardy inequalities. These include Rellich and Caffarell-Kohn-Nirenberg inequali- 
ties. We also discuss different aspects of this analysis such as their stability, higher- 
order inequalities, their weighted and extended versions. 


3.1 Rellich inequality 


In general, the Rellich type inequalities have the following form 


[ EGE, cf Iam, 


Ix | R^ |z|Z 


for certain constants o, and p. The classical result by Rellich appearing at the 
1954 ICM in Amsterdam [Rel56] was the inequality 


Í 


DA |Afllzz@ny), n5. (3.1) 
E 


12(R") n(n — 4) 
To find analogues of (3.1) on the homogeneous groups is an interesting ques- 
tion. The first obstacle to it is that there is neither stratification nor gradation 
on general homogeneous groups, so there may be no homogeneous left invariant 
hypoelliptic differential operators on G at all, to formulate an expression of the 
form of the right-hand side of (3.1). 
However, similar to the results on the Hardy type inequalities before, the 
inequality (3.1) can be expressed in terms of the radial derivative 
x 


Or V, 


i. 
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taking the form 


f 


E 


9 9-155 
lx|g 


It is well known that in the spherical coordinates on R” the Laplacian Ag» 
decomposes in the radial and spherical parts as 


, n2 5. (3.2) 
L2(R") 


4 
E 


L?(R") 


9? n—198 1 
I 9f + 4f. 


Pus ut e Oe 


So, the operator on the right-hand side in (3.2) is precisely the radial part of the 
Laplacian on R", which can be also expressed as 


Of n-l0f 1 (pati) 


= = (3.3) 


Or? r ôr r lor 


Although there is no analogue of the Laplacian on general homogeneous groups, 

using the radial operator R from Section 1.3, the expression (3.3) on a homoge- 

neous group of homogeneous dimension Q and homogeneous quasi-norm |-| makes 
perfect sense in the form of 

Q-1 1 

R? —_ Rf = — 

PU C ue 

One aim of this section is to show that the Rellich inequality in the form 

(3.2) extends to general homogeneous groups using the radial operator R, taking 

the form: 


R (Ix? ORF) . (3.4) 


f 


laf? 


4 Q-1 
< m? —_R 
NEL dS - Rd 


for all complex-valued functions f € C>°(G\{0}). The operator on the right-hand 
side of (3.5) is thus an analogue of the radial part of the Laplacian on R”. 
Thus, in the sequel we will be frequently use the Rellich type operator ap- 
pearing in the right-hand side of (3.8) which we may denote by 
Q-1 


Rf:mqm "up A4 (3.6) 


, Q25, (3.5) 
L(G) 


Similarly to the Hardy type inequalities from Chapter 2, the expression on 
the right-hand side of (3.5) appears to be natural since there is no analogue of ho- 
mogeneous Laplacian or sub-Laplacian on general homogeneous groups to extend 
(3.1). Moreover, even on a group where such operators exist, this would usually 
give a refinement of those inequalities since derivatives only in one direction ap- 
pear. 
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3.1.1 Rellich type inequalities in L? 


In this section we prove the Rellich type inequality (3.5) and its weighted version. 
This will be a corollary of the following identity relating different expressions 
involving the radial derivatives and radially symmetric weights. 


Theorem 3.1.1 (Identity leading to Rellich inequality). Let G be a homogeneous 
group of homogeneous dimension Q > 5. Then for arbitrary homogeneous quasi- 
norm |-| on G and every complex-valued function f € C (GN(0)) we have the 
identity 


Q-1 Q(Q — 4) |" Q(Q —4) | 1 Q-4 
R° f +=——Rf + ——— ae lige! T 
| Pt a Just 2 (Wel M 12(G) 
2 
-fer Sate] - (F | EP (3.7) 
|x| L?(G) 4 Ip L?(G) 


Since the left-hand side of (3.7) is non-negative, this implies the following 
Rellich type inequality on G for Q > 5: 


Corollary 3.1.2 (Rellich type inequality in L?(G)). For all complex-valued func- 
tions f € CE (GN(0)) we have 


f 


le? 


—— 


|z| 


, Q25, (3.8) 
L(G) 


[Ress 


L?(G) = Q(Q m 4) 


where the constant JOT is sharp and it is attained if and only if f = 0. 


Remark 3.1.3. Let us show that the constant JO in (3.8) is sharp and is never 


attained unless f = 0. Indeed, if the equality in (3.8) is attained, it follows that 
both terms on the left-hand side of (3.7) must be zero. In particular, it means that 


Oud 


a RI+ oop p/-9 (3.9) 
and hence Q-4 
f= tp 
In view of Propo a 1.3.1, Part (i), the function f must be positively homoge- 
neous of order —2=* which is impossible since f € C3°(G\{0}) unless f = 0, so 


that the constant z not attained unless f = 0. 
Furthermore, the first term in (3.7) must be also zero, and by using (3.9) this 
is equivalent to 
Q- 


R?f + a Qa 2p _ 


which means that Rf is positively homogeneous of order -9. Thus, by taking 


an approximation of homogeneous functions f of order -24, we have that Rf is 
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homogeneous of order E». so that the left-hand side of (3.7) converges to zero. 
Therefore, the constant 2-5 zy in (3.8) is sharp. 


Thus, in view of Remark 3.1.3, the statement of Corollary 3.1.2 follows from 
the identity (3.7), which we will now prove. 


Proof of Theorem 3.1.1. Introducing polar coordinates 


(9) = (leh 2) € (0,00) e 


on G, using the polar decomposition formula from Proposition 1.2.10, as well as 
integrating by parts we obtain 


LN -[ [Ee ase 
we [n [E 


(Q— OOE n | e [ (ef + f(ry) Dn ZIA) acne 


2 
f(x) 

R Re 
j "ol eff |x|? 


For the first term, using identity (2.16) with a = 1, we have identity (2.17), i.e 


° - (855) f Q-4 
12(6) 2 


PE asp 7 
For the second term a direct calculation shows 


CAE roms 
Re f BE (a)dax 


- Re f — (nri) " ue) dict )Re f POR wax 


do(y)dr 


E ‘ (3.10) 


== 2 — — 
| (Q-3)(Q- 4) 


i| 


1 2 


—Rf 


+ 
i| 


L?(G) 


Rpt (3.11) 


|z| 


L? (G) 


v| 
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f(x ( Q- E 
— Re R? te 
e | T (RHE) + Rye) 
(Q-1)(Q~-4) ||_f_|]’ 
eae . 3.12 
T 2 |a: |? L?(G) ( ) 


Combining (3.11) and (3.12) with (3.10) we arrive at 


FAN "esas (57) a 
|z|? ~ (Q — 3)(Q — 4) 2 |x|? L2(G) 
Q=4 
gi BaP lua 
f(x) ( à Q-1 ) (Q-1)(9-4]| f |" ) 
K ppl 4m gp eem IP us J 
Collecting same terms, this gives 
..39 |f 
7 (Q — 3)4 || |a]? L?(G) 
2 f(x) Q-1 
raaa a [ag (rre rtm 
Q- 2 
* Im * e! 2) 
that is, 
Q(Q — 4) zal 
: L^(G) 
B re Q-1 ) |: Q-4,|' 
— —Re R2 R dx — || —Rf + —> f 
ef pe (Rr + Sat nenas - nat Se ae 
Multiplying both sides by JOT and simplifying we obtain 
4 =j 
E (m + gag (Rae) Sat 2) i 
(3.13) 
4 1 Q-4 
PM a eS, —R M ME 
Q(Q -3 lis * BaP us 


On the other hand, we also have 


f) (E go eroe) dz 


cz? Vix? Q(Q-4) |z| 
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2 2 


CAE (r ors) FS 
kB * aq -5 Ft p lo Eelo 
Q- 2 
=|= (R? I) . 3.14 
lara ( di |x| j L2(G) S) 
From (3.13) and (3.14) we obtain 
8 Q-4 
ges a ag 
Q(Q —3 list * 35s 7 la 
4 OO=4) f 4 0-12.) Fo 
—[———— LR —— R —; 
c 4 [zr aM p |x| : rU I|? || 226) 
4 ? =i 1 
R? R ; 
Ta P |x| i L2 (G) 
thus, 
2 
[er Str SEs 2- | FR s. 
|x| A|z| L(G) |x| 2|2| L?(G) 
2 2 2 
= [rers Stn - (22) 1 
|x| L2(G) 4 ll? Izz) 


This gives identity (3.7). 


In the Euclidean setting of R” the equalities of the type of Theorem 3.1.1 
were analysed in [MOW17b]. Theorem 3.1.1 was obtained in [RS17b] and it can 
be extended to all a € R. We present these results next, following [Ngu17], also 
correcting relevant statements. We will be always using the notation 


9 IRs, (3.15) 


|x] 


Theorem 3.1.4 (Weighted L?-Rellich inequalities). Let G be a homogeneous group 
of homogeneous dimension Q > 5 and let |- | be a homogeneous quasi-norm on G. 
Then we have the following properties: 


(1) For anya € R, for all complex-valued functions f € C§°(G\{0}) we have the 


Rf:—Ru 


identity 
Rf ND Rf ft | 
Taja = = C$ at2 + IPIE T Ca a+2 
isl |. IP | a ^ llo t Ta |, 
L?(G) L?(G) (3.16) 
420 Rf Q—4-—2a 
° 2|? "ag" 
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where 

(Q + 2a)(Q — 4 — 2a) 

ny 

(2) For any a € (—Q/2,(Q — 4)/2), we have the following weighted Rellich in- 
equality for all complex-valued functions f € C§°(G\{0}), 


f 


|a: |o? 


Ca = (3.17) 


Lr EN (3.18) 
|z[? 


L?(G) 


L(G) 


where the constant Ca > 0 as in (3.17) is sharp and it is attained if and only 


if f =0. 


Proof of Theorem 3.1.4. Part (2) is an immediate consequence of Part (1), so we 
prove Part (1) now. 

We can assume that Ca 4 0 since otherwise (3.16) trivially holds. Moreover, 
we can assume for the proof below that Q—3-— 2a Æ 0. If this is zero, the statement 
(3.16) would follow by continuity from the same identity for other a’s. 

As in the proof of Theorem 3.1.1, we calculate 


[ Ioas = s prm Í lf (ry) de(y)dr 


- 1 = yQ-4-2oy r 2 c r 
"g-i-x], í y [ irewPaotwne 
2 


- 2 pef may rR Fr deae 
—— xia : sare | ( y fr yRI(ry)do(y)d 


CEECEE A 
x i Fly)? + fy) R2F Ow) doy)dr 


_ Fp, f (PEDE | F@R7FC)) ,, 
B (Q-4-3a)Q-3-34)^ LUE la [22e + |z 220 E (3.19) 


By Theorem 3.1.1 we have 


IRF? , (Q-4- 2a)? J |f? J 
= 65 oo d. 
] gente 7 o Brat f. 


By integration by parts we obtain 


FRF fRf 
Ref 7 lz Ter dr=R ef oma pras 2 — (Q— Re | dr (3.21) 


Rf Q—4-—2ao 


2 
[m + upper oom 


(3.20) 
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go | LR ay Q- 0(9-74-20) [. ff? 
=Re f dx + i. 


g|?t+2e 2 G [yera 


Plugging (3.20) and (3.21) into (3.19) we get 


fii 1 | PRI S Rf ,Q-4-3o 
—— — dx ———R ——— dr — — ——— 4 ————— d. 
Lagen 2——O. fee” C. jue ^ eee 7| 7 
1 [f[Rfp a lfP 1 i Rf f 
= — d — d = —— UE TE d 
202 Je i 7*3 Je ET 202 Jele “Tae | 7 
«ll , Q7 4-2a P 
“Gy eee aae | P 


which gives equality (3.16). 

The inequality (3.18) is a straightforward consequence of (3.16) since C4 > 0 
for a € (-Q/2, (Q — 4)/2). Let us now show that this constant is sharp. For this, 
we consider the test function g(r) :— r-(9-4-?9)/? which can be approximated 
by smooth functions. For example, let 7 € C§°(R) be such that 7 = 1 on (—1, 1) 
and 7 = 0 on R\(—2, 2). For any e > 0, define f.(r) := (1— n(r/e))r- 737 q(er), 
then 

lim fe(r) = g(r). 


e>0 
We have 
2 
Me _ Je r [RP allel) + $5 LRg(|x1)) E" 
zl? T [9I DI? qr ES 
a G [alte 
a ltz) 


which shows the sharpness of Ca. If for some function f, there is equality in (3.18), 
then from (3.16) we must have 


Q—4-—2a 


R 
t+ Fal 


f=0. 


In terms of the Euler operator this can be equivalently expressed by 


Q—4-—2a 
2 


f=- f 


By Proposition 1.3.1 this implies that f is positively homogeneous of order — (Q — 
4 — 2a)/2, that is, there exists function h : o + C such that 


f(x) = |z| (971779? hz]. 


Since f(x)/|ax|?*° is in L?(G), we must have h = 0 on p and, consequently, f = 0 
on Q. 
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3.1.2 Rellich type inequalities in L? 


In this section we describe the L?-versions of the L?-properties presented in Section 
3.1.1, where we have followed the proofs in [RS17b]. In this section we follow 
[Ngul7]. We start with the identity analogous to that in Theorem 3.1.1. 


Theorem 3.1.5 (Identity leading to L?-Rellich inequality). Let G be a homogeneous 
group of homogeneous dimension Q and let |-| be a homogeneous quasi-norm on G. 
Let 1« p « Q and o € R. Then for all complez-valued functions f € C>°(G\{0}) 
we have 


1 g-  jQ-rer p ISP 
Too UE dun NE LLL d. 3.22 
jos SE (yy Lus ray as 
1 Q T y'a f Q-1 ) 
—— [iud ————— dx, 
JE p dp tw 


where p' = p/(p — 1) and Rp is as in (2.22). 


Proof of Theorem 3.1.5. First, a direct calculation shows 


|f]? F TR J 

— 5 _dr= p(1*o)-1 Pdod 

aoe, | Mry)Pdodr 
1 l Q—p(1-o) | p 

= > T f (ry)|*dodr 
qw ue M y J fel 


NE AE a Q-—p(1+a) —2 ———— 

"Er pe [ rer f(ry)R.f (ry)do (y)dr 
p |f/|P FRE 

Q — p(1 +a) Re G | [pi r0271 dz 


= Q-1 
MEME NEM Eu Rit ‘at ig i ge 
Qp +a) \ C Je BEDA e s upaa 
This implies further equalities, 
P o pef EE RII, 
G |x|PA+e) v Q- pa G x|(P— 1)(1+a@) |x| 
=1 p 1 1\p e 2 
p VP qal OP ep 9-1 tn 
p Je|zpo9  p|Q+p |z| 


7 f p Rf45 S 
L^ C gea ar e i 


which proves (3.22). 
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Since the remainder term on the right-hand side of (3.22) is non-negative, 
this implies the following L?-version of the Rellich type inequality on G: 


Corollary 3.1.6 (Rellich type inequality in L?(G)). Let G be a homogeneous group 
of homogeneous dimension Q and let |-| be a homogeneous quasi-norm on G. Let 
1l « p « Q and o € R. Then for all complex-valued functions f € Cg? (GN(0)) 


we have 
ar (A * r”) 


|^ i| 


f 


|a|i+e 


, IQ + »'o] 


/ 


3 


L»(G) 


Lc) P 
where the constant oU is sharp and it is attained if and only if f — O. 
As a consequence of Theorem 3.1.5 we have 


Corollary 3.1.7. Let G be a homogeneous group of homogeneous dimension Q. 
Let |- | be any homogeneous quasi-norm on G and 1 < p < Q/2. Then for any 
complex-valued f € Cg? (G\{0}), we have 


REP Vs IQ rol f RIP uo » fam a (Sgen E 
[eje ” 


LA Rf 
c |a|Po PP Js [apts po ode 


(3.23) 
for anya € R. Here Rp is as in (2.22). As a consequence, we obtain the following 
weighted L?-Rellich type inequality 
Rf 
|x| 


Rf 
[sare 


IQ 4- p'a 
p 


(3.24) 


LG). L»(G) 


for any a € R and any complex-valued function f € Cg? (GM(0)). Moreover, the 
inequality (3.24) is sharp and equality holds if and only if f — 0. 


Proof of Corollary 3.1.7. The equality (3.23) is exactly (3.22) with f being re- 
placed by Rf. The inequality (3.24) follows immediately from (3.23) by dropping 
the non-negative remainder term on the right-hand side of (3.23). The sharpness 
of (3.24) is proved by using approximations of the function r- (Q'r(17*0))/P. Tf the 
equality occurs in (3.24) for some function f, then by (3.23) we must have 


p 1 
Rf = 2+ Pops 
p'|z| 
which is equivalent to 
1 
p|z| 
'This can be also expressed as 
| —p(il+a 
(Rp) = -2 Ry 


Hence Rf is positively homogeneous of degree —(Q'p(1 + a))/p, which forces 
Rf — 0 since Rf /|x|'*% is in L?(G). Thus, we get f = 0. 
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Theorem 3.1.8 (Another weighted L?-Rellich inequality). Let G be a homogeneous 
group of homogeneous dimension Q. Let 1 < p < Q/2. Let |-| be a homogeneous 
quasi-norm on G. Then we have the following properties. 


(1) For alla € R and for all complex-valued functions f € Cg? (G\{0}) we have 
the identity 


~ ||P 
Rf d [FIP n 1 ( fo ) 
— Chie dx +p | —— Rop | Cpa, -Rf | dz 
ll ania) Cmn Je POF *? Ja [apps To (ep 
|f- Q -p2 +0) |" 
4 p- 1 
p\Cp,a| Cp,a(p — ) c |x |p (2+a)—2 plz M dx 
4( 
a p-2 HE (m RD)" 
PlC»l W LE da. (3.25) 
Here Rp is as in (2.22) and 
—2p— j 1 1 
jj, 909), SUE (3.26) 


pp’ "owe. p 


(2) For any a € (—(p — 1)Q/p, (Q — 2p)/p) and all complex-valued functions 
f € Cg (GN(0)) we have 


f 


Cra 


||^ 


L»(G) i L»(G) 


Moreover, the constant Cy, > 0 as in (3.26) is sharp and equality in (3.27) 
holds if and only if f — 0. 


Proof of Theorem 3.1.8. Inequality (3.27) in Part (2) follows from Part (1) in view 
of the positivity of the constant Cp,a > 0 under the corresponding conditions on a, 
so we prove Part (1) now. For the argument below we may assume that Cpa 4 0, 
and that the constant on the left-hand side in the following estimate is non-zero. 
Then a direct calculation using Proposition 1.2.10 and integration by parts gives 


mac |f (x)]P 


7 ILS 
- (Q-2--9)(9 -2(9--2)--1) f" a-sataia f | pearprariarar 
LLL f Q-p(2+ fi y)Pdo(y)d 
|. (Q—p(2+a) +1) p(2+a polla: 
eee ra ey [ifestastyar 


= -(Q - p(2 +a) +1)Re p eoi J reo reae yir 
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= -Re f CDY f FrP rry RT ego (or 


_ 7 „Q-p(2+a)+1 = ry) 4 (Rel flr R Ff (ry)))2 
Re f i (p — 2) fr) *(Re( (ro) REG) 
fer)" iil + M)? ry RE Fr ydo (y)dr 


= Re | eras (io - DU" Re CRT + LP IRZY + Lp RIT) ae 


7 Mp; Rf IFIP- FRf 
- Re | onary e x —(Q—1)Re TOmigi04 


|(»7- (o n "m m (Q+a)— 
aine [ DN FRAY z+ f ER FRAY de 
2 ae 

ane f LL RE, Qno poem) p Ut, 

HOEY f UP yg [UI TUR " 
By using Theorem 3.1.1 for |f|?, we obtain 

(RUFI)? 1, — -rC +a)? n FP 
c lp 1 c [rper 
* | ro R|f |"? + ETUR di. 


Plugging this in (3.28) we get 


|f (x)|? 
[ [x PGF) dx 


Lud Ip RF an |/ [P  (Im(£R f)? 
= Re [ -f Slr 


Chia la: | (o 1)(2+a) er Ds [t ^ Wp24e)-2  . 
1 4(p- 1) pe  Q-p(2+a), ne 

= cu og — — fecere cvs 
Opa P ihi fF +a, Il 


p-1[ Jf 1 1 IRAP | Í f 1 Rf 
= — | — dt + - dr— | R x —— | dx 
p Jglepp2te) P|Cp,al? Jg |x|** B bre" Xs 
bcr 1 z  Q-r»2-a) 
ae g epe? 2|a| 
p— af 
ed SS (Im(fRf))? dz. (3.29) 
Cra 


|e|r(2+a)— 2 
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The equality (3.25) now follows from (3.29) and the equality 
Py Pip 2-1 
RFI?) = gf RUF): 


Part (2). Clearly, inequality (3.27) follows from equality (3.25). As in the 
proof of Theorem 3.1.4, the sharpness of (3.27) follows by considering appropriate 
approximations of the function r-(9-7»(2*9))/?, Moreover, if we have equality in 
(3.27) for some function f, then in view of Part (1) we must have 


Q — p(2 +a) 


plal] 


R(fI) + |f| 9. 


This means that 


Q — p(2 4 o) 


Am HE 


By Proposition 1.3.1 the function |f| must be positively homogeneous of degree 
—(Q — p(2 + o))/p. Since |f|/|z|?** is in L?(G) we must have f = 0. 


3.1.3 Stability of Rellich type inequalities 


'The method used in the previous section also allows one to obtain the following 
stability property for Rellich type inequalities. We present such a result following 
[RS18]. 


Theorem 3.1.9 (Stability of Rellich type inequalities). Let G be a homogeneous 
group of homogeneous dimension Q. Let |-| be a homogeneous quasi-norm on G 
and let p > 1. Let k > 2, k € N, be such that kp < Q. Then for all real-valued 
radial functions u € C° (G) we have 


THEO p 
[i= dx — Ky, ul dax 


[az | (572)p c la |^? 
= —kp p— zkp 2 
lue) ula) — R" \u(R)|Fu(R)|a|- (3.30) 
mee ||P hog - 
Tel 
where 
—1 
Rf = RF + <r f 
and 


= (Q — kp)[(k — + (p= YQ) (3.31) 
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Proof of Theorem 3.1.9. For k > 2, k € N, and kp < Q, as in the assumptions of 
the theorem, let us denote 


Q-—kp 


v(r):2r » u(r), where r € (0,00). (3.32) 


In particular, we have v(0) = 0 and v(co) = 0. We then calculate as follows: 


-Ru = —R? (r7 u(r) PE oa ia (rF wr) 


r 


~to(r) — r » Rv(r) 


Lo EzÀ- (fe Oily 9 p " oleo TE 
p p 


NC (ew) p [= Rie D) Ru(r)) 


Q—1kp—Q x»-o Q-—1 kp- 
NE ee NA 2 E 
p r 


p 


—2-9 ,L 5 
= rk 2 p (Kk polr) = r?Ryv(r)), 
where Ky,» is as in (3.31), and where we denote 


2k + 90-29 | 


Rif = Rf t+ Rf. 


By using the first inequality in Lemma 2.4.2 with a = Kp ,v(r) and b = r?Rxv(r), 
and the fact that i |v|?-?vv'dr = 0 in view of v(0) = 0 and v(co) = 0, we obtain 


|Rul? |u|? 
—— ——dz — K? —— 
c |v| 572» BP Jo je] Fn 


" f | - Ru(r)r2 t Pdr — Ktlel f |u(r)]?r9- 59-1 qr 
9 0 


Ji 


= lel [^ (Instr) = PRO = Gast) rar 


V 


oo 
-»ekt; f lv[P ? v vrdr 
" Jo 
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o 2k + Q(p-2) . 1 
-»ekt; f ju? =v ( + ——_? v | rdr 
" 40 


r 


oo 
= —p|o| K”! v|?-?vv"rdr. 
PINE p A 


On the other hand, we have 
-f lv[? ?vv" rdr = (p — nf |v|P-?(u')?rdr +f lv|??wv' dr 
0 0 0 
-(-n] rra 
0 


a vo EI lo? (^?*ar 


P — 2)|v|?-? p=2 rdr 
(EIS o 2)|vj?7? (^? + [vPP-2(0" Prd 


A(p 1): T8 gas ick QC 
= Apo) 2 ) ri (m=) v+ utn) rdr 
p 0 


7? yy ?rdr 


4(p—1 p- 2 
= | [rdo ^v) 
|o2|p Go 


where Gə is a homogeneous group of homogeneous degree 2 and |p»| is the mea- 


dz, 


sure of the corresponding unit 2-quasi-ball. By using Remark 2.2.9 for v| = v € 
C$ (G2\{0}) in p = Q = 2 case, and combining the above equalities, we obtain 


cu zo 2x2 x 2 
o) va) — REI F oR) 
20 | py dar 
G2 |x|? los £ 
x [e^ v(r) — lec s vo 
=c f i : 
o r log | 
se |u(r)| = u(r) - (R)| uR) 
= a f 5 dr 
0 pl-Q-ckp log 2| 
for any R > 0. That is, we have 
u) us (R) u(R)]e]- e 
JZ Coup | dz. 
R>0 


2 
jelt "E El 


'The proof is complete. 
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3.1.4 Higher-order Hardy—Rellich inequalities 


In this section we show that by iterating the already established weighted Hardy 
inequalities we get inequalities of higher order. An interesting feature is that we 
also obtain the exact formula for the remainder which yields the sharpness of the 
constants as well. That is, when p = 2, one can iterate the exact representation 
formulae of the remainder that we obtained in Theorem 3.1.1. It implies higher- 
order remainder equalities that can be then also used to argue the sharpness of 
the constant. 


Theorem 3.1.10 (Higher-order Hardy-Rellich identities and inequalities). Let G 
be a homogeneous group of homogeneous dimension Q > 3. Leta € R and k € N 


be such that 
k—1 


II 


j=0 
Then for all complex-valued functions f € C§°(G\{0}) we have 


2 (a +5) 0. 


k—1 


—2 
=e <II ge) o (3.33) 
|x| L?(G) j=0 |x| L?(G) 
where the constant above is sharp, and is attained if and only if f — 0. 
Moreover, for all k € N and a € R, the following identity holds: 
1 2 k—1 Q-2 2 2 
icut d - c - (a 2) CU 
el? “Mae ll 2 Iz] *** | z2) 
k—1 | 1—1 2 
—2 
SEE e) 
l=1 | j=0 
1 k-l Q-2( 1-0), Lal 
———————— R 
MITT S Lm 
fs 28258 á 
HIRT -— 2 k—1 . (3.34) 
|x| 2|z| L?(G) 


Remark 3.1.11. Let us point out some special cases of inequality (3.33). 


1. For k — 1 inequality (3.33) gives the weighted L?-Hardy inequalities from 
Corollary 2.1.6. 

2. In particular, for k = 1 and a = 0, inequality (3.33) gives the L?-Hardy 
inequality, i.e., (2.2) in the case of p — 2. 

3. For k = 2, inequality (3.33) can be thought of as a (weighted) Hardy—Rellich 
type inequality, while for larger k this corresponds to higher-order (weighted) 
Rellich inequalities. 
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Proof of Theorem 3.1.10. For any a € R and Q > 3 let us iterate the identity 


2 


1 : -2 : 
pa f = (223-4) Ta 
|x| L2(G) 2 |z| L(G) 
i , IP (3.35) 
—2(a+ 
T CORR. E , 
|z| 2|z| L2(G) 
given in (2.16), as follows. First, replacing f in (3.35) by Rf we have 
1 : ud P RE a 
genus Er e) fem 
L?(G) L?(G) : (3.36) 
1 — 2(a 1 
4 ——R° f ES Q 2 Ca ) 
|| |z] L? (G) 
Furthermore, replacing a by a + 1, (3.35) implies that 
1 2 _9 2 2 
Wen = (22 -@+0) ee 
|z] 126) 2 izle? Trae 
i Q — 2(a +2) |? 
+ || ——Rf + = : 
| nz 2|z|e*2 Re 
Combination of this with (3.36) gives 
2 2 2 2 
—2 —2 
doen - (222-2) (22e) |t 
|x| L*(G) 2 2 |z| L2(G) 
Q=2 J 1 Q — 2(a 4-2) || 
+| —— -a ——Rf-H—-———- 
( 2 |z|ott 2|r|**? 12(G) 
1 -2—2 : 
+ | ores Sa Ry 
|x| 2|2| 12(G) 


By using this iteration process further, we eventually arrive at the family of iden- 


tities 
2 k—1 2 
f = II ($22 - 62) 
j=0 


L?(G) 


2 


l 5k 
|I 


L?(G) 


Q - 2(1-- 1-- o) : 


2|z| HFa 


REIF 


L? (G) 
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1 2 


|z|? 


k Q-2- 2a 5&1 
+ Ri + Dare f , k= 1:2, 


L?(G) 


which give (3.34). 
Now, by dropping positive terms, these identities imply that 


2 2 


1 
—=K Fy 


n ha 


L?(G) 


3 


L?(G) 


|a|hro 


where 


If C, o #0, this can be written as 


T 


jekte 


2 2 


1 
LG) Ck.@ 


1 
REF 


|x| 


L?(G) 


which gives (3.33). 
Now it remains to show the sharpness of the constant and the equality in 
(3.33). To do this, we rewrite the equality 


Rf Q-2(l-1-0) 


k-l-l gp . 
ES 2|z | *1*e R f=0 


as 

Q — 2(L3- 14- 0) 
2 

and by Proposition 1.3.1, Part (i), this means that R*~'~! f is positively homoge- 

neous of degree -g +l+1-+a. So, all the remainder terms vanish if f is positively 


I [R(RA-- f) + (uc 


homogeneous of degree k — g +a. As this can be approximated by functions in 
CE (G\{0}), the constant Ck, Q is sharp. 

If this constant was attained, it would be on functions f which are posi- 
tively homogeneous of degree k — g + a, in which case ae +z would be positively 


homogeneous of degree -8. These are in L? if and only if they are zero. 


Theorem 3.1.4 and Theorem 3.1.10 were proved in [RS17b]. They can be 
extended further to derivatives of higher order. Such results have been recently 
obtained in [Ngu17] and in the rest of this subsection we describe such extensions. 


Theorem 3.1.12 (Further higher-order Hardy-Rellich identities and inequalities). 
Let G be a homogeneous group of homogeneous dimension Q and let | - | be a 
homogeneous quasi-norm on G. We denote 

eres (Q + 28)(Q - 4 - 28) 


D FEM 2 pem 
Rf = R2f + Em Rf, Op = ETE (3.37) 
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for B € R, for the constants appearing below. Let k € N be a positive integer and 
let a € R. Then for all complex-valued functions f € Cg? (GW0}) we have the 


following identities: 


(1) If Q 2 Ak 4- 1, then we have 


k—1 2 f 2 
JI Crita Tka 
i=0 Im] L?(G) 
RE RE- 1 
E - REHE f 
FI sss m 2 pi 
k-1 /k-1 3 Skj 
Y mea Rh 
= II Chita Tra R? If + Cajta ae 
j=l Wien iz] |æ L(G) 
1 [sed c e : 
OI —-— meg iam uel 
ipe [A Pt l 


L? (G) 


k-1 /k-1 2 
-2M (I Caisa) Ciya (3.38) 


j=1 \i=0 
1 ws a 2a- 4j spall 
eet pyy = eS N pkai 
|| 6-25 2|z| L(G) 
(2) If Q > Ak +3, then we have 
k—1 2 2 
Q- 2- 2a Io. f 
2. lioe] ape]. 
- 2 3 
|z|? PO |z[? 2|2| L2(G) 
(Q—2-2a)? || 1 [sy me d 
S ie | f+ Cie BE 
L?(G) 
2 
Bg ds 5 
MORET | nous 
j=1 \i=0 
1 RII- f 
<= D F + | s 
prs Hr ag eo 
Q- 2-— 2q)? 1 z Q-6-2a s 
- f 1 ) Cari | maze RR" Dee SR if 
|x| |x| 12(G) 
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(Q-2- 2a} $H >F ? 
O E JI Caitita | C2j+1+a (3.39) 
j=l \i=0 
1 " 9 -4-9g-4 =p; j 
uum RREI f) + AD Re-j-1 p . 
|a: [27-625 2|z| L2(G) 


As consequences, for all complex-valued function f € C§°(G\{0}) we have the 
following estimates: 


(3) If Q 2 Ak -- 1 and a € (—Q/2,(Q — 4k)/2), then we have 


k—1 5 
f R^f 
(m 3 jeja =I (3.40) 
i=0 L? (G) L? (G) 
(4) If Q > 4k +3 anda € (—(Q + 2)/2, (Q — 4k — 2)/2), then we have 
k-1 x 
Q-3g-—99 f R(R* f 
i=0 L?(G) L(G) 


Moreover, these inequalities in Parts (3) and (4) are sharp and the equalities hold 
if only if f — 0. 


Proof of Theorem 3.1.12. The equality (3.38) follows by induction using Theorem 
3.1.4, which ee the case of k = 1. Furthermore, we have 


jee [RC _ (Q- E — 2a)? [ [R*fP, 
ER _ 


g |z|2+22 
+f om Jepe 


Thus, (3.39) follows from (3.38) and (3.42). The inequalities (3.40) and (3.41) 
follow directly from these equalities since C445; > 0, Ca+2i+1 > 0 for any à = 
0,...,& — 1 corresponding to each case. To check the sharpness of constants, we 
use the arguments similar to those in the proof of Theorem 3.1.4, considering 
approximations of the function r-(9-4*-29)/2, Indeed, one has 


2 
| fe| d 


G [zz |4*-*2e 


ae (3.42) 


2 
R(REF) + aisi gc XE da. 


x = (-Ine)lp| + OQ), 


k f|2 
kin Wa zi e.) i —Ine)|9| + O(1). 


c pepe ^ 


This proves the sharpness of (3.40). For (3.41), we use the approximation of the 
function r-(9-2-4*-29)/? and similar calculations. 
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Finally, suppose that for some function f we have an equality in (3.40). Then 
by (3.38), we must have 


'This is equivalent to 


By Proposition 1.3.1, Part (1), it follows that f is positively homogeneous of order 
—(Q — 2a — 4k)/2. Since f/|z|^^?* € L?(G), this forces to have f = 0. The 
sharpness of (3.41) is proved in a similar way. 


Theorem 3.1.12 can be used to derive further weighted Rellich type inequal- 
ities. First we start with one iteration, continuing using the notation R as in 
(8.37). 


Theorem 3.1.13 (Iterated weighted Rellich inequality). Let G be a homogeneous 
group of homogeneous dimension Q > 5, and let |-| be a homogeneous quasi-norm 
on G. Then for any a € R and for all complex-valued functions f € C§°(G\{0}) 
we have the identity 


2 


Rf _ (Q+2a)? | Rf 
a mi l+a 
aI" [ rata; g eitez (3.43) 
1 -2-2 ? 
[aser zit 
|x| 2|z| L?(G) 
As a consequence, for any a € R we get the inequality 
IQ + 2a] Rf (3.44) 
2 lxi re rais, T (Tale , 
( ) L?(G) 


for all complex-valued functions f € Cg? (GN(0)). For Q + 2a 4 0 the inequality 
(3.44) is sharp and the equality holds if and only if f — 0. 


Proof of Theorem 3.1.13. By definition (3.37) we have 


RP [| RRAP R(REYRF Rf 
L'un = c lh dx-4-2(Q—1)Re rium dz-F(Q—1) m Tere 


Moreover, we have 


> (Rf) Rf RP j 
2Re je — 2— 2a ) f ges ]z 22e pus 
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On the other hand, by Theorem 3.1.1 we have the identity 


dx 


Ee ee MM 
G 


G E dim 4 la: [22e 


Combining these inequalities we obtain (3.43). 

Identity (3.43) then implies inequality (3.44). The sharpness of inequality 
(3.44) can be verified by using approximations of the function r-(9-2e-49)/2, Tf 
the equality in (3.44) holds for some function f, then we must have 


—2-2 
pjp es on 
2|z| 
'This is equivalent to 
3 Q—2-—2a 
(Rf) =~" ry 


which implies, by Proposition 1.3.1, Part (i), that Rf is positively homogeneous of 
degree —(Q — 2a — 2k)/2. Since Rf /|x|!*^ is in L?(G), this implies that Rf = 0. 
Consequently, we must also have f — 0. 


'Theorem 3.1.13 implies further identities and inequalities. 


Theorem 3.1.14 (Further higher-order Rellich type identities and inequalities). 
Let G be a homogeneous group of homogeneous dimension Q with a homogeneous 
quasi-norm |- |. Let k,l € N be such that Q > Ak-- 1 and k >1+1. Then for all 
complex-valued functions f € C (GN(0)) we have 


all 4 ttt G2 _ dOeaay?\ 
ICI ~ (Q —- 2a)? Il 4 


2 
sje 2 Q+2—4(k—l)—2a 
( l—2 ) [R?R! p + SE DA RRI | 


RRIF 
[2570-16 


L?(G) 


|z [25-17 2e 
L?(G) 
2 


9 2 


oer Cini 1 [REIS + Co S Ed 
J |a|2I+o 
L(G) 77 L*(G) 
[R(RA- fy ue 4— Re lp 


Gs 


[ere c. Rt 


+ 2C. 


L?(G) 
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2 5 k-j— —4—2a-—4Aj Hk—j— a 
k—l—2 RR “I oe 


+250 (ity C5j4o Blan 
j=l i 


L*(G) 
(3.45) 
and 
. o 
REUS wp 2 ee) GER. 
|a: [2 " sae 
L2(G) i=0 — 
E Ql Q+2—4(k—l)—2a HB 1 2 
crm pe [penis + Se ERR S| 
2i+1+a PECENE 
L? (G) 
2 
(Q- 2- 2a)? [RES + Ca End zi 
ee 
L^(G) 
$ ok-j k—j—1 2 
(Q- 2-22) ^ (FF [& TIC NM 
a = I C2i+1+a ~ oa 
a" L*(G) 
2 = 2 
436,,, 4-2 = 20 [RRA-! f) Scie 1p 
loco 1 air 
L*(G) 
k—1-2 /j-1 2 
Q—2- 2a)? V 
í( roy L [| Cra C2j+1+a 
j=1 i=0 
Re #1 f) 4 9-6 tecti fe j- Zn 
|a: | F2 
L*(G) 
[RRE f ope RY à 
o RU (3.46) 


|^ 
L(G) 


As consequences, we have the following weighted Rellich type inequalities for 
all complex-valued functions f € C (GN(0)): 
(1) For any a € (-Q/2,(Q—4(k—1—1))/2) ifk>l+2 anda ER ifk— l1, 
we have 


4 Fr! Q? — A(2i + a)? : 
(Q — 2a)? 1 


E 2 
REF 


|x| 


RRIF 
|ar|2(k-2)—1 +0 


i=0 L?(G) L?(G) 


(3.47) 
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(2) For any a € (—(Q + 2)/2, (Q — 4(k — 1) + 2)/2) if k >14+2 anda € Rif 
k =1+1, we have 


k-I-1 . 7 
Q? — 4(1+2i+a)? 
dp 


m 2 
RRf 


|^ 


RR f 
PIECRES 


i=0 L?(G) | L?(G) 


(3.48) 


Moreover, inequalities (3.47) and (3.48) are sharp and there is an equality in each 
of them if and only if f — 0. 


Proof of Theorem 3.1.14. Let g :— RF f. Applying (3.38) to &^-!-1g and then 
Theorem 3.1.13 to RR! f, one obtains equality (3.45). Note that 


Qtik-I- 1) 29 TT NN a 
3 ad m 4 


i=0 i=0 
By applying Theorem 3.1.1 to RR* f, and then using (3.45) for &^ f with weights 
l| (19). together with the equality 


Q-2-—2a(Q+4(k-1-1)+2+2a) ^^ A inem: 
a I os. - II * = 


2 4 i 
we also obtain (3.46). 

Consequently, inequalities (3.47) and (3.48) follow from respective identities 
(3.45) and (3.46) by dropping non-negative remainder terms on the right-hand 
side. The sharpness of (3.47) and (3.48) follows by considering, respectively, as in 
the previous theorems, approximations of the function r-(9-2e-49)/? and of the 
function 9-097 2672-45)/2. 

If for some function f we have the equality in (3.47), then (3.45) implies that 
we have 


" —4—2a ~, 
R(RE- f) + Qa 4 2054-1 ¢ =0. 
2|z| 
This means that 
=h —4-—2a ~,_ 
(RF 1f) = eee I, 1f, 


By Proposition 1.3.1, Part (i), it follows that RE-I f is positively homogeneous of 
order —(Q—4—2a)/2. Since &*-! f /|z|?* € L? (G), we then must have R*—1 f = 0, 
which in turn implies f — 0. The same arguments also work for (3.48). 


Using the established theorems, as a corollary one gets the following weighted 
L?-Hardy-Rellich type identities which will, in turn, imply the corresponding in- 
equalities. 
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Theorem 3.1.15 (Higher-order weighted L?-Hardy-Rellich type identities). Let G 
be a homogeneous group of homogeneous dimension Q, with a homogeneous quasi- 
norm |-| on G. Let k € N be a positive integer, let 1 < p < Q/k, and let a € R. 
Then for all complex-valued functions f € C§°(G\{0}) we have the identities: 


(1) If k 2 21, l > 2, then 


Rif p 

[E LP(G) 

i fas. 2i+a Tea (oon EL car di 
j=l ji 

eRe t= 1) pA n P € P" 


FE Hf (R URRIEM D 
C I ISP (Im( 77 RRIS) 
+ : i p,2ito Bp,a+2j PIC 2 
a i 
i-i fjp-2 N Q- p89 £1) Ea) is 2 
+(p-1) RM nig ici; SEED TET this qas 


f 


where Rp is as in (2.22), i.e 


1 -1 
Ry(6, m) :— pe us E Xj — Re([£|" ^ £5), 


as well as 
Dy, oat2j = p|Cp, ar25 [P7 Cpatsj; 
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c — -P-Q +pa) , p 
pa ——— Ee me 
pp p 
(2) If k 2 201-1, L2 1, then 
z p 
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1-1 |j-1 P -i—4j—1 
1 RTI "TP 
+ Apa II Cp,2i+1+a f [pParriray (Craii _R! ^n dx 
j=1 | i=0 G 
+A Bp,ot1 (p—1) [p qp RIRE f| + Q — »(3 +a) IRI gj E 
24 PO" Je lepra ENT 
Bp,a+1 [E FP- mR FRR f)? 
+ Ap, ———— i — ae —— (3.50) 
1-1 |j—-1 R 5l—j—1 g|lp—4 5l—j-1 pppl—j-1 f\\2 
Bysaaja | f. (RI ISP mR FRR T) 
+ Apa Il Cp,2i+1+a => pema SC 
j=1 |i=0 G 
I E a os _ ; E 2 
R f| RIR ==: f] EN Q pj + 8+ o) 1-5-1 te 


+ (p—1) c lepto pix] 
p 


where Ap a = perm 


Proof of Theorem 3.1.15. The equality (3.49) follows from (3.25). The equality 
(3.50) is consequence of (3.49) and (3.32). Note that in (3.50), if k = 20 - 1,0 > 1, 
then the terms concerning the sum from 1 to | — 1 do not appear if | = 1. 


By dropping the non-negative remainder terms in (3.49) and (3.50), we obtain 
the following higher-order weighted L?-Hardy-Rellich type inequalities. 


Corollary 3.1.16 (Higher-order weighted L?-Hardy-Rellich type inequalities). Let 
G be a homogeneous group of homogeneous dimension Q and let | -| be a homo- 
geneous quasi-norm on G. Then for any a € R and all complex-valued functions 


f € CE (GN(0T) we have: 
(1) if1« p < Q/2k and a € (-Q(p — 1))/p, (Q — 2pk)/p), then 


k—1 
| II 2 Í 
i=0 


(2) if 1 < p< Q/(2k +1) and a € (-(Q+p')/p', (Q — p(2k + 1))/p), then 


Q- +a) (Toe. f 
SET X II p,2i+1+a |x|@e+i+e) 


REF 


|^ 


(3.51) 


Lr(G) 


L»(G) 


RR f 
|x|* 


L»(G) 
(3.52) 


L(G) | | 


In the above inequalities 


—9p— / 
Gas (Q — 2p payQ i) ee 
pp p-l 
Inequalities (3.51) and (3.52) are sharp and equalities hold in each of them if and 
only if f — 0. 
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Proof of Corollary 3.1.16. Inequalities (3.51) and (3.52) are immediate consequen- 
ces of equalities (3.49) and (3.50), respectively, since Cp 2i+a+1 > Ofor0 € i < k—1 
under the respective assumptions on indices. The sharpness of constants in (3.51) 
and (3.52) can be checked by approximating the function r- (97? 2**0))/? and the 
function r—(@-P@k+1+4))/P respectively, by smooth compactly supported func- 
tions. Moreover, if for some function f an equality holds in any of these inequal- 
ities, then it follows from Theorem 3.1.15 that |f| is positively homogeneous of 
degree —(Q — p(2k -- o))/p and —(Q — p(2k +1 4- o))/p, respectively, which implies 
that f = 0 in view of the condition of L? integrability. 


As usual, Hardy inequalities imply the corresponding uncertainty principles. 


Corollary 3.1.17 (Higher-order Hardy-Rellich uncertainty principles). Let G be a 
homogeneous group of homogeneous dimension Q and let |- | be a homogeneous 
quasi-norm on G. Let k € N be a positive integer and let p > 1. Then for all 
complez-valued functions f € Cg? (GN(0]) we have: 


(1) if k 221, l > 1, and a € (-Q(p — 1)/p), (Q — 2pl)/p), then 


(=i ~ 1/p 1/p' 

R! f|? j ; p 
I6». [sree < I | ft dx (| VIAL M) l 
i=0 G G |r|? G 


(3.53) 


(2) if k = 2141, L2 0, and a € (—-(Q + p)/p', (Q — p(2l + 1))/p) ifl > 1 and 
Q— —— l 
—— |[©,, 2i+1+a 


o € R ifl = 0, then 
] ita 
meet d 0 


5l gp /P , j 1/p" 
< IRR) |f|? lal? (2l-+1+a) qx . 
c lefe G 


Proof of Corollary 3.1.17. By the Hólder inequality, we have 


[a= [ areas (f isse) ( [urnam aoga) 


Further, applying inequality (3.51) to this, we get (3.53) with Co;,4 > 0 for 
0<i<l-—l1 anda € (-Q(p — 1)/p, (Q — 2pl)/p). Inequality (3.54) is proved in 
the same way. 


(3.54) 


Combining Corollary 3.28 and Theorem 2.24, we obtain the weighted 
L?-Rellich type inequality below which is an L?-analogue of Theorem 3.1.14. 


Theorem 3.1.18 (Higher-order L?-weighted Rellich identities and inequalities). 
Let G be a homogeneous group of homogeneous dimension Q and let | -| be any 
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homogeneous quasi-norm on G. Let k,l € N be non-negative integers such that 
k>1+1 and letp>1. Then for any a € R and for all complex-valued functions 
f € CE (G\{0}) we have 


Re fl’ 
||? jan 
k-I-1 i f p " 
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where Rp is as in (2.22): 

Ry(£,9) :— zn + E— Liep — Re(|é|?- 7&7), 

Bp,a+2j = p|Cp, a257 Cp,a+2j, 
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We also have 
EZ j 
|x| bet 
pl p m 
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eo aen (- e n RR* f | dx, (3.56) 


where 


—p(1+a)|? 
Ana =p SEES) 


Consequently, we obtain the following inequalities for all functions f € Cg* (GN(0)): 
for any a € (-Q(p — 1)/p, (Q — 2p(k — l — 1))/2) if k — l > 2 and for any a € R 
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if k — l4- 1, we have 
k-i— 


p I (Q — pli + a))(Q + pi +a) RR 
IQ — po] pp |x| G0 -D-1*a) 
m T(G) 03.57) 
EBD; 
|z[^ T 
and for any a € (—-(Q + p)/p', (Q — p(2(k —1— 1) + 1))/p) if k — l > 2 and for 
anya € R if k 2l-- 1, we have 
‘TL (Q-p(i+1+a))\(Qtp (i c RR'f 
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B | IP) (ag) 
RR f 
Pda pud. 
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Moreover, these inequalities (3.57) and (3.58) are sharp and equality in any of 
them holds if and only if f = 0. 


Now let us present an extension of the critical Hardy inequality to the higher- 
order derivatives. To do this, still following [Ngu17] until the end of this section, 
we present a critical Rellich inequality for R as follows. 


Theorem 3.1.19 (Critical Rellich identity and inequality for R). Let G be a ho- 
mogeneous group of homogeneous dimension Q > 3 and let |- | be a homogeneous 
quasi-norm on G. Let f € C§°(G\{0}) be any complex-valued function and denote 


fr(x) := füiz/|v]) 
for any x € G and R > 0. Then we have 


Rf ve E aE 
p G 


lal? Log) isl? JN 


1 p= f — Je 
sat [don (s P lem b 


for any 1 < p < œ and any R > 0. Here Rp is as in (2.22). As a consequence, 
for all complex-valued functions f € Cg? (GN(0)) we have 


-1)(Q-2 - R 
p sup T a - , L<p<o, (3.60) 
eol eF [in RTL el e 


with the constant sharp (p — 1)(Q — 2)/p. 
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Proof of Theorem 3.1.19. Let 1 < p < oo. Let us first restate equality (2.48) in 
the form 


[ 55s - NI |f — fal? p 
g leer ^ p c [z|?|In SP 


(3.61) 
1 -1 f- 
+p f — R e f fr Rf | dz, 
a |2|°-” p |æ|ln g 
for any R > 0. It follows from Theorem 3.1.7 for a = (Q — 2p) /p that 
RFP RFI 
Ki a= (9 - y f RA 
G |æ] p G || H (3.62) 
+ n t x (Q- 255 Rf | dx 
"Je lom ll 


The combination of (3.61) and (3.62) gives (3.59), which in turn implies (3.60). 
Let us now check the sharpness of (3.60). For small enough e, ó > 0 and for 
R > 2, let us define the function 


joo) = (mE) ote 


where g is the function as in the proof of Theorem 3.1.4. A straightforward calcu- 
lation gives 


itr) = - (1-2-8) t (mE) * ne (S) ^ vo 
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Since (fs)r = 0 we obtain 
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At the same time, direct calculations also give 
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Consequently, we obtain 


Jo jatar -(g-me-2y 


This proves the sharpness of (3.60). 


Consequently, the following identities hold true. 


Theorem 3.1.20 (Higher-order critical Rellich identities for R). Let G be a homo- 
geneous group of homogeneous dimension Q > 3 and let | -| be a homogeneous 
quasi-norm on G. Let f € C§°(G\{0}) be any complex-valued function and denote 


fr(a) :— füiz/|v]) 
for x € G and R » 0. 
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Then for 2 € k « Q/2 we have 
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and R, is as in (2.22). For 1 € k « (Q — 1)/2 we also have 
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pe ues 2p(2(j +1) +. 6) .sk—j-1 ° 
"n ux EL 
: RE = 5k 


Proof of Theorem 3.1.20. Denoting g = Rf and applying (3.49) to the function g 
with | = k — 1, and then using (3.59), we arrive at (3.63). To prove (3.64) we use 
Theorem 2.1.8 with a = (Q — 2(k + 1)p)/p which gives 


RR* f 


|x| > 9 — (2k-1) 


= [R^ f|" 
- (2h)? | Dass 


1 aS s 


Now, the combination of (3.65) and (3.63) implies (3.64). 


e (3.65) 


As a consequence of Theorem 3.1.20 we have the corresponding inequalities. 


Corollary 3.1.21 (Higher-order critical Rellich inequalities for &). Let G be a ho- 
mogeneous group of homogeneous dimension Q > 3 and let |- | be a homogeneous 
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quasi-norm on G. Let f € C§°(G\{0}) be any complex-valued function and denote 
fræ) = f(Rz/|z|) 


with x € G and R » 0. Let 1 < p < oo. Then for any 2 € k < Q/2 we have 


2:-1(k — 1)\(p — 1) FT - R 
p i=0 i la]? ne L»(G) jal” Lr (G) 
(3.66) 
Furthermore, for any 1 < k < (Q — 1)/2 we have 
2kkN(p — 1) FT - RR* 
(p ) I[(Q -2i- 2) sup f fr f 
P i-0 R>0 || |æ? |In Ë ^ [fja |. 
L(G) 
(3.67) 


Moreover, the constants in inequalities (3.66) and (3.67) are sharp. 


Proof of Corollary 3.1.21. Inequalities (3.66) and (3.67) are immediate consequen- 
ces of identities (3.63) and (3.64), respectively, since we have a; > 0 forl<i< 
k — 1, as well as the equalities 


u = Yf k—1 
(Q-2)0- 1) dc == 81 TT 30 3y 


p i=0 
and A "M 
S —1) _2 k\(p — 1) 
ak MESA NE —————- = 2i — 2): 
nc : IIo i—2) 


To show the sharpness of the constants in (3.66) and (3.67) we can use the same 
argument as in the proof of Theorem 3.1.19 with the test function 


joo) = (m EY ate 


'This completes the proof. 
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3.2 Sobolev type inequalities 


In this section we restate some of Hardy inequalities from the previous chapter in 
terms of the Euler operator E from Section 1.3.2, relating them to Sobolev type 
inequalities. We also briefly recast some of their proofs for the convenience of the 
reader since fixing the notation in terms of the Euler and radial operators will be 
useful in further arguments, especially for the analysis in Chapter 10. 

The classical Sobolev inequality in IR" has the form 


llg|l Le») s C (p)llV9ll r»* R»), 1 < p,p“ < œ, (3.68) 
where V is the standard gradient in R” and 
1 1 1 
p p mn 
The aim of this section is to discuss another version of the Sobolev inequality (we 
call it Sobolev type inequality) with respect to the operator x- V instead of V, that 
is, the inequality 
Igllzecrny € C'C)]|x * Vll ramo. (3.69) 
For any A > 0, by setting g(x) = h(Ax) in (3.69), it is straightforward to see that 
p = q is a necessary condition to have inequality (3.69). So, one may concentrate 
on the case p — q. In the case of IR" this inequality was analysed by Ozawa and 
Sasaki [OS09], now we concentrate on the setting of general homogeneous groups. 
We also note that the classical Sobolev inequality (3.68) can be extended to 
nilpotent Lie groups: for stratified groups see Folland [Fol75], for graded groups 
see [FR17], with a general summary presented also in [FR16], and for another 
version on general homogeneous groups see Section 4.3. 


3.2.1 Hardy and Sobolev type inequalities 


The inequality (3.70) below is such an extension of (3.69) formulated in terms of 
the Euler operator E. Moreover, it turns out to be possible to derive a formula 
for the remainder in this inequality. For indices 1 < p < Q this Sobolev type 
inequality implies the Hardy inequality and for p = 2 they are equivalent. All this 
is the subject of the following statement, an analogue of Theorem 2.1.1. 


In this section, unless stated otherwise, G is a homogeneous group of homo- 
geneous dimension Q > 1 and |: | is a homogeneous quasi-norm on G. 


Proposition 3.2.1 (Sobolev type and Hardy inequalities). We have the following 
properties. 


(i) For all complex-valued functions f € C° (GN (0]), 


Pug 
lf loe (ey < Q |l flle) , I<p<œ, (3-70) 


where the constant $ is sharp and the equality is attained if and only if f — 0. 
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(ii) Let 
= u(x“) = —=Ef(az v := VT) = X). 
u := u(x) Q f(z), (x) = f(x) 


Then we have the following expression for the remainder: 


ll? og — lole =P f L(vu)v—ufdz, 1<p<oco, (371) 


for all real-valued functions f € Cg? (GN(0]), where 
1 
10.9) — 71). I Q - Qoa 


(iii) For all complez-valued functions f € C§°(G\{0}) the identity (3.71) with 
p — 2 holds and can be written in the form 


2 
lise = ($) Mtis + [er S 


. Xd (3.72) 


2 
L?(G) 


(iv) In the case p = 2 and Q > 3 the inequality (3.70) is equivalent to Hardy's 
inequality, i.e., for any g € Cg (GN(0]) the inequality 


1 
|z| 


2 
|z| 


>| 


2 2 


—3 IRgllz2@) = Q-2 


(3.73) 


me Q9 L(G) 


(v) In the case 1 < p < Q the inequality (3.70) yields Hardy’s inequality for any 
f € Cg (GN(0)), ie., the inequality 


f 


|z| 


p 
<A IRflre- (3.74) 
L? (G) Q—p LPG) 


Remark 3.2.2. 


1. As mentioned above in the Euclidian case, for any A > 0, substituting g(x) = 
h(Ax) into the Sobolev type inequality 


llallz»(e) € C(p)Egllzae), 1<p,q<o, (3.75) 


and using the fact that the Euler operator is a homogeneous operator of order 
zero, we obtain that p = q is a necessary condition for having inequality 
(3.75). 


2. In the Euclidean case G ZR" the inequality (3.70) was observed in [BEHLO0S]: 
for any n > 1 and 1 € p < oo, for all f € C§°(R”) we have 


D 
Ilf loo (ns) = FA z V fll ruo) : 
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Indeed, this is a consequence of a simple integration by parts: 
nf \p@prar= f dir Gonas 
n R^? 
=-pRe | «-wfüz)fiz)P- TE 
R^? 


<o( f evropa) (f rora) 


using Hölder’s inequality in the last line. 


There is a weighted version of the above inequality given in Theorem 
6.6.1, see also Remark 6.6.2, Part 3. 


3. The analysis in this section is based on [RSY 18d]. 


Proof of Proposition 3.2.1. Let us first show that Part (ii implies Part (1). By 
dropping non-negative term in the right-hand side of (3.71), we get 


Dao 
lf irse) € Q lEflrsc 1<p<o, Q21, (3.76) 


for all real-valued functions f € Cg°(G\{0}). Consequently, this inequality is valid 
for all complex-valued functions if we use the identity 


T EN. 
VzeC:|z^- (/ | cos aao) J [Re(z) cos @ + Im(z)sin 0|? d0, (3.77) 
see (2.8). 

So, the inequality (3.70) holds true and the expression for the remainder 
implies that the constant 4 is sharp. 

Let us show that this constant is attained only for f = 0. In view of the 
identity (3.77), it is enough to check this only for real-valued functions f. If the 
right-hand side of (3.71) is zero, then we must have the equality 


PE = f(z 
-9 f(x) = f(x), 


which yields that 


p= — 2p 
p 


By the property of the Euler operator in Lemma 1.3.1 this means that f is posi- 
tively homogeneous function of order —2 i.e., there exists a function h : 9C, 
where p is defined by (1.12), such that 


fe) - (E). (3.78) 


|z| 
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In particular, (3.78) means that f cannot be compactly supported unless it is 
identically equal to zero. Therefore, we have shown that Part (ii), namely (3.71) 
implies Part (i) of Theorem 3.2.1. 

Nevertheless, let us also give another direct proof of (3.70) for complex-valued 
functions without using formula (3.77) and without using the remainder formula 
in Part (ii). 

Proof of Part (i). Introducing polar coordinates (r, y) = (|x|, iz € (0,00) x o 
on G, where the sphere Q is defined in (1.12), we now apply the polar decomposition 
formula (1.13). This and integrating by parts yield 


i: OLE | ~ J Fere tao ar 
= -5 | Re f iene se E dowar 67) 


—2À £)? f(x JE f(x) daz. 
= gne [i OOL 


By using the Hölder inequality with an index q such that - + n = 1 we obtain 


Pdr =- 2)|?-7? f (x)E f (z)da 
] rera ge [in OOL 


<E(f [if Go) I7 ^ No te) (fi GI de) 
-&( rer)" 


which gives inequality (3.70) in Part (i). 


f ll ro (c) , 


Proof of Part (ii). With the notation 


u:—u(xr)-— a if and v:=v(x) = f(x), 
the formula (3.79) can be reformulated as 
luli sq) = Re f lv[P- ?vudz. (3.80) 
For any real-valued function f formula (3.79) becomes 
] iteoras - -5 f wer roris 


and (3.80) becomes 


lvl (ey = f |v[? ^ vudz. (3.81) 
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Moreover, for all L?-integrable real-valued functions u and v the following equali- 
ties hold 


Ilis — lier +2 f (ol? — lo vu)de 
(ul? + o Dop - plo” vu)dz 


ou (v,u)|v — u?dz, 1<p<o, 


where i 
L(v,u) = (p— 1) f leu + (1 — £)uj?ede. 


Combining this with (3.81) we arrive at 


llis = Hel bogey =P | 1s] — uf, 


which proves the equality (3.71). 


Now we prove Part (iii). If p — 2, then the identity (3.80) can be rewritten 
as 


llvllz.2 (e) = Re | ote. 
Thus, we have 


lul, — lolze = lul? — lel? +2 [ (Io? — Re vt)de 


= | (|u|? + |v]? — 2Revau)dz 
G 


= f |u — v[?dz, 
G 
which gives (3.72). 
To show Part (iv) first we verify that the inequality (3.70) implies (3.73). A 
direct calculation shows 
2 


~ ~g 
flli@) = | Tal 


LE, 


Qd 
Tal) aime 

z| d|z|"||r2() 

2 = 2 


d 
= Re f gel 
L2(G) c |z| d|z| d\x| 


L?(G) 


d (ry) : Q-1 
(=) zm T de (y)dr 
2 


g 


|z| 
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where g = |x| f. From 


-Re | d. ——  gdx = h M ary) 2 aaj? aati 
c lel E | d 


fs L?(G) 
it follows that 
é 2 dl? 
flix = (Q — 1) | — |a (3.82) 
Ilis = (- D ETE, t am 

Combining (3.70) and (3.82) we obtain 

4 2 go 2 d (|? 

|x| L?(G) <a Jel L2? (G) |x| L?(G) 


which gives (3.73). 
Conversely, let us assume that (3.73) is valid. Then with the notation f — 
g/\x| we get 


"Tul = |f + Efllž2@) 


L? (G) 


[zs 


= |If Ig) + 2Re [ f(a) EF @)de + lEfl2«. 


Hence by (1.42) and (3.73) it follows that 


Ilia) < Gop ys (IEF? - Q- D Ifl): 


which gives 


Lf |l ro (o) 


Now it remains to prove Part (v). We will show that the inequality (3.70) 
gives (3.74). We have 


IRAP = IEF + flr» = IEF — Iflg. 
Finally, by using the inequality (3.70) we establish 


2 
If lzoqe) S Q 


Q-p 
IR(H zoe) = a flr»). 


which implies the Hardy inequality (3.74). 
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3.2.2 Weighted L?-Sobolev type inequalities 


Now we establish weighted L?-Sobolev type inequalities on the homogeneous group 
G of homogeneous dimension Q > 1. 


Theorem 3.2.3 (Weighted L?-Sobolev type inequalities). For all complex-valued 
functions f € Cg? (G\{0}), 1 < p < oo, and any homogeneous quasi-norm |-| on 
G for ap 4 Q we have 


1 
T «LLL LE for all a €R. (3.83) 
|x| Lr (G) Q — ap| || |æ] L(G) 
If ap # Q then the constant | Uer is sharp. 
For ap = Q we have 
f log|æ| 
e] zl if ; (3.84) 
|x|” LP(G) |x|” Lr (G) 


where the constant p is sharp. 


Proof of Theorem 3.2.3. Using the integration by parts formula from Proposition 
1.2.10, for ap # Q we obtain 


|f (Œ)? p= = ry) |Pp2@-!-P dg (y)dr 
[rd =| fis y do(y)d 


jee” 


sa! [tome [ oro? Foy) LD ao y)ar 


Q -ap 
<y | E —— Je w= [LÁ EE ffi, 


|z [oo (971) 
By Holder’s inequality, it follows that 
eer d e<l Q- ap 


(f BE uy (f BOE a), 
|z|^? c |z|^? 
which gives (3.83). 


Now we show the sharpness of the constant. We need to check the equality 
condition in the above Hólder inequality. Let us consider the function 


1 


g(x) = Ih 


where C € R,C z 0 and ap # Q. Then by a direct calculation we obtain 


EEV- 
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which satisfies the equality condition in Holder’s inequality. This gives the sharp- 
n (3.83). 
Now let us prove (3.84). Using integration by parts, we have 


E Ml da = f [uento 


=-p n logrRe f onse aeui 


[IE f (x)|| f(x) |^ E [E f (x)| log |a||| | f(x) P-t E 
<p f aa EF @MNF ag ella = | a A coo d 


By Holder’s inequality, it follows that 


Í IGI »( i EG AC) elo 2) ( OP a) ae 


which gives (3.84). 
Now we show the sharpness of the constant. We need to check the equality 
condition in the above Holder inequality. Let us consider the function 


h(x) = (log |)". 
where C € R and C £0. Then by a direct calculation we obtain 


s p QN P/(»-1) 
al (! at) 7 (s x)|? -) 
Q m Q(p—1) ? 
G |x|? lp 


which satisfies the equality condition in Holder's inequality. This gives the sharp- 
ness of the constant p in (3.84). 


p 
ness of the constant | su 


Let us consider separately the case p — 2, that is, let us restate Theorem 
2.1.5 in terms of the operator E: 


Proposition 3.2.4 (An identity for Euler operator). For every complex-valued func- 
tion f € CE (GN(0)) we have 


1 2 2 2 1 _9 2 
ze, - (2-2) e. enr Sti om 
|z| L?(G) 2 Ix|^ || p26) |x| 2|z| L2(G) 
for anya ER. 
Remark 3.2.5. 


1. By dropping the non-negative last term in (3.85) we immediately get the 
following inequality for a € R with Q — 2a Æ 0: 

2 1 
ER pulcsde x ps 
Ix ^ 12 7 IQ — 2o| [lx]? 


if 


(3.86) 
L^(G) 
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for all complex-valued functions f € C§°(G\{0}), where the constant in 
(3.86) is sharp and the equality is attained if and only if f — 0. This statement 
on the constant and the equality follows by the same argument as that in 
Remark 2.1.7. 

2. By iterating the established weighted Sobolev inequality (3.83) one obtains 
inequalities of higher order. Thus, for 1 « p « oo, k € N anda € R with 
Q 4 op we have 


k 


Ur 
je 
for any complex-valued function f € C§°(G\{0}). 


3. For k = 1 (3.87) implies the weighted Sobolev inequality and for k = 1 and 
a = 0 this gives the Sobolev inequality. In the case k = 2 this can be thought 
of as a (weighted) Sobolev-Rellich type inequality. 


f 


|^ 


(3.87) 


8 


L(G) ~ |Q- ap L? (G) 


3.2.3 Stubbe type remainder estimates 


The remainders in Hardy inequalities may be described in different ways: there 
may be equalities or estimates of different forms. These are discussed in some 
detail at various spaces of this book. Here, we give a remainder estimate in the 
most basic case of L?. Such a type of inequalities have been analysed on R” by 
Stubbe [Stu90], and here we give its general version on homogeneous groups. 

In the proof of the following statement we will use the useful feature that 
some estimates involving radial derivatives of the Euler operator can be proved 
first for radial functions, and then extended to non-radial ones by a more abstract 
argument, see Section 1.3.3. 


Theorem 3.2.6 (Stubbe type remainder estimate). Let G be a homogeneous group 
of homogeneous dimension Q > 3. Let |-| be a homogeneous quasi-norm. Then we 


have for all f € CE (G) and 0 < ô < o, the inequality 


COMTE 
n» f(x) Pde — s f ite Par > S 59 ( lel?" lala) 2 
G (Q—2)2\ G 
4 
(3.88) 
with sharp constant, where 
(lel) = MCap : =g" lel, y)do(y 
and ne 
2 Q-2 F 2 F 1 2 
59 = lta Q - » (TOAGA) (3.89) 
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Remark 3.2.7. 


1. In the Abelian case G = (R",+), we have Q = n, and inequality (3.88) 


becomes 
I. \(a- x)|? dz — ô [te z)l? dx 


"n 2 

; " 

> el I lal" Igle) 2 | 
— 2)? 


2. An interesting observation is that the constant in the above inequality on R” 
is sharp for any quasi-norm |: |, that is, it does not depend on the quasi-norm 
| - |. Therefore, this inequality is new already in the Euclidean setting of IR". 
When |z| = zi +23 +---+ x2 is the Euclidean distance, the inequality 
(3.90) was investigated in R” in [BEHLO0S, Corollary 4.4] and in [Xiall, 
Theorem 1.1]. 


3. The following result, proved in [Bli30], will be useful in the proof: Let f be 
a non-negative function. Then for s > 0 and q > p > 1 we have 


a 


(3.90) 


r)dr 


q 
niu) < Cy, SE r)l?dr, (3.91) 


where 
(a—p)/a 


(q/p — 1)T (24 L) 


ee) 
q—p q—P 


is sharp. Moreover, the equality in (3.91) is attained for functions of the form 


Cp,q = (q — q/p) */4 


f(r) = cı (cort/ P7! d 1)2/(»-2). cı > 0, c2 » 0. (3.92) 


Proof of Theorem 3.2.6. First we prove inequality (3.88) for | - |-radial functions 
f(x) = f(|z|). Then we have g(r) = f(r) since 


g(Ix]) = M(f) (al) = F i F(l2|,y)do(y), 


and we also have Ef (x) = |x| f’(|a|). We calculate 

i IEF (lel) 2dx — &(Q — 8) f Fle) Pde 

G G 

= f (r)r tar — = j f(r iia 
le (J Fn) sQ af ife 


(3.93) 
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where 0 < 8 < Q/2. Using the notation h(|z|) :— |x|? f (||), and integrating by 
parts we obtain 


0 
" f ^ (Br?) fe) + rê Fr) PrP dr 
0 
ED uv 2,Q-1g 2,Q+1 4 )Pr9d 
e Fey r+ fo FO rsa fs r)Pr@dr 
- J |f Gr ar — BQ- B) fi Frye tar. 
0 0 


(3.94) 


Moreover, by changing the variables s = r~?’ we get 


oo 5 : 
J O ar = [ IQ — 28)s "8 59 h(s ys Q-apki s77 ids ds 
0 " Q-—38 
= (9-25 [^ Was. 
0 
(3.95) 
Combining (3.94) and (3.95), we restate (3.93) as 


1 IE f(|x|)[2dx — &(Q — 5) ri \Fllel)Pdx = |pl(Q — 28) ( f i swa) 


(3.96) 
Now setting ¢(s) := h'(s) and v(s) := s~?(s~'), and using (3.91) with p = 2 
and q = 2*, we obtain 


8? |h (s)|?ds eA 16(s)|2ds =| Tm 


ec (seme om i MIN [oaf me)" 
ICM (somma eom as! MI f oaf 8a) 
JCOMC E: AN S) (J ety seas)” 

- (gop) ^ (Erro. (f° rant otras)” 


= (Q-28)* cay > (omraam "n Fiore) 
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where we have used s = r9-?? and h(r) = rê f(r) in the last line. Thus, now 
(3.96) implies that 


[ Ef(\xl) (Pde — B(Q—B) ru Fs) as 


> lel(Q - 28) F may Y aaea cens (v " say 
=|p|2(Q—28) F eom fc ee pm — B 


(3.97) 


Here, denoting B = (Q — yQ? —46)/2 for 0 < 6 < Q?/4 and recalling that 
g(\z|) = f(|x|), we see that (3.97) (with (3.89)) yields 


f. a f |Fllel)Pae 
bcd (as) (ZOLEE (f equas) 


- (G5) EU (er odee ar) a (3.98) 


That is, we obtain (3.88) with sharp constant for all |-|-radial functions f € C$? (G). 

Finally, using Proposition 1.3.3, and in (3.98) with g(|a|) = f (|x|), we get 
(3.88) for non-radial functions. Clearly, the constant in (3.88) is sharp, since this 
constant is sharp for radial functions by Remark 3.2.7, Part (3). 


3.3 Caffarelli-Kohn—Nirenberg inequalities 


'This section is devoted to deriving the Caffarelli-Kohn-Nirenberg inequalities in 
the setting of homogeneous groups. Here we will be working with the radial oper- 
ators and general quasi-norms. The case of stratified groups with the horizontal 
gradient and weights will be discussed in Section 6.7. 


First, we recall the classical Caffarelli-Kohn-Nirenberg inequalities on R” 
due to Caffarelli, Kohn and Nirenberg [CKN84], with | - | denoting the usual Eu- 
clidean distance: 


Theorem 3.3.1 (Classical Caffarelli-Kohn-Nirenberg inequality). Let n € N and 
let p,q, r, a, b, d, Ó € R be such that p,q2 1, r 2 0,0 € ó € 1, and 


œ 
1n 


» 0, (3.99) 


TL 
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where 


c= ôd + (1 — ô)b. 


Then there exists a positive constant C such that 
Wel flee < Clll Flie llet f IL Qu»; (3.100) 


holds for all f € C§°(R"), if and only if the following conditions hold: 


1 1 g-i 1 b 
Lets )+a-9 (4+), (3.101) 
ron D n q n 
a-d»0 if 620, (3.102) 
1 i dc 
pecu éd if 5>0 and ates (3.103) 
r n p n 


'Thus, in this section we are interested in inequalities of this type, and we 
show that some Caffarelli-Kohn-Nirenberg inequalities continue to hold in the 
setting of homogeneous groups, in particular, including the cases of anisotropic 
structures on R”, i.e., the quasi-norm |. | does not need to be the Euclidean norm 
| à lz on R”. 

Some inequalities will be obtained as a consequence of the weighted Hardy 
inequalities. As a particular case of such weighted inequalities we can think of the 
inequalities 


(f lelarisPac)” < Cag f. az tPs, (3.104) 
Re R^ 
for f € Cg? ((R"), where for n > 3: 
—2 2 
— [ar ,axftzaoa-cl,andp-— n 


n — 2-4 2(B — a)' 
and for n = 2: 


2 
-o<a<0,a<6<a+l, mdpeg a 
Here 
jele = 4/22 +---+ 02 

is the standard Euclidean norm. Moreover, we are interested in replacing the 
Euclidean norm by a general quasi-norm as well as extending such inequalities 
to general homogeneous groups. 

As a special case we can highlight the case of p = 2 that was also studied by 
[WW03] in the Euclidean setting. Here, for all f € C§°(R”) we have 


f Praa < C [ lo|Z2¢|V fae, 
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with any n > 2 and —oo « a < 0, which in turn can be written for any f € 
CEP (R"N(0]) as 


ivs | ; (3.105) 


lar eee 12(R”) 
for alla € R. 

A homogeneous group version of the inequality (3.105) was obtained in Corol- 
lary 2.1.6, that is, it was proved that if G is a homogeneous group of homoge- 
neous dimension Q, then for any homogeneous quasi-norm |: | on G and for every 
f € Cg (GN(0)) we have 


|Q-2—2a|| f 
2 |z |o 


1 


|^ 


Rf for all a € R, (3.106) 


L?(G) L?(G) 


where R is the radial derivative operator with respect to the norm |: |. Note that if 
a xz a then the constant in (3.106) was shown to be sharp for any homogeneous 
quasi-norm |- | on G. 


Remark 3.3.2. 


1. An alternative formulation of Theorem 3.3.1 emphasizing the appearing in- 
dices was given by D'Ancona and Luca [DL 12]. 

2. The improved versions of the Caffarelli-Kohn-Nirenberg inequality for ra- 
dially symmetric functions with respect to the range of parameters were 
investigated in [NDD12]. In [ZHD15] and [HZ11], weighted Hardy type in- 
equalities were obtained for the generalized Baouendi-Grushin vector fields: 
for y = 0 it gives the standard gradient in IR". We also refer to [HNZ11], 
[Han15] for weighted Hardy inequalities on the Heisenberg group, to [HZD11] 
and [ZHD14] on the H-type groups, and a recent paper [Yac18] on Lie groups 
of polynomial growth. 


3. The analysis in this section is based on [ORS18] as well as on [RSY17b] and 
[RSY 18b]. 


3.3.1  L?-Caffarelli-Kohn-Nirenberg inequalities 


In this section we generalize inequality (3.106) to L?-cases for all 1 < p < oo. Since 
all the inequalities are of similar type we will keep calling them the Caffarelli- 
Kohn-Nirenberg inequalities. 

Theorem 3.3.3 (Caffarelli-Kohn-Nirenberg inequality for L?-norms). Let G be a 
homogeneous group of homogeneous dimension Q > 2 and let |-| be a homogeneous 
quasi-norm on G. Then we have 


lQ-7 
p 


p—1 


— 


(3.107) 
L»(G) 


23 L(G) Edi L? (G) 
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for all complex-valued functions f € C§°(G\{0}), 1 < p < oo, and all o, BER 
with 
y=at+6+1. 


If y X Q then the constant — is sharp. 


Before proving this theorem let us point out some of its implications. 
Remark 3.3.4. 
1. In the Euclidean case G = (R", +), Theorem 3.3.3 gives the inequality 
-1 
1 df í 
z^ dja 


f 


Inl d s 
B 
"m 


p 


isl , 


|z|? 


Lr(R”) 


Le (R?) LP(R”) 


with the optimal constant. In particular, for the standard Euclidean distance 


|Ir|g = yz? +- +2, by using the Cauchy-Schwarz inequality, it follows 
that 


1 
"n Ix] 
for all f € Cg? (R"M0]), with the sharp constant. 


2. In the case a = 0, 8 = p — 1, and 1 < p< Q, the inequality (3.107) implies 
the homogeneous group version of the L?-Hardy inequality 


f 


IB. 
L?(R?) [a 


In — 4 
p 


, 


L»(R") L?(R”) 


1 p 
— < =— IRF ze> (3.108) 
|x| L? (G) Q-p TRIG) 
again with g5 ; being the best constant, see Section 2.1.1. 
3. For G = (R Rd n > 3, inequality (3.108) gives 
FE < an i (3.109) 
|x| LP(R”) d|v| L? (R?) 


For the Euclidean distance, by the Cauchy-Schwarz inequality, it implies the 
classical Hardy inequality: 


f 


l| 


p 
< — |V fll ze» > 
9 lisque) 


for all f € Cg? ((IR"M0J). 
4. For the Euclidean distance, the exact formulae of the difference between 
the right-hand side and the left-hand side of inequality (3.109) were investi- 


gated by Ioku, Ishiwata and Ozawa [IIO16b], see also Machihara, Ozawa and 
Wadade [MOW17a] as well as [IIO 16a]. 
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5. One can obtain a number of Heisenberg-Pauli-Weyl type uncertainty in- 
equities directly from the inequality (3.107) which have various consequences 
and applications. For instance, if ap = a+ B +1, inequality (3.107) gives 


E R p-l 
Lies E < = l: z f (3.110) 
p |x| L? (G) |x| L(G) |x| L»(G) 
For a+ 8 + 1 = 0 and a= —p, inequality (3.107) gives 
Q = 
2 Ifa, < MeRi |G (3.111) 


all with sharp constants. 


The Hardy inequality immediately implies a version of the Heisenberg-Pauli- 
Weyl uncertainty principle. 


Corollary 3.3.5 (Heisenberg-Pauli-Weyl type uncertainty principle). Let G be a 
homogeneous group of homogeneous dimension Q > 2 and let |-| be a homogeneous 
quasi-norm on G. Then we have 


p 
Iliac)  z — Rilo elf s: 1«»«Q. — G1) 


for all f € Cg * (GN(0)). 
Proof of Corollary 3.3.5. By applying the Holder inequality to (3.108) with 1 < 
p « Q, we get 


1 
IF Rae < lal... , lel 


Rf qe) Mel £Il, cus ee) 


(3.113) 


ex | 
r70) = Q—p 


giving (3.112). 
Remark 3.3.6. 


1. For the Euclidean space G = (R",+) and p = 2, inequality (3.112) implies 
the uncertainty principle for any homogeneous quasi-norm |x| on R”: 


(. FoPar) < (24) f. ser 


d|a] 
In turn this gives the classical uncertainty principle on R” with the standard 
Euclidean distance: 


(f. ife)ae). < (25) [. KOKIN lell f Gc) ^de, 


which is the Heisenberg-Pauli-Weyl uncertainty principle on the Euclidean 
spaces IR", n > 2. 


Xx rl? x)|? . a 
de | lePifidr. 8114) 
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2. The stratified groups version of Corollary 3.3.5 will be discussed in Sec- 
tion 4.7. 


Proof of Theorem 3.3.3. In the case y = Q the inequality is trivial, so we may 
assume that y 4 Q. To use the polar decomposition in Proposition 1.2.10 we 
denote (r, y) = (|x], Ta) € (0,00) x o on G, where p is the unit quasi-sphere. Then 
a direct calculation gives that 


pclae 4 (Epee 

— zu [ reor? 
ze [^ f prenite (= 7 pr doy) 
[n KE (prn e 


» | ffc | d 
zr E dj] 


Q 
E A L5 e |f LL - [Rf Gx)| dz 


1/ (p-1)/p 
«|, ([ Be ji Em "(T EOP an | 
Q- G Jeje G |æ| 27T 


using the Hölder inequality in the last line. Thus, we obtain 


Q-7| f EOP a < IRF)? y, f Vu, (p-1)/p 
Ez Lees (Lama) (LEE 


c læ 7 |a|o? G |z|»-1 


-dotydr 


dx 


IA 


, 


yielding (3.107). 

Now it remains to show the sharpness of the constant. To do it we have 
to examine the equality condition in the Hólder inequality. Let us consider the 
following function 


eS lel, A:=a-— -f +1#0, 
m a- zr 1-0, 


Jel? 


where C = |=| and # Q. Then one can readily check that 
7 y 


P [RaP _ lg) 
A hg eee” 


a^ Q-Y 
satisfying the equality condition in the Holder inequality. This means that the 
constant | (Q — y)/ p| is sharp. 
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3.3.2 Higher-order L?-Caffarelli-Kohn-Nirenberg inequalities 


By iterating the L?-Caffarelli-Kohn-Nirenberg type inequalities from Theorem 
3.3.3 we can establish higher-order inequalities. 


Theorem 3.3.7 (Higher-order L?-Caffarelli-Kohn-Nirenberg inequalities). Let G 
be a homogeneous group of homogeneous dimension Q > 2 and let |-| be a homo- 
geneous quasi-norm on G. Then for all k, m € N and all 1 < p < oo we have 


p—1 
— ~~ 1 1 
IQ y| z Z Ao. m Ag,k -—— m+1 ——_ Rf ; 
P IZ]? Tro) ad Le (G) || |z|»7 L»(G) 
(3.115) 
for all complex-valued function f € C§°(G\{0}), 
y=a+6+1, 
and a € R such that Iio 1 IQ — pla — j)| £0, and 
-1 
Nu m-—1 
Aam =p” IT IQ — pla — 3)] ; 
j-0 
as well as B € IR such that io lQ -p4 — j #0, and 
—(p-1) 


Ag, = p 07D 


G k 


For p = 2 the above constants are sharp. 


Proof of Theorem 3.3.7. First, let us consider in (3.107) the case 


1 
B= (1 — 2) à 
p 
In this case we have 6 = (a+1)(p—1) and y = p(a+1), so that inequality (3.107) 


becomes 


1 
|x| 


Í 


|a: [ot 


p 


— —ÁSÓ , l«p«oo, (3.116) 
L? (G) IQ — pla + 1)| 


Lr(G) 


for all f € Coe (GV (0]) and every a € R witha z Q -1. 
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Now taking Rf instead of f and a—1 instead of a in (3.116) we consequently 
obtain 


R 1 
Gic]. ;* Q- val : a— Rf 1 
|x| IQ = pal pal || || LP(G) 
for a # 2. Combining it with (3.116) we get 
f p p Ll. 3 
—— A a ed eer ; 
Iz pe  IQ— pla + 1)| |Q — po] || lx]*7! L»(G) 


for every a € R such that a Z 2 — 1 and a # 2. This iteration process yields 


< Aor 
Lr (G) 


REF o’ 1< p< œ, (3.117) 
Lr (G 


|i; [8*1 |x a k 


for all f € C9°(G\{0}) and all 6 € R such that [7-5 |Q — p(@ + 1 — j)| 40, and 


—1 


k—1 
Ae =P" | [[ IQ - 9(6 1 — 5) 
j=0 
Similarly, we get 
Rf 1 
— X Aom | ne ; Lp oe, (3.118) 
|z [9*1 L? (G) ee L»(G) 


for all f € Cg* (GV (0]) and all 9 € R such that [|^ "uos p(8 +1-— j)| Z 0, and 


—1 
m-—1 


j=0 


Now putting V + 1 = a and 0 + 1 = — into (3.118) and (3.117), respectively, we 
arrive at (3.115). 

Let us now show the sharpness of the constants in the case p — 2. This will 
follow from having an exact form of the remainder in by inequalities. Recall 
Theorem 3.1.10 saying that if Q > 3, o € R, k € N and [T5 2-2 (a+ j)| #0, 
then for all complex-valued functions f € C§°(G\{0}) we “an 


k—1 - 1 
E (ei) [ae 


||? 


f 


[| hte 


ae 


5 (3.119) 


L?(G) 


L*(S) |j 
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where the constant is sharp. In addition, from (3.34) we have the identity 


|J = IL (25-6) 


L?(G) E 


bag ? 


|x| 


|a|* ro L?(G) 


2 


1 k—l Q—2( 414-9). 4 ici 
lara © f+ jaja R f age 
1 ogy l? 
ES pers a: a (3.120) 
|x| 2|z| L?(G) 


for all k € N anda € R. When p = 2, Theorem 3.3.3 can be restated that for each 
f € Cg (GN(0)) we have 


IQ — | 
2 


a 1 


——Rf 


i| 


f 


|x|? 


soo Ve BER, (3.121) 
L^(G) 


L?(G) 


|x|? L*(G) 


where y = a+ B + 1. The sharpness then follows from the following remark. 


Remark 3.3.8. Combining (3.121) with (3.119) (or with (3.120)), one can obtain 
a number of inequalities with sharp constants, for example: 


IQ — »| 


A 1 


1 
: < C;(B, k) | —Rf md , 43122) 
2 mas Ix] ralk T— 
for y — a —- B -- 1 and all o, 8 € R and k € N, such that, 
k—1 E 
+ |Q-2 f 
C; i= —— —(6- 
16k) = I[—-6-*-5)| 40, 
j=0 
as well as 
2 
IQ — =al I < C;(a, k) | ] hg E. , (3.123) 
2 WIlel? lire) Iz] rz) III" lizaqo) 


for y — a —- B -- 1 and all o, 8 € R and k € N, such that, 


m 
k—1 


C; (a, k) = II 


j=0 


SI atki) #0. 


It follows from (3.120) that these constants C;(B, k) and C;(o, k) in (3.122) and 
(3.123) are sharp. 
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3.3.8 New type of L?-Caffarelli-Kohn-Nirenberg inequalities 


In this section, we introduce new Caffarelli-Kohn-Nirenberg type inequalities on 
homogeneous groups. 


Theorem 3.3.9 (New types of L?-Caffarelli-Kohn-Nirenberg inequalities). Let G be 
a homogeneous group of homogeneous dimension Q > 2. Let |-| be a homogeneous 
quasi-norm on G. Let 0 < < 1. Then for all f € CE (GN(0)) we have 


ó 1-6 
lo 
m < p? log lel Ry = , 1«p«oo. (3.124) 
|x|"? L»(G) |x|"? L?(G) |x|"? L? (G) 
Moreover, we have 
R 1-6 ô 
—L—- CM f. ; Apo. (3.125) 
|x|? L? (G) e|? Lr (G) |z|? Lr (G) 


Remark 3.3.10. In the Abelian case G = (R”,+) and Q = n, (3.124) implies a 
new type of the Caffarelli-Kohn-Nirenberg inequality for any quasi-norm on IR": 
For any function f € C§°(R”\{0}) and any 1 < p < oo we have 


ô 
Tog lzi (i.v r) 
|z|" \ lz] 


L? (R?) 


1—ô 
of 
|z] Eg 3 


Í 


m—p 
la|? 


ô 


(3.126) 


L? (R?) L?(R”) 


By the Schwarz inequality with the standard Euclidean distance given by |x|g = 
y£? + 2$ +--+ x2, we obtain the Euclidean form of the Caffarelli-Kohn-Niren- 
berg type inequality for any quasi-norm on R”, for 1 < p < oo, and for all functions 


f € Cg (R"\{0}): 


ô 1-6 
l 
rA z < p’ | Elev, L , (3.127) 
Izla” L»(R") lela” Loo) llela” ree) 


where V is the standard gradient in R”. Similarly, we can write the inequality 
(3.125) in the Euclidean case as 


icd " 
V 
= < La 2 , l<p<oo. (3.128) 
Iela” L? (R?) || p" LP(R”) lel pcan) 


Note that since E + (=a) = 0, the inequality (3.128) does not follow from the 
Caffarelli-Kohn-Nirenberg inequality in Theorem 3.3.3, thus providing an exten- 
sion of (3.107) in terms of indices but also in terms of a possibility of choosing 
any homogeneous quasi-norm on IR". 
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Proof of Theorem 3.3.9. A direct calculation shows that we have 


f _ f IE a f OE, OE 
= | uocis map" dz. 


A3. 
|x| + |z|Q— p+dp G NT Jz[( 9720-9) 


p 


L»(G) 


Using Holder's inequality it follows that 


yp 1-6 
— SU Eu Pas) (f as) l (3.129) 
By Theorem 3.2.3, we have 


JJe l 
[Sar <p | ES eror, 1<p<o, 


where E = |2|R is the Euler operator. It implies that 


G 


p 


Using this in (3.129), one obtains 
l 
f < pP? | (log ||)” [Rf (a )|?da ES ; 
L(G) c |z|°-P 
which implies (3.124). 


Now let us prove ond Using Theorem 3.2.3, one has 


z< [So dx, l«p« oo. 


G os pi 


Then, using this in ip we obtain 


5 p aid 
e| us Ue Be) UL ee) 


QPI 2246 
( [ MP ,N (f REGP AN 
E ( Mar D (f lx om D 


which gives (3.125), completing the proof. 


|x|" 


3.3.4 Extended Caffarelli-Kohn—Nirenberg inequalities 


In this section, we extend the range of indices for Theorem 3.3.1. Again, we work 
in the setting of general homogeneous groups: G is a homogeneous group of ho- 
mogeneous dimension Q > 1 and |: | is a homogeneous quasi-norm on G. 
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Theorem 3.3.11 (Extended Caffarelli-Kohn-Nirenberg inequalities). Let 1 « p, 
q <œ, 0 « r « oo, with p- q 2 r. Let ó € [0,1] [4,2] and a, b, c € R. 
Assume that 


ô 1-6 

or Meer 
p q 

Then for all f € C5°(G\{0}) we have the following inequalities: 


(i) If QA p(1— a), then we have 


=1 and c= ô(a— 1) b(1— ô). 


ô 
c p d ô 1-6 
llæl flle) € ———— lll fl sce, llel f| uy. (8-130) 
(ii) If Q = p(1 — a), then we have 
ó a ó 1-6 
lll f lcs qe, SP? llel log IeIRF leo le Flea, - (3.131) 


The constant in the inequality (3.130) is sharp for p = q with a — b — 1orpzq 
with p(1 — a) + bq 40. Moreover, the constants in (3.130) and (3.131) are sharp 
for ó —0 ord=1. 


To compare these inequalities with those in Theorem 3.3.1 let us first for- 
mulate the isotropic version of Theorem 3.3.11 in the usual setting of R”, and its 
further implication in the case of the Euclidean norm. 


Corollary 3.3.12. Let |-| be a homogeneous quasi-norm on R”, n € N. Let 1 < 
pq«oo,0«r «oo, with p--q >r, ó € [0, 1] =, By and a, b, c € R. Assume 
that 

ôr | (1— 6)r 

—+ 


p q 
Then we have the following estimates: 


(i) If n #p(1-— a), then for any function f € Cg* (R"”\{0}) we have 


ô " ô 
" (à | ví) | 
is 


L»(R 


=1 and c= ô(a— 1) 4 b(1— ô). 


c a " d ——À ee 
iflg < — 


- ied Flr i 
(3.132) 
(ii) In the critical case n = p(1— a) for any function f € C° (R"N(0)) we have 


ô 


a HH 
lel? log lal (= vin) 
|| L 


(iii) If|-|g is the Euclidean norm on R”, inequalities (3.132) and (3.133) imply, 
respectively, 


1-6 


llli Flr) < 7? = Metrli (3-133) 


ô 


- lll V loq, lelle — (3-134) 


f: r(Rn) € | ——É— 
lelles < 
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for n #4 p(1— a), and 
č 5 a ó 1—ó 
Illes flle S 2? Wels log ll V flle qno) [Inl |l raus; > (3.135) 


for n = p(1— a). 
The inequality (3.132) holds for any homogeneous quasi-norm |-|, and the constant 


mer Euer is sharp for p = q with a — b = 1, or for p Æ q with p(1— a) + bq 40. 


5 
and p? are sharp for ó = 0,1. 


Furthermore, the constants 


p 
n-p(1-a) 
Remark 3.3.13. 

1. If the conditions (3.99) on the parameters hold, then the inequality (3.134) 
is contained in the inequalities in Theorem 3.3.1. However, already in this 
case, if we require p = q with a — b = 1 or p Æ q with p(1— a) + bq £ 0, 
then (3.134) yields the inequality (3.100) with sharp constant. Moreover, the 

5 


constants =e and p? are sharp for 6 = 0 or ô = 1. The conditions 
D 1-6 
z L =1 and c= ĝ(a — 1) +b(1— ô) 


imply the condition (3.101) of Theorem 3.3.1, as well as conditions (3.102)— 
(3.103) which are all necessary for having estimates of this type, at least 
under the conditions (3.99). 

2. If the conditions (3.99) are not satisfied, then the inequality (3.134) is not 
covered by Theorem 3.3.1. So, this gives an extension of Theorem 3.3.1 with 
respect to the range of parameters. Indeed, let us take, for example, 

n — 2p n n— Op 


,b=--, c= 
p p p 


Then by (3.134), for all f € C§°(R”\{0}) we have the inequalities 


l<p=q=r<ow,a=- 


1-5 
V 
L = m e a ; (3.136) 
Ir|g" lze@) Izla” lre) lela Izer) 


for all 1 < p < œ and 0 < 6 < 1, where V is the standard gradient in R”. 
Since we have 

1 b 1 1 n 

-+-=-+-—|-—-]=0, 

q n p N p 


we see that conditions (3.99) fail, so that the inequality (3.136) is not covered 
by Theorem 3.3.1. 
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Proof of Theorem 3.3.11. Case 6 = 0. In this case we have q = r and b = c by 
2 p c = 1 and c = ó(a — 1) + b(1 — 8), respectively. Then, the inequalities 
(3. 130) and (3.131) are equivalent to the trivial estimate 


llli fleo < Ill flle, : 


with clearly a sharp constant. 
Case 6 = 1. In this case we have p= r and a — 1 = c. By Theorem 3.2.3, we 
have for Q + pc = Q + p(a — 1) £0 the inequality 


IIlel°F 


p ae, 
L(G) € T l| E f |l £6 


where E = |2|R is the Euler operator. Using this estimate we get 


lal flle) < j| lle Rae 


BENE GEM 
-a = go Ie Rl, 


which implies (3.130). For Q + pc = Q + pla — 1) = 0 by Theorem 3.2.3 we obtain 


Illz flle) € pll|z|* log |z[Ef||r«(c) 
= pl|la|°** log |x|Rf | r.» (c) 
= p|||z|* log |z|R.f || r»(c) 


which gives (3.131). In this case, the constants in (3.130) and (3.131) are sharp, 
since the constants in Theorem 3.2.3 are sharp. 

Case ô € (0, 1) n [ 72, £]. Using c = ó(a — 1) + &(1 — à), a direct calculation 
gives 


l/r or 1/r 
leslo = (f iatriee rac) = (f PEN eran) 


Since we have à € (0, 1) [4,2] and p+q > r, then by using Hólder's inequality 
1 


T oUm; 


for ac + —— — ], we obtain 


; Be aa re as 
llc flore) < (f [z€ Jylp@ a) atc) (f ac |- 9a 2 
3 p p (3.137) 


P= cse, lE 


L? (G) La (G) 


Here we note that when p = q and a — b = 1, the equality in Hölder’s inequality 
holds for any function. We also note that in the case p Æ q the function 
h(x) = |r| Pa) (3.138) 
satisfies Hölder’s equality condition 
[AIP | 


pet 7 pepe 
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If Q Z p(1— a), then by Theorem 3.2.3 we have 


8 D : 5 
i L»(G = la sa —a) aes L»(G 
© ; es (3.139) 
p Rf 1 

; < p <œ 

Q — p(1— a) |z|7* L»(G) 

Putting this in (3.125), one has 
—à 
p Rf NER 
llæl Flle) < — a= IEEE : 
m Q — p(1— a) |z|-* Le (G) |x|-* L3(G) 


We note that in the case of p = q and a — b = 1, Holder’s equality condition 
of the inequalities (3.137) and (3.139) holds true for functions T c € R\{0}. 
Moreover, in the case of p Z q and p(1 — a) + bq # 0, Holder’s equality condition 
of the inequalities (3.137) and (3.139) holds true for the function h(x) in (3.138). 
Therefore, the constant in (3.130) is sharp when p = q and a — b = 1, or when 
p # q and p(1 — a) + bq 40. 

Now let us consider the case Q — p(1 — a). Using Theorem 3.2.3, one has 


ó ó 
lo 
- Ss glei if ; 1« p «oo. 
|x| Lr (G) |x| Lr (G) 
Then, putting this in (3.137), we obtain 
à log zl, pl? Pa 

llzl* fll rey € p? | EF TE 
|x| "i i mR 
log iz], 


* 


]el-* EM 


completing the proof. 
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Chapter 4 A 


Check for 
updates 


Fractional Hardy Inequalities 


In this chapter we present results concerning fractional forms of Hardy inequali- 
ties. Such a topic is well investigated in the Abelian Euclidean setting and we will 
be providing relevant references in the sequel. For a general survey of fractional 
Laplacians in the Euclidean setting see, e.g., [Gar17]. However, as usual, the gen- 
eral approach based on homogeneous groups allows one to get insights also in the 
Abelian case, for example, from the point of view of the possibility of choosing an 
arbitrary quasi-norm. Moreover, another application of the setting of homogeneous 
groups is that the results can be equally applied to both elliptic and subelliptic 
problems. 

We start by discussing fractional Sobolev and Hardy inequalities on the ho- 
mogeneous groups. As a consequence of these inequalities, we derive a Lyapunov 
type inequality for the fractional p-sub-Laplacian, which also implies an estimate 
of the first eigenvalue in a quasi-ball for the Dirichlet fractional p-sub-Laplacian. 
We also extend this analysis to systems of fractional p-sub-Laplacians and to Riesz 
potential operators. 


4.1 Gagliardo seminorms and fractional 
p-sub-Laplacians 


Throughout this chapter G will be a homogeneous group of homogeneous dimen- 
sion Q. Let |- | be a homogeneous quasi-norm on G. We start with the definition 
of the fractional p-sub-Laplacian. 


Definition 4.1.1 (Fractional p-sub-Laplacian). Let p > 1 and let s € (0,1). For 
a measurable and compactly supported function u the fractional p-sub-Laplacian 
(745,4)? = (—Ap)* on G is defined by the formula 


Torr jue) — ut)? (uz) = uy) 


dy, x € G, (4.1) 
90 JG B(z,à) |y Pale tsp 
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where B(x, ô) = B(x, 9) is a quasi-ball with respect to the quasi-norm | |, with 
radius ô centred at x € G. 


Definition 4.1.2 (Gagliardo seminorm and fractional Sobolev spaces). For a mea- 
surable function u : G — R, its Gagliardo seminorm is defined as 


u(x)— u(y)|? E 
hai = [lee ‘= (f : LO ivi) (4.2) 


For p> 1 and s € (0,1), the functional space 
W*?(G) = {u € L"(G) : u is measurable and [u]s p < +oo}, (4.3) 
endowed with the norm 
llull ws.) = (llull?) + lup), we W*?(G), (4.4) 


is called the fractional Sobolev space on G. Sometimes, to emphasize the depen- 
dence on a particular quasi-norm, we may write [u],,,).; and WP but we note 
that the space W P! is independent of a particular choice of a quasi-norm due 
to their equivalence, see Proposition 1.2.3. 

Similarly, if Q C G is a Haar measurable set, we define the fractional Sobolev 
space W*?(Q) on Q by 


W*?(Q) = L € L?(Q) : u is measurable 


luz) = uy)? aa) 


endowed with the norm 


1/p 
llwesen = (lul f f MP andy). 43) 


Moreover, the Sobolev space W” (€?) is defined as the completion of Cg* (Q) with 
respect to the norm ||ul| ys.»(q)- 
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4.2 Fractional Hardy inequalities on 

homogeneous groups 
In the present section we establish fractional Hardy inequalities on homogeneous 
groups. 


Theorem 4.2.1 (Fractional Hardy inequality). Let G be a homogeneous group of 
homogeneous dimension Q with a homogeneous quasi-norm |-|. Let p > 1, s € (0,1) 
and Q > sp. Then for all u € C§°(G) we have 


anto) [ TE as «wt (4.6) 


lx po spl? 
where u(y) is defined in (4.10). 


Remark 4.2.2. In [AB17] the authors studied the weighted fractional p-Laplacian 
and established the following weighted fractional L?-Hardy inequality: 


= u(y)l? 
c[ £ 2< f | —— A dirdy, 4.7 
RN |x put RN JRN |z — era wa 
where 8 < ME. u € Cg (RP), C > 0 is a positive constant, and |- |g is the 


Euclidean distance in RN. 


Before we prove Theorem 4.2.1, let us establish the following two lemmas 
that will be instrumental in the proof. 


Lemma 4.2.3. We fix a homogeneous quasi-norm |-| on G. Let w € Wo” E and 
assume that w > 0 in Q C G. Assume that (—A54)*w =v > 0 with v € Ll1,.(Q). 
Then for all u € Cg? (Q), we have 


1 lu(z) — u(y)l" CM 
a aha erae = (A cot) 


Proof of Lemma 4.2.3. Using the notations 


loc 


|ul? 1 


v I= lori and k(a, y) = Jy ta] O48” 


we get 
((—Ap)°w(e), v(z)) = I v(z)dz h l(z) — wy)?" (w(x) — wly))kle, y)dy 
= [ erts f ole) - eto Ce) - ets y)dy: 
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Let us show that k(x, y) is symmetric, that is, k(x, y) = k(y, x) for all x,y € 
G. This readily follows, since by the definition of the quasi-norm we have |x~!| = 
|x| for all x € G. So, since k(z, y) is symmetric, we obtain 


o (2), v Ue 
el? P=? wg) —w x d 
ne EOL IE) lota) - ot"? (a) -okle dy. 


Let g :— 5 and 
R(x, y) = |u(x)—u(y)|? — (lg) Pwl) lau) Pulo) ^ Q)|P 7 (w(x) ^ (9). 


'Then we have 


E 1 1 á 
(Ape +5 ff stie = 5 f f ua) - urs da. 


By the symmetry argument, we can assume that w(x) > w(y). By using the 
inequality (see, e.g., [FS08, Lemma 2.6]) 


lat? > (1 25?" (laf — t), p> 1, t€ [0,1], a e C, (4.8) 


with t = = and a = 2. we see that R(z,y) > 0. Therefore, we have proved 
the inequality 


s 1 u(x) — u(y)? 
((-Ap)*w,v) € 7 - —— ——  dydz, 


lg asesor 


completing the proof of Lemma 4.2.3. 


Lemma 4.2.4. Let p » 1 and € (o. oon). Then there exists a positive constant 
u(y) > 0 such that 


(Ap) (In ?) = wy) a.e. in GN (0j. (4.9) 


[zz | ps FY(p- 1) 


Proof of Lemma 4.2.4. Let us denote w(x) := |v| *. We set r = |x| and p = |y| 
with x = rz' and y = py’ where |z'| = |y'| = 1. Then we have 


T da(y) 
-A w= z|-?— |y|~7 |? (a|-7— |y| ?)|y|2 71 J — = ] dy 
(—Ap) i llc] 7 — ly] P "(E ? — luy] nen Pal lul 


1 Too —y p-2 
= aon | k- a 
|a; [pete 0 |x|-7 


ee ee do(y) diy| 
le? Jn] | Jia =1 o Que | OMT: 


1 
uS 
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d 
Let p= — and L(p) = Jes ee. Then we have 


1 Xe FECE E " 
(—Ap)*w | [1 — pP? — p- 7) E(p) p? "dp. 
0 


= |a|Ppsty(p-1 
We then have (4.9) with 
Foo 
uo) [^ eap (4.10) 
0 


for 
olo) = |1 — p7?|"7?(1— p7?)L(o)p*-!. 


Now it remains to show that u(y) is positive and bounded. Firstly, let us 
show that u(y) is bounded. We have 


1 +oo 
nay f sodo + f $(p)dp = h + lo. (4.11) 


Using the new variable ¢ = r we have L(p) = L (+) = (Q*»5pL(C) for any Ç > 0. 
Thus, we get that 


+00 
lay = fort = PIED — pe L dp, (412) 


For p — 1 we have 


(P77 — 1)?! (99-1-60-9 — pF) L(p) e (p—1) 3-7" e D'(1,2).— (413) 


Similarly, for p —> oo we get 


(9-9 que ccs er er grove L2, o0); (4.14) 


These properties show that u(y) is bounded. On the other hand, by (4.12) with 


yE (0, 9-5). we see that u(y) is positive. 


Lemma 4.2.4 is proved. 


Proof of Theorem 4.2.1. Let u € C§°(G) and y < c By Lemma 4.2.4 and 
Lemma 4.2.3 we readily obtain that 


1 1 |u(x) — u(y)|P 
Efi um T T UW) drd 
alls a e ly-!e| etr ib 


> (caie, TM dr. 


[z|-*(7 0 G |x|Ps 


This completes the proof of Theorem 4.2.1. 
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4.3 Fractional Sobolev inequalities on 
homogeneous groups 


In this section we establish fractional Sobolev inequalities on homogeneous groups. 


Theorem 4.3.1 (Fractional Sobolev inequality). Let G be a homogeneous group of 
homogeneous dimension Q. Let us fix a homogeneous quasi-norm |-| on G. Let 
p>1,s€ (0,1) and Q > sp, and let us set p* :— we. Then there is a positive 
constant C = C(Q,p,s,|-|) such that we have 


ell ze (gy € Clu]: (4.15) 


for all measurable compactly supported functions u : G — R. 


Remark 4.3.2. In [DNPV12] the authors obtained the fractional Sobolev inequality 
in the case N > sp, 1 < p < oo, and s € (0,1). Namely, for all measurable and 
compactly supported functions u one has 


lullz (avy S Cluls,p, (4.16) 


C = C(N,p,s) > 0 is a suitable constant independent of u, and 


(y)I? 
————— drd 
Usp -[.[. 5S o eae v 


with |- |g being the Euclidean distance in RY. 


where p* — we t 


To prove the above analogue of the fractional Sobolev inequality, first we 
present the following two lemmas. 


Lemma 4.3.3. Let p » 1, s € (0, 1), and let K C G be a Haar measurable set. Fix 


x € G and a quasi-norm |-| on G. Then we have 
Ys CK, (4.17) 
xe |y !z| 9t» 7 


where C = C(Q,s,p,|- |) is a positive constant, K* := GN K, and |K| is the Haar 
measure of K. 


1/Q 
Proof of Lemma 4.3.3. Let ô :— (&) , where wọ is a surface measure of the 


unit quasi-ball on G. For the corresponding quasi-ball B(x, ô) = B,.|(v, 0) centred 
at x with radius 6, we have 


|K* n B(x, 6)| = |B(z, 6)| — |K n B(x, 6)| 


4.1 
-|K|-|KnB(sS)-|KnB(s8)  —€19 
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where |- | (by abuse of notation, only in this proof) is the Haar measure on G. 


'Then, 


| dy _ f dy + J dy 
kc |y 1z|9*P KenB(s,5) ly 1|Q tsp KenBe(a,5) ly 1x] ts? 


is f dy 2 ji dy 
— JKenB(s,ó) OOTP KenBe(a,5) lU 1x|Q **P 


_ [KEN B(z,6)| «f dy 
gran KenBe(z,) (YTT E| 
By using (4.18) we obtain 
f dy - |K* à B(x,6)| f dy 
ke |y 1z|9**P 7 oor sp Ken Be(x,6) yt a|ersP 


_ |K n B*(z,6)| f dy 
ĝQ+sp KenBe(2,5) (Yale * P 


dy dy 
Zz —14|Q-4-s + —14|Q--s 
KnB*(a,8) |J x| +P KenBe(2,6) ly r| tP 


- f dy 
Be(a,6) ly teete 


Now using the polar decomposition formula in Proposition 1.2.10 we obtain that 


dy 
> C|K|- 2/2 
I. Eee m ) 


completing the proof. 


(4.19) 


We now establish a useful technical estimate for the Gagliardo seminorm 


[u]s,» defined in (4.2). 


Lemma 4.3.4. Let p > 1, s € (0,1) and Q > sp. Let u € L(G) be compactly 


supported and denote aj, :— |(|u| > 2*)| for any k € Z. Then we have 


C Y, anya, 7 29? « [ufo 
k€Z, ak #0 


where C = C(Q,p,s,|- |) is a positive constant. 
Proof of Lemma 4.3.4. We define 
Ap = HIT > ge" k € Z, 


and 
Dy := Aj N Aka = [25 « |u| < 2 dini and d; := |Dxl, 


(4.20) 


(4.21) 


(4.22) 
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the Haar measure of Dp. Since Ak41 C Ar, it follows that 
Qk--1 < Gk. (4.23) 


By the assumption u € L^?(G) is compactly supported, a; and d, are 
bounded and vanish when k is large enough. Also, we notice that the D;'s are 
disjoint, therefore, 


U Di= Ain (4.24) 
lEZ, I<k 
and 
U Di= Ar. (4.25) 
1EZ, l>k 
From (4.25) it follows that 
Xo dasa (4.26) 
1EZ, l>k 
and 
dk = ak — 5 dı. (4.27) 
lEZ, l>k+1 


Since a, and dp are bounded and vanish when k is large enough, (4.26) and (4.27) 
are convergent. We define the convergent series 


Si So gea og. (4.28) 
IEZ, a1. 1220 


We have that Dy C Aj C Aj..1, therefore, a; P ed, < a; P Oa. Thus, 


{(i,l) € Z s.t. aj. Z 0 and a; ?/9d, £0} C {(i, 1) € Z s.t. aia #0}. (4.29) 


By using (4.29) and (4.23), we can estimate 


DUE c4 MED cx 


icZ, leZ, icZ, lcZ, 
ai-1z0 I>i+1 ai-140 l>i+1, 
a®?/2q,40 
3 ` » : ip ,—sp/Q 3 j X j ip —sp/Q 
< 2'Pg i di = 2'Pq i dy 
icZL  IcZ, lEZ, icZ, 
l>i+1, aj—140 i<l—1 
ai—140 
+00 
£x Y Su ey gril Bg «mM < S. (4.30) 
lEZ, icZ, leZ, k=0 
aj-140 i<I—-1 ai-140 


Notice that 
||u(x)| — Ju(y)|] € lula) — u(y), 
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for any x,y € G. If we fix i € Z and x € Dj, then for any j € Z with j < i — 2, for 
any y € D; using the above inequality, we obtain that 


lu(z) — u(y)| > 2* — 25*1 > 2* — 2171 > 21-1, 
Then, using (4.24), we have 


jula) — u(y)? Pm 
ula) — ul) a > 26-0» NM m 
h, [u Tease "» p, y Ta] 2*9» 


- iv f e 
= sp 
AS sy ae a 


Now using (4.31) and Lemma 4.3.3, we obtain that 


|u(x) — u(y) |? -sp/Q 
Du dies Clq? 
L |y 1|? 


JEZ, jci-2 (4.31) 


JEL, jci-2" Di 


with some positive constant C. That is, for any i € Z, we have 


u(y)? D "hie 
Y f DN ———- —— MÀ drdy > C2'a, 1 * di. (4.32) 
jcZ, j&i—2 


From (4.32) and (4.27) we get 


lula) — u(y)? g 
pte "M 


>C Pa P/a; — 5 Pa P/d 


JEZ, 2 2 
(4.33) 


1EZ, 1>i4+1 


lula) - uP? ,.. 
oe 


i€Z,a; 1720 2 2 (4.34) 


sa X m 
i€Z,ai-17z0 


By (4.32) and (4.28) it follows that 


Then, by using (4.30), (4.33) and (4.34), we obtain that 


Xo so do, rapto tr 


i€Z,a;.1z0 jEZ,j<i-2 
20 Yo su xe v 0. Su Uu 
t€Z, ai-1 40 1€Z,ai-140 1EZI>i+1 
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>20 Y oa aos 


i€Z,ai-1:z0 
ip,—sp/Q, —— (y)|? 
>0 Y) agu- Y > dE E DL A) eU)" dady, 
icZ,ai 170 i€Z,ai.1z0 jEZ,j<i-2 


This means that 


22 als i Speen dtu 


t€Z,ai-1 40 JEZ,j<i-2 


C (4.35) 
>= 5 Pa P/a 


is 


i€Z,a;-170 


for some constant C > 0. By symmetry and using (4.35), we arrive at 


> _ f [ hut - wor ir 
iilo aquis dtm Y. [. |, ape tt 


4jcZ 


Pr pE 


i, jEZ,j<i 


u(y)|? 
>2 IER EA 
2 2 »DNER- ee a 


iEZ,ai—1#0 jEZ,j<i-2 
ip, —sp/Q 
>C 1 2ipg ^F dj, 
i€Z,ai-17z0 


completing the proof of Lemma 4.3.4. 
Proof of Theorem 4.3.1. Assume that Gagliardo's seminorm [u],,, is bounded, i.e., 
that 


"A lulz) — u(y)l" , " 
By = f a u aa drdy < + (4.36) 


Suppose also that u € L(G). 


If (4.36) is satisfied for bounded functions, it holds also for the function un, 
obtained from u by cutting at levels —n and n, that is, for 


Un := max{min{u(z),n}, ^n), 
for any n € R and « € G. Thus, using the fact that 


RENDUM 
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1 < p < oo, and by using (4.36) with the dominated convergence theorem, we 
obtain that 


D ee 
Um. [us]S, m LS Eu GER ds dy 
(4.37) 
GJG oe “sp 


Defining a, and Aj, as in Lemma 4.3.4, we have 


1/p* 
lull ze" cs n x)" dz 
=|, T 


keZ 


1/p* 
(Ef wma 


1/p* 
< (= so | 


kEZ 


Recall the following fact from [DNPV12, Lemma 6.2]: let T,p > 1 and s € 
(0,1) be such that Q > sp, m € Z, and assume that aj is a bounded, decreasing, 
non-negative sequence with a; = 0 for any k > m; then we have 


Yar Pree NS apa TS (4.38) 
kEZ kEZ, ap Z0 


for some positive constant C = C(Q, s, p, T). 
Then, with p/p* = 1 — sp/Q < 1 and T = 2?, this fact yields 


p/p* 
lulz») S »(x : «) gp NO au 


keZ keZ (4.39) 
<C y Par P apy 
k€Z, ap #0 


for a positive constant C = C (Q, p, s, |- |). Finally, using Lemma 4.3.4 we arrive at 


leo SC Y. aay 
kEZ, ak #0 


lu( — CH? 
<of [^8 M JS SUD og dy = Clu uj» 


Theorem 4.3.1 is proved. 
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4.4 Fractional Gagliardo-Nirenberg inequalities 


In this section we discuss an analogue of the fractional Gagliardo—Nirenberg in- 
equality on homogeneous groups. As it can be partly expected, in its proof we 
will use an already established version of a fractional Sobolev inequality on the 
homogeneous groups. 


Theorem 4.4.1 (Fractional Gagliargo-Nirenberg inequality). Let G be a homoge- 
neous group of homogeneous dimension Q with a quasi-norm |- |. Assume that 
Q22,s€(01),p»1,021,7»50,a€(0,1, Q > sp and 


1 1 S 1198 
——a|--— $ 
T p Q a 


Then there exists C = C(s,p,Q,a,a) > 0 such that 


llullz-«) € Clp lulis (4.40) 


holds for all u € C1(G). 


Remark 4.4.2. Theorem 4.4.1 was proved in [KRS18a]. In the Abelian case (RY , +) 
with the standard Euclidean distance instead of the quasi-norm, Theorem 4.4.1 
covers the fractional Gagliardo—Nirenberg inequality which was proved in [NS18a]. 


Proof of Theorem 4.4.1. By using Holder's inequality, for every + =q (i — 5) d 
— we get 
T T aT —a)r aT l—a)r 
luz. = f alte = f luttes < iole (D 
G G 
where p* = ae 7 (4.41), by using the fractional Sobolev inequality (Theo- 


rem 4.3.1), we obtain 


T ar 1—a)r (1—a)r 
lel- < lioll E x Cul lull eae 


that is, 
lulle) < Clus p llull iato (4.42) 


where C is a positive constant independent of u. Theorem 4.4.1 is proved. 
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4.5 Fractional Caffarelli-Kohn-Nirenberg inequalities 


In this section we discuss the weighted fractional Caffarelli-Kohn-Nirenberg in- 
equalities on homogeneous groups. First, let us define a weighted version of frac- 
tional Sobolev spaces from Definition 4.1.2. 


Definition 4.5.1 (Weighted fractional Sobolev spaces). We define the weighted frac- 
tional Sobolev space on a homogeneous group G with homogeneous dimension Q 
and homogeneous quasi-norm |- | by 


WPP (G) = L € L"(G) : u is measurable, (4.43) 


tenon = (f, [ Erano uet ia 


where 61, 82 € R with 8 = f + b2. We note that the space W*:^?(G) depends 
on £4 and 85. At the same time, it is independent of a particular choice of a 
quasi-norm due to their equivalence, see Proposition 1.2.3. 

For a Haar measurable set Q C G, p > 1, s € (0,1) and £1, f» € R with 
B = bı + B», we define the weighted fractional Sobolev space on 2 by 


SIR 


W*?-F(Q) EE € L?(Q) : u is measurable, (4.44) 


{ 
|x]? |y|P?P|u(a) — u(y)|? d 
[4]5,5,6,-.0 = INI — TET NER « +00 >. 


Theorem 4.5.2 (Fractional Caffarelli-Kohn-Nirenberg inequality). Let G be a ho- 
mogeneous group of homogeneous dimension Q. Let Q > 2, s € (0,1), p > 1, 
a>1,7T>0,a€ (0, 1], 61, Ga, B, uW, YER, £185 — B and 


—tL—-—atl-ct——j-c(-a)|—-c4xJ. 4.45 
rgo gg tU Mata in 
In addition, assume that, 0 < B — o with y = ac + (1 — a)u. We also assume 
„l y 1 f-s 
B-o<s onlyif -+= =-+ ; 4.46 
eT Sig a (4.46) 


Then when + + a > 0 we have 


T 


lllz "ullis e) < Clu], g llel ull rave), (4.47) 
for all u € C1(G), and when 1 + g <0 we have 
lllz "ullis e) < Clu], llel ll rq; (4.48) 


for all u € C1(GW {0}). 
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Remark 4.5.3. 


1. The critical case + + a = 0 will be considered in Theorem 4.5.5. 


2. In the Abelian (Euclidean) case (RY ,+) with the usual Euclidean distance 
instead of the quasi-norm in Theorem 4.5.2, we get the (Abelian) fractional 
Caffarelli-Kohn-Nirenberg inequality (see, e.g., [NS18a], Theorem 1.1). In 
(4.48) by setting a = 1, T = p, bı = 2 = 0, and y = —s, one has an 
analogue of the fractional Hardy inequality on homogeneous groups. 

3. In the Abelian (Euclidean) case (R, 4-) again with the usual Euclidian dis- 
tance instead of the quasi-norm and by taking in (4.48) the values a = 1, 
T =p, Bı = b2 = 0, and y = —s, we get the fractional Hardy inequality (see 
[FS74, Theorem 1.1]). 

4. The results of this section were obtained in [KRS18a] and we follow the 
presentation there in our proof. 


To prove the fractional weighted Caffarelli-Kohn-Nirenberg inequality on G 
we will use Theorem 4.4.1 in the proof of the following lemma. 


Lemma 4.5.4. Let Q > 2, s € (0,1, p>1,a > 1,T » 0, a € (0,1] and 


1- jl S 22-8 
—>al--=— , 
T p Q a 


Let A » 0 and 0 «€ r « R and set 


Q={xeG: Ar « [z| « AR]. 


Then, for all u € C! (Q), we have 


(f e walter)” se sa, f rar). nam 


where C, g is a positive constant independent of u and A. 


Proof of Lemma 4.5.4. Without loss of generality, we assume that 0 < s' < s and 


71! > T are such that 
1 1 s mu 
== 4) mp" 
T! p Q a’ 


Qi:—(re€G: r< |v| « R}. 


and A = 1 with 


By using Theorem 4.4.1, Jensen's inequality and [us pj. X Cluls p.112; we 
compute 


l/r 1 
(J |u — uo, rar) = vr] — ua, |l- € Cy. n||u = uo ller) 
n [Q1|7 


4.5. Fractional Caffarelli-Kohn-Nirenberg inequalities 205 


< Cr rlu = os ls pl, lel sto, y 


u(x) — uo, — u(y) + uo; |? Ur 
«ea f ae eT dedy) fallia 
' 0, Jay ly- tee rep L»(Qi) 
(1—a)/ 
< Onatili polulta S Calliano (f, hair) 
T 


where C, g > 0. Let us apply the above inequality to u(Ax) instead of u(x). This 
yields 


T l/r 
(J u(Ax) — f, u(Aa)da 2 
Qı 
u(Ax) )-« (Ay) |? M 1 | ) 
E C, | n d = Ax)|? d. ‘ 
a 0, Ja Jytte — dx y l " |u( x)| MH 


Therefore, we have 
d 
as) 


(f, ae L ulzids 


e ; 
dx = mJ." u(x) ; /[ x)dx 
) (m Q JR 
1 1 T T 
-(a u(y) = gy | dO) do) 
Q IQ| Jo 
1 AQ AQ i g 
= (Ta a, 52 OV- sam Jp, O| ae) 
1 1 e 
NM (pa yc d 
(im p pn " " ) 
< Chr (| [= Ae) = WIE pd j (s ju(rv)|%de) 7. 
a, Ja, x E Qal Jo, 


2Q \Q+sp = » Q = 
f. [on EOD" say (Af Soupes 
Ee o np Fui Jo, XO 


Con ( 
calf eoe sou - u(dy)? 
cah 


u(Ay)dy 


B P E aoaaa)” af, OM 
= ws) a y), andy) (i n jea)” 
= = Cua E ulia (s f i lu(x) jeas) F 


'This completes the proof. 
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PH of Theorem 4. a 2. First let us consider the case (4.46), that is, 8— o < s 
and i + re] = 25 r = 1, R = 2 and 


Q= Ax; ne get. 


l/r pecan (1-a)/a 
(J lu — " SU2 7 Juba (/ Pac) . (4.50) 
Ak Ak 


Here and below A; is the quasi-annulus defined by 


Ay = {x € G: 2* < |a| < 27H), 


for k € Z. Now by using (4.50) we obtain 


| ia ju — uA, + ua, |" dx 
Ak 


f, tald «f lu — asas) 
Ay 


Ax 
A 
“olf |uA, |" dz + —— [Ax | m asas) 
[Ax] 
=C (iun adf, ju — wa, |” 2 (4.51) 
1 (1—a)T 
ak(sp-Q)r ^ 

«Cc ua, | +2 Ax|[u]2^, ,. (us Pac) 

(i k|lua, | EIU MAN ZW m | 

- akler=Q)7 _QU-a)rk, a (1—a)r 
c (29 us lr pane aa EP en a qup moy, 


Then, from (4.51) we get 


f |x|77 |u| dz < aee |u|7 da 
Ax Ak 


ak(sp—-Q)T Q(1—a)rk (1 a)r 


< Co (Q7) Kua, ee es a es ee “a [ule plpa lu nee (Ar) 
= Qaem, Jt 


q Cortes erz gie - See y (/ | eee DU asdy) 7 
Ay JAR 


9kpB |y—la|@+sp 
okap " 
«(f ESL 2 


< Qao, It 


4 cor sesz ee 90-9 aBr—yr (1 a))k 


pfi |q | PB2 = p 
«( [ [ SWR «9 tray) 
Ax J Ag ly—ta|@+sp 


(1—a)r 


eT 
P 
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(1-a)r 
x (f, ietmuoras) 
Ak 
< gam. Jm (4.52) 
" a(sp-Q)r Qü-a) a8. nr(1—-a)Wkr Jar ar 
4 c2 QJ UE a Br—yr(1 Ju]. ca, lll] ub 
Here by (4.45), we have 
= J= 
qp EB e, Cia La ey ae 
p a 
ay a(sp - oe D) 
g^ Qp o Q Q 
u 
e(t) e (i) 
g ( ) Q 
1— 1— 
jg (sm. OE s ME s — quas 
Qp o Q Q 
Thus, we obtain 
|, |e uj" dæ < 029979714 Cele a TERM uo (4.54) 
and by summing over k from m to n, we get 
J [zc|?7 |u| da E [zc]? |u| da (4.55) 
Ug my Ak (27 «|z| «27 *1Y 
F : F ar l—a)r 
«C Y 2095, I C Y ipepe ullra ca: 
k=m k=m 
where k,m,n € Z and m € n — 2. 
To prove (4.47) let us choose n such that 
suppu C Bon, (4.56) 


where Bs» is a quasi-ball of G with the radius 2". 
Let us consider the following integral 


NER. 
Ak 4 1UAk Ak 4 1U Ak 
Ta (J, 
= ——— U — 
[Aii] + lAr (Jary 


T 


1 


E |Ak+1l F | Axl Ak41UAÀx 


T 
J Ak+1 UA; 


T 


dx 


T | u 
Ay 4 1U Ak 
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On the other hand, a direct calculation gives 


- 
E a A 
Aka Ud FINEST 

u 1 
Aky] + |Ak [.. 


ases 
> ————— u— u 
Agta SED Ak Ax Ak 1U Ax 


dx 


dx 


tel 1.) 
P: u-— u | dx 
Ag+il + |Ak Ak Ak+ıUAk 
1 | [Aa [Aa : 
— udx — ——————— | udr — ——————— udx 
Agsil + | Ax] |Ja, [Aii] + | Ak] Ja, [Arti] + |Akl JA. 
1 |Ak+1] | Ax| 
= | cad e udx — ——————— udx 
Akyıl + |Ak] | | Akad + |Ak Ja, [Agi] + |Akl Jans, 
: [A T) d [As | d 
= Agri udx — |Ak udx 
(Akil + |Axg|)7+? EN Arya 
[Axa |Ak|7 1 1 
= | udx — ——— udx 
(JAn+i| + |Agl)7* | Akl Ja, [Aki] J Arpi 
[Ar| As] - 
BELTS) 
2 Cua... = UA. (4.57) 
From (4.57) and Lemma 4.5.4, we obtain 
LZ" ni uA] <C u -f ul dz 
Ak 4 1U Ak Ay 1U Ak 
(1-a)r 


ak(sp-Q), ya " B 
< C2 P [7] EP NET (/ Jul 2 : (4.58) 
Ay 4 4U A; 


By using this fact, taking 7 — 1 we have 


uA; | us LZ = UAr| F LM 


Q-a) 


ak(sp—Q) |. " 
« jua, | E CDI de uauAs f l*dz) ^ . (4.59) 
ApyiUAp 
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On the other hand (see, e.g., [NSI8b, Lemma 2.2]), there exists a positive constant 
C depending € > 1 and 7 > 1 such that 1 < Ç < €, 


(la| + |b|)” < cla|" + lb", Va,beR. (4.60) 


C 
(6-1) 
Thus, by using with y = r, ( = 277*9c, where c = = pp < 1, since 
"yr + Q > 0, from the previous inequality we have 
k k a 
ITQ) Jua, [7 < cxt DOTO) ii Alig + Clu Iz PBL, "TAL ull Or T. 


By summing over k from m to n and by using (4.56) we have 


5 Bere rely gol? < 5 gau DEED ut 
Los — (4.61) 


(1—a)r 
+C fu uls pB, Arpu META ulia (Ax41U Ag)" 


By using (4.61), we compute 


(1— c) 5 QT +2) Flay a |7 < gems, a |" +(x) 5 grep eh a |7 
k=m k—m-4-1 
(1 và 
LODE sanas lel lla, a 


This yields 
gp T 1—a)r 
x 207* 95, |" « C Ye (otha lel une. 82) 


k=m 


From (4.55) and (4.62), we have 
Judr < C Ta tyz . (4.63 
| ES a M = 2. Iss asina u||r, (Ak 10 Ax) ( ) 
Let s,t > 0 be such that s +t > 1. Then for any zy, Yk > 0, we have 


»» vig. S (X 2] (x w) - (4.64) 


By using this inequality in (4.63) with s = 72, t = . 
s > DB — o, we obtain 


a)r 


Í Las, PITT S CIS s allel NE ay 


Inequality (4.47) is proved. 
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Let us prove (4.48). The strategy of the proof is similar to the previous case. 
Choose m such that 
suppu N Bom = Í. (4.65) 


From Lemma 4.5.4 we have 
(1—-a)r 


atk(sp—Q) 


haa tal” 02 pu (J uds 
Ak 1U Ax 


By (4.60) and choosing c — pet m « 1, since yr + Q « 0, we have 
T T T (1—a)r 
DAGI Re uap, il < c2Fo +Q) lua, |" + Clu je PBL, Arua llel” u|| E Cr uns 


and by summing over k from m to n and by using (4.65) we obtain 


n n—1 
k (1 
Y gw Pee x ult edis canas e] ule D oue (4.66) 
k—m k=m-1 


From (4.55) and (4.66), we establish that 


n—1 
(1-a)r 


s Ee pe de EM p» [u]; smh, l-l An Ar llle ull ra (Ak+1UAk)' 
k—m-1 


Now by using (4.64) we get 


1 
/ MALLEM um T 
"v 


The proof of the case s > 8 — a is complete. 
Let us prove the case of B — o > s. Without loss of generality, we assume 
that 
[u]s. p.844 = llullze(@) = 1, 
where i 
Pe a 
Q 


We also assume that a, > 0, 1 > a» and 71, T > 0 with 


1 a lud 


T9 p Q 
and 
1— 1 1— 
t E+E wa then >=% A 
a Q "n p a Q 
a l—a as 1 a l-a ais (4.67) 
iP Sg -2 sub thn >>> 4} = 
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Taking yı = a16 + (1 — a1) and %2 = a2(8 — s) + (1 — a2)p, we obtain 


t 174 1 B-s l op 
eg tl g spear) 


l "a 1 p-s l op 
aa a +8): 


Let a, and a3 be such that 


and 


ja — a1| and |a — a»| are small enough, 


il B-s_ 1 p 

a2 <a <a, if — + peste, 
Q a Q 

wl B= Ser LB 

ay <a < az, if -+ xm m. 
p QR a Q 


By using (4.70)-(4.71) in (4.68), (4.69) and (4.45), we establish 


Lom. baa Van d 1058 
cedes c E 
n Q T Q m Q 
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(4.68) 


(4.69) 


(4.70) 


(4.71) 


From (4.67) in the case ag — — rel > 0 with a > 0, 8 — o > s and (4.70), we get 


T Ti Q Q Q 

and 1 " i 3 
t-i-6-a(i-i) E urea) se 
T T2 Pp a Q 


From (4.67), (4.72) and (4.73), we have 
T1 2 T, T2>T-. 
Thus, using this, (4.70) and Holder’s inequality, we obtain 


llzPullze ce < Clie! ullra) 
and 
leul) € Olllal Palle), 


where B, is the unit quasi-ball. By using the previous case, we establish 


j= 
llef ule e) < CIT, lleure S C 


and 


Ilju] L72 (G) £ C[u], gll zulia) < C. 
The proof of Theorem 4.5.2 is complete. 


Now we consider the critical case + to~” 0. 


(4.72) 


(4.73) 
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Theorem 4.5.5 (Fractional critical Caffarelli-Kohn—Nirenberg inequality). Let G 
be a homogeneous group of homogeneous dimension Q. Let Q > 2, s € (0,1), 
pol oS 1,7 > 1,8 (0,1); Bis 82, 6, H, Y ER, 8&1 + b2 = B, 


Baer) em 


In addition, assume that 0 < B — o < s with y = ac + (1 — a)p. 
Ifi 3 = 0 and suppu C Br = {x € G: |x| < R}, then we have 


[z| " "e 

2R Y = Clu] a.i. lll u|| Gy» (4.75) 
In (G) 

Tal "re(e) 


for all u € C1(G). 


Proof of Theorem 4.5.5. The proof is similar to the proof of Theorem 4.5.2. In 
(4.54), summing over k from m to n and fixing £ > 0, we have 


|x?" 1 
————À——. |u[* da < C td p Aal 
LE m'** (22) 2 get 
m (4.76) 
aT l—a)r 
* C Yu, spalle el 5. 
From Lemma 4.5.4, we have 
1—a 
skGg- Gy. e " 
| Aga = UA,| X < C2 [u do s tdt (/ |u| J 
Ak41U Ax 
By using (4.60) with ¢ = ae we get 
[uA |" < LZ" |" (4.77) 


(n+1—k)e (n+ k) 


a)r 


+ C(n +1- k)- i "p. DB]. dalle eae: 
For £ > 0 and n > k, we have 


1 1 1 


M-k mkt HED do 


By using this fact, (4.77), (4.78) and € = 7 — 1, we obtain 


Z |uA,|* (1—a)r 
b» (n4 (CENE: EG Yu: $,9:8. Ai aU AR lg” Cx)ull rc, uas) (4.79) 
k=m 


k=m 
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From (4.76) and (4.79), we establish 


|x|?" (1-a)r 
J mae Yu [275 5. Assn As rl ull (A AL) 
Ja] 


|2|>2™} In” 


By using (4.64) with (4.74) and 0 < 8—c < s, where s = 7^, t— eam we have 
s+t>1 and we arrive at 


l| 
| STET tS yea ll e ag: 


lz[»20) In 


Theorem 4.5.5 is proved. 


4.6 Lyapunov inequalities on homogeneous groups 


In this section we give an application of the preceding results to derive a Lyapunov 
type inequality for the fractional p-sub-Laplacian with homogeneous Dirichlet 
boundary condition on homogeneous groups. First, we summarize the basic re- 
sults concerning the classical Lyapunov inequality. 


Remark 4.6.1 (Euclidean Lyapunov inequalities). 


1. In [Lya07], Lyapunov obtained the following result for the one-dimensional 
homogeneous Dirichlet boundary value problem. Consider the second-order 
ordinary differential equation 


m +w(z)u(z) — 0, z € (a,b), (4.80) 


Then, if (4.80) has a non-trivial solution u, and w = w(x) is a real-valued 
and continuous function on [a,b], then we must have 


b 
J bed> = (4.81) 


Inequality (4.81) is called a (classical) Lyapunov inequality. 


2. Nowadays, there are many extensions of the Lyapunov inequality (4.81). For 
example, in [Elb81] the Lyapunov inequality for the one-dimensional Dirichlet 
p-Laplacian was obtained: if 


ia [P?u (z))' + w(z)u(z) = 0, z € (a,b), 1 « p « oo, (4.82) 
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has a non-trivial solution u for w € s b), then 
ri ico (a Meet > ———p 1<pe<om. (4.83) 


Obviously, taking p = 2 in MS we recover (4.81). 

3. In [JKS17], the following Lyapunov inequality was obtained for the multi- 

dimensional fractional p-Laplacian (—A,)*, 1 < p < oo, s € (0,1), with a 

homogeneous Dirichlet boundary condition, that is, for the equation 
md = w(x)|u[?u, x € Q, 


u(x) =0, z E€ RY \Q, C) 


where Q C R is a measurable set, 1 < p < oo, and s € (0, 1). More precisely, 
let w € L°(Q) with N > sp, x « 0 < oo, be a non-negative weight. Suppose 


that the problem (4.84) has a non-trivial weak solution u € WÒ” (Q). Then 


we have 
1/0 C 
( f w? (x) 2 = (4.85) 
Q m 


where C > 0 is a universal constant and rq is the inner radius of €). 


The appearance of the inner radius in (4.85) motivates one to define its 
analogue also in the setting of homogeneous groups. 
Definition 4.6.2 (Inner quasi-radius). Let p > 1 and s € (0, 1) be such that Q > sp. 
Let Q C G be a Haar measurable set. We denote by ro,, the inner quasi-radius of 
Q, that is, 

ro = ro. := sup(|z| : z € Q}. (4.86) 

Clearly, the exact values depend on the choice of a homogeneous quasi-norm | - |. 
As before, if the quasi-norm is fixed, we can omit it from the notation. 


4.6.1 Lyapunov type inequality for fractional p-sub-Laplacians 


We now turn our attention to the Lyapunov inequalities for the fractional p- 
sub-Laplacian (—A,)* from Definition 4.1.1. Let us consider the boundary value 
problem 


rab = w(z)|u(z)|P?u(z), £ €Q, (4.87) 


u(x)=0, ce G\Q, 


where w € L** (Q0). A function u € W” (Q) is called a weak solution of the problem 
(4.87) if we have 


J [ Estote sole) O aaay 


ly 1a] ton 


— [ w(z)lu(z)P-?u(z)v(z)dz for all v € WO). 
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Theorem 4.6.3 (Lyapunov inequality for fractional p-sub-Laplacian). Let G be a 
homogeneous group of homogeneous dimension Q. Let Q C G be a Haar measurable 
set. Let w € L?(Q) be a non-negative function with 2 « 0 « co, and with Q > ps. 


Suppose that the boundary value problem (4.87) has a non-trivial weak solution 
u € W5” (Q). Then we have 


belay 2C fth. am 
for some C = C(Q,p,s,|]-) > 


Proof of Theorem 4.6.3. We fix a homogeneous quasi-norm |- | thus also elimi- 
nating it from the notation. Let o :— P yup € (0, 1) and let p* be the Sobolev 
conjugate exponent as in Theorem 4.3.1. Let us define 
B= ap (1 — a)p! 
Let 8 = p0' with 1/0 + 1/0' = 1. Then we have 
B 
f HG eR g f I a, (4.89) 
o |v|**P 
On the other hand, the Hólder inequality with exponents v = o^! 
gate 1/v + 1/v/ 1 Sa 


u(x) u(x) 209" 
rd js ERE C A 


«(f emu) (fimo we) É 


Further, by using Theorem 4.3.1 and Theorem 4.2.1, we get 


|u(z)? : uz) — utu) NV a ops pr 0-0)" /p 
" jos dz < Cj ^ o oleate ord C3 [u]: 


and its conju- 


af, ]a@ 1—a)p* —a)p* 
< Ct [ul CY )p P iut )p*/p 


= C (lug p) e o ( ri )uto)nde) r 


0' /0 
<C (fe » [iim \u(a)|?? dx = Cllwllfocay [vw |u(x)|P dz. 
Q 


That is, we obtain 


— u 


ds < lulio [or ju(x) [Pde 


Thus, from (4.89) we 


zs f aes | MO ae < tta, [ oar. 
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Finally, we arrive at 


7sP—@/8 < lwllzeo). 
Q 


Theorem 4.6.3 is proved. 


As an application of the Lyapunov inequality, let us consider the spectral 
problem for the (nonlinear) fractional p-sub-Laplacian (—A,)*, 1 < p < œ, s € 
(0,1), with the Dirichlet boundary condition: 


= sy = p—2 
(—Ap) u = Aju tu, x EQ, (4.90) 
u(r) 20, c€G\Q. 
We define the corresponding Rayleigh quotient by 
ul? 
Py [S p . (4.91) 


inf TP 
vew P(O), uo |lull Toe 


Clearly, its precise value may depend on the choice of the homogeneous quasi-norm 
|- |. As a consequence of Theorem 4.6.3 we have 


Theorem 4.6.4 (First eigenvalue for the fractional p-sub-Laplacian). Let G be a 
homogeneous group of homogeneous dimension Q. Let A1 be the first eigenvalue of 
problem (4.90) given by (4.91). Let Q > sp, s € (0,1) and 1 < p < œ. Then we 


have C 
à > sup ————— (4.92) 


= i sp—Q/0? 
G 
2 «6«oo IG|? ro r1 


where C is a positive constant given in Theorem 4.6.3 and |Q| is the Haar measure 


of 9. 


Proof of Theorem 4.6.4. In Theorem 4.6.3, taking w = A € L’ (Q) and using Lya- 
punov type inequality (4.88), we get that 


1/0 
C 
lols = Ple = ( f ae) > s 


For every 0 > 2, we have 
C 
12 1 sp—Q/0° 
IG|* ro r1 


Thus, we obtain 


C 


e d 


A, > sup 7 
2 «6«oo IQ]? 


for all z « 0 « co. Theorem 4.6.4 is proved. 
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4.6.2 Lyapunov type inequality for systems 


In the previous section we have presented the Lyapunov type inequality for the 
fractional p-sub-Laplacian with the homogeneous Dirichlet condition. Now we dis- 
cuss the Lyapunov type inequality for the fractional p-sub-Laplacian system for 
the homogeneous Dirichlet problem. 

Let Q C G be a Haar measurable set, let w; € L'(Q), wi > 0, s; € (0,1), 
pi € (1,00). As before in Definition 4.1.1, for each p; we denote by (—A,,)* the 
fractional p-sub-Laplacian on G defined by 


|ui(x) — ui(y) 


Ph(s(z) - wild) 4 


P Mn 
(—Ap,)*ui(x) = apo ETA ly ta] sir: z€G, 
pL. 
Here B(x,ó) is a quasi-ball with respect to a fixed quasi-norm |: |, with radius 6, 
centred at x € G. Let a; be positive parameters such that 
n 
= (4.93) 
j=) Pi 


Then, we consider the following system of the fractional p-sub-Laplacians: 


(—Ap, )** ux (2) = wi (x) |ui (x)| ui (a) [ua (x)|? ++ Jus (2)]?^, £ € €, 
(7Ap;)**us() = wa(a)|ur ()]*" jua (2)]*? ^ua (a) +- Jus (2)|", £ € Q, 


(Apn) un (2) = ws (x)|ur (x)| |u2(a)|°? -- - [un (2)]*" ^us (a), x € 9, 
(4.94) 
with homogeneous Dirichlet conditions 
u(x) =0, x € GAOQ, i-—l,...,m. (4.95) 


We denote by ro the inner quasi-radius of Q, that is, 
TQ = ray.) := max(|z| : z € Q}. 


Definition 4.6.5 (Weak solutions of the p-sub-Laplacian system). We will say 
that (u1,...,us4) € [I4 Wot” (Q) is a weak solution of (4.94)-(4.95) if for all 
(v1,..., Un) € [T4 Wo?! (Q), we have 


jui(a) — u(y) [P  Qui(r) — uly) (vile) = vi) , 
| J m D (4.96) 


= f wile (Ise ye HE T w | ue) 


j=i+1 


Q&i—2 


u;(x)vi(x)dz, 


for every i = 1,...,n. 
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Now we present the following analogue of the Lyapunov type inequality for 
the fractional p-sub-Laplacian system on G. 


Theorem 4.6.6 (Lyapunov inequality for fractional p-sub-Laplacian system). Let 
G be a homogeneous group of homogeneous dimension Q. Let s; € (0,1) and 
pi € (1,00) be such that Q > sipi with i = 1,...,n. Let wi € L°(Q) be a non- 
negative weight and assume that 


If (4.94)-(4.95) admits a non-trivial weak solution, then we have 
n 0o 
m Q—0»7,., Sjaj 
II loll tos 2 Cro. d , (4.97) 


where C is a positive constant. 


Proof of Theorem 4.6.6. Set 


&i = ipi + (1 — yi), i=1,...,0, 
and 


y = Pi 4.98 
d oci (4.98) 
where p; — UE is the Sobolev conjugate exponent as in Theorem 4.3.1. Notice 
that for all i = 1,...,n we have y; € (0,1) and £; = p;0', where 0' = s. Then 
for every i we have 


. &i : €i 
«Ge f utes 
Q pe Q [ac Vi SiDi 


and by using the Hólder inequality with v; — i and + Pr a = 1, we get 


oe fe 
«(f var ira) (fine 


On the other hand, from Theorem 4.3.1, we obtain 


(f isa 


and from Theorem 4.2.1, we have 


(m 


iPi 


)\% Di 


ui (x [G7 Vi) Pi 


| Vi SiPi 


dx 


(4.99) 


= 
)|P: piae) : 


1—^ . 
Di 2 < C[u;]?: (1-7) 


sip] ? 


) < C [u;]»^* 


si pil 
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Thus, from (4.99) and by setting u;(z) = vi(x) in (4.96), we get 


| ws ( Is dx < C ([u;]?: ys < C([u ia ys 
Q | [isie: tsi pisl 0 tisi pisl] 
& " 
n Pi n 
= i: wi(a) | [ lul dz =C | ex (x) [ [ lu dz i 
Q j=1 Q j=l 
for every i = 1,...,n. Therefore, by using the Hölder inequality with exponents 0 


and 6’, we obtain 


juto) n ajo’ 
ri I < Ollwill Ito, Ls II Juj (x)| dx. 
j=l 


Again by using the Holder inequality and (4.93), we get 


1 H us (x)| dx < JI (/ lular) am 
O54 jai MO 


It yields that 


au 


69] — S 
[ gy ae < Cllwill roca) I NM Pi dg 


That is, we have 


F 
|u; (a Jus (x D n Pj 
f as f OE te < Cll Zao AI (fale 


Thus, for every e; > 0 we have 


jui(x)|* , N^ 
d m COPS ae 


so that 


1 n " 
=. OE : 0'pi 
pla émis II (f [u;(x)] 2 


T DT T hs ———— 
<C (II TES (f |u;(z)]* ac) 


i=l 
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This implies 


n n ai Y ej 
1 eae 20 = 
PE spes <C (II TES (II (lul)? Pidie) ) , (4.100) 
Q 


i=1 i=1 
where C is a positive constant. Then, we choose e;, i = 1,...,m, such that 
RE — ej = 0. Consequently, from (4.93) we have the solution of this system 
a 
gom eyed (4.101) 
Di 


Combining (4.100), (4.98) and (4.101) we arrive at 


TL 0o; 

TP Q—-0»75.,5505 
I led, 2 cra PS (4.102) 
il 


Theorem 4.6.6 is proved. 


In order to discuss an application of the Lyapunov type inequality for the 
fractional p-sub-Laplacian system on G, we consider the spectral problem for the 
system of fractional p-sub-Laplacians: 


(7Ap a) ux (x) = Arary(z)|ur (x)| us ()]us()]^? --- Jun (z^,  € Q, 


(7Ap;,4) u(x) = Azaaip(x)|ur (x)| [ua (2) |? ?ua(z) +++ jun (z)|?", x € Q1, 


(7 Ap, a)" un(z) = Anan p(x) |ua (x)| Jus(z)]? - -- jus (2)]*" ^us (x), x € 9, 
(4.103) 
with 
u(x) =0, re GVO, id — L...,n, (4.104) 


where Q C G is a Haar measurable set, o € L!(Q), o > 0 and s; € (0,1), 
pi € (1,00), à — L,...,m. 

Definition 4.6.7 (Eigenvalues of p-sub-Laplacian system (4.103)-(4.104)). We say 
that A = (A1,..., An) is an eigenvalue if the problem (4.103)-(4.104) admits at 
least one non-trivial weak solution (u1,...,Un) € [[;-4 W8” (Q). 

Theorem 4.6.8 (Eigenvalue estimates for p-sub-Laplacian system). Let s; € (0, 1) 
and p; € (1,00) be such that Q > sipi, for alli = 1,...,n, and 


1< max { 
n 


Q } <4 <o, 
SiPi 


Let p € L’ (Q) with |kvollre(o #0. Then we have 


Pk Tak 
C 1 2 1 d 
Àk = — a, Seo B cac a O O S C. , 


Ak p 055" ,ojisj— — 
IL ^C pee oe IIo fo vf (z)dz 


where C is a positive constant and k = 1,...,m. 
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Proof of Theorem 4.6.8. In Theorem 4.6.6 by setting wy = Apaxy(x),k = 1,...,m, 
e get 
m Bog. ek ue Q- DDA 1 Sjaj 
Qu A” II « Qi) Fi * Teli j£ Cro a T 
i=1,i4k 

So from (4.93) we have 

för ug — 7 ET 0 

aP AP TT (a9* f eis > org 8% 
i—1,ik 9 
This yields 
Sek C 
AQ 2 ae Faas ag Ths 
Sk gy s;a;-Q 

ag" ro 1 SjQj I lik (aA i) ze f. v9( 

Therefore, we have 
x» 1 1 
k 2 — = PEMA aF f Madde , 
Qk Pi 0 551, 048i— 
IL A es ird Tiki ize ai” Jo e? (w)de 
k=1 n 


completing the proof. 


4.6.3 Lyapunov type inequality for Riesz potentials 


In this section we discuss the Lyapunov type inequality for the Riesz potential op- 
erators on homogeneous groups. As an application, we discuss a two-sided estimate 
for the first eigenvalue of the Riesz potential. 


Definition 4.6.9 (Riesz potentials). Let G be a homogeneous group of homogeneous 
dimension Q with a quasi-norm |- |. The Riesz potential on a Haar measurable set 
Q C G is the operator given by the formula 


uy 
9tu(z) = ri LT sedi 0 « 2s <Q. (4.105) 


The (weighted) Riesz potential is defined by 


ly-ia[8-25 9^ 0«2s « Q. (4.106) 


A Lyapunov type inequality for the weighted Riesz potentials can be formu- 
lated as follows. 
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Theorem 4.6.10 (Lyapunov type inequality for weighted Riesz potentials). Let G 
be a homogeneous group of homogeneous dimension Q with a quasi-norm |- |. Let 
Q C G be a Haar measurable set, let Q > 2 » 2s » 0 and1<p< 2. Assume that 
w € LY (N), porto € LPF (Q x 0) and 


1 
Co = ais < oo. 
|y 1z|9725 | z axa) 
Letu € L7 (Q), u #0, satisfy 
g)= I EH ay = u(x), for a.e. z EQ. (4.107) 
Q 


Then 
1 


lelo) Z ay (4.108) 


Proof of Theorem 4.6.10. In (4.107), by using Hólder's inequality for p, 0 > 1 with 
Icom =land 5+ y = 1, we get 


w(y)u(y) ay 


«(fma (f 


|u(a)| = 


, ES 
1 D LU 
ZEE iy 


< (f otas)” (f woas)” LO 
3 WY y uy y 7=1,10—26 y 
Q Q Q 1y|@ 2 
1 
1 PR Ld 
= lololo | f "- a) 
Let p' be such that p' = p6’, so that 0 = . Then we have 
p—1 
1 JEr OV? 
lu) < lel sas ell; ) uu ay (4.109) 


From (4.109) we calculate 


I'll, eios S Molly ans ll s o UE 


= Colli, e, y ll; 2 cay 
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Finally, since u Æ 0, this implies 


a 1 
Well 285 coy 2 Ge 


completing the proof. 


Let us now consider the following spectral problem for the Riesz potential: 
E u(y) - 
o [y-!z| 


We recall the Rayleigh quotient for the Riesz potential: 


u(z)u(y) dzd 
oo drdy 
X (Q) = sup 7] m rao m dedy 


; (4.111) 
uz0 lllz) 


where à (Q) is the first eigenvalue of the Riesz potential. A direct consequence of 
Theorem 4.6.10 is the following estimate for this first eigenvalue. 


Theorem 4.6.11 (First eigenvalue of the Riesz potential). Let G be a homogeneous 
group of homogeneous dimension Q. Let Q C G be a Haar measurable set, let 
Q>2>2s>0and1<p<2 with pr € LET (O x 9) and set 


1 


= |S 


P : 
L?»-1(QxQ) 


Then for the spectral problem (4.110), we have 


AL (Q) € CoQ]. (4.112) 
Proof of Theorem 4.6.11. By using (4.111), Theorem 4.6.10 and w = xm we 
obtain -" 

Ai(0) € ColQ| » . (4.113) 


Theorem 4.6.11 is proved. 


Euclidean case. Let us now record several applications of the above constructions 
in the case of the Abelian group (IR^, 4-). With the Euclidean distance |- |p, the 
Riesz potential is given by 


9tu(z) =} LM ay 0«2s« N, ACR, (4.114) 
o |z- yle 


and the weighted Riesz potential is 


R(wu)(x) = f AUU ay, 0«2s« N, QCR”. (4.115) 
o le- lp 


Then, in Theorem 4.6.10, setting G = (IR, +) and taking the standard Euclidean 
distance instead of the quasi-norm, we obtain 


224 Chapter 4. Fractional Hardy Inequalities 


Theorem 4.6.12 (Euclidean Lyapunov inequality for the Riesz potential). Let Q C 
IR" be a measurable set with |Q| < oo, 1 < p < 2 and let N > 2 > 2s > 0. Let 


we L= (Q), — M Ls(Q x Q) and set 


1 
|x-uz ^ 


1 


Ix — yi” 


LPT (9x9) 
In addition, assume that u € L3 (Q), u #0, satisfies 
R(wu)(x) = u(x), LER. 


Then we have 
> d 
oll cy — S' 


Now let us consider the spectral problem for the Euclidean Riesz potential 
from (4.114): 


9tu(z) = LM) ay = u(x), 0«2s«N. (4.116) 
a |e — yle 


Theorem 4.6.13 (Isoperimetric inequality for the Euclidean Riesz potential). Let 
Q CRY be a set with |Q| < oo, 1 < p < 2 and N > 2 > 2s > 0 and 1 « p « 2. 
Assume that w € LF? (Q), ——y=s; € L?-7( x Q) and set 


—2s 
|z—vlg 


1 


N-—2s 


S := || ————— 
le — y|z 


L7 (QxQ) 
Then, for the spectral problem (4.116), we have, 
Ai(Q) < (B) < SIBUS', 


where B C RN is an open ball, A1 (Q) is the first eigenvalue of the spectral problem 
(4.116), for all sets €? with |Q| = |B|. 


Proof of Theorem 4.6.13. The proof of A1(B) € S|B| F is the same as the proof 
of Theorem 4.6.11. From [RRS16] we have 


A1(B) 2 Ar(Q), 


which completes the proof of Theorem 4.6.13. 
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4.7 Hardy inequalities for fractional sub-Laplacians 
on stratified groups 
In this section we discuss the Hardy inequalities involving fractional powers of 


the sub-Laplacian from a different point of view. First, we observe another way of 
writing the well-known one-dimensional L?-Hardy inequality 


LET as (a) 2 Fe 


Consequently, one can replace f(a) by xf (x) and restate this inequality in terms 
of the boundedness of the operator 


p 
dx 


» p>. 


Tja) = AE), 
or of its dual operator 
T* f(x) = oO 


In this section, we discuss this point of view and its extension to the subelliptic 
setting. For fractional powers of the sub-Laplacian on stratified groups this has 
been analysed in [CCR15], with subsequent extensions to more general hypoelliptic 
operators and more general graded groups in [RY18a]. We discuss this matter in 
the spirit of the former. 


4.7.1 Riesz kernels on stratified Lie groups 


In this section we briefly recapture some properties of the Riesz kernels of the 
sub-Laplacians on stratified Lie groups. Historically, these have been consistently 
developed in [Fol75]. For a detailed unifying description containing also higher- 
order hypoelliptic operators on general graded groups, their fractional powers, and 
the corresponding Riesz and Bessel kernels we refer to the exposition in [FR16, 
Section 4.3] where one can find proofs of most of the properties described in this 
section. 

The analysis of second-order hypoelliptic operators, including the sub-Lapla- 
cian, is significantly simpler than that of higher-order operators. This difference is 
based on the Hunt theorem [Hun56] which asserts that the semigroup [e^'^] Sedi 
generated by the sub-Laplacian £ (or more precisely, by its unique self-adjoint 
extension) consists of convolutions with probability measures. Moreover, the hy- 
poellipticity of £ implies that these measures are absolutely continuous with re- 
spect to the Haar measure and have densities in the Schwartz space [FS82], which 
are strictly positive by the Bony maximum principle [Bon69]. Therefore, for all 
t € R*, there exists the heat kernel of £, that is, a function p; € S(G) such that 


e f(x) = f * pila) = n flay )p«(y)dy 
G 
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for all z € G and all f € L?(G). Since L is homogeneous of order two with respect 
to the dilations D,. of a stratified group G, we also have 


Dt (x) = t9? P(D,-1/22) 


for all x € G, where P = pı, which this is a strictly positive function in the 
Schwartz class S(G) and 
P(z)dx = 1. 
G 
Let us define the following fractional integral kernel F4 on G\{0} by 


e dt m dt 
F, (2) =| Pp) = f t-92 P(D,- a), Reo <Q, (4117) 


which converges absolutely and uniformly on compact subsets of G\{0} to a 
smooth function, homogeneous of degree a — Q. Since P is positive Fẹ is pos- 
itive when a is real. Thus, the function |- |a, given by the formula 


| (Fo(z))"(9-9 if æ € G\{0}, 
0 


4.118 
if z —0, ( ) 


[zla := 


is non-negative and homogeneous of degree 1, and vanishes only at the origin. So 
| -la is a homogeneous norm, and for further discussions it will be convenient to 
use the norm |- |o, which is a limit of the norms |- |a. 

The fractional integral Fa(x) in (4.117) is holomorphic with respect to a in 
Hgo :— {a € C: Rea < Q}, and its derivatives 


f 1 s dt 
FM (a) m ge] Post "n7 
0 


are the absolutely convergent integrals. The functions Fẹ are smooth and homo- 
geneous of degree a — Q and locally integrable on G when 0 « Rea « Q. Thus, 
the associated distributions are defined by 


(Fa, $) = [ Fo (a) p(x = ff o b(x)t¢-@)/2-1 P(D, 12%) dtdex 


= af [s °~14(D,2)P(a«)dxds (4.119) 
for all $ € Cg? (G). Now it is clear that 
Ia :=T(&/2)t 


is the Riesz kernel of order a, i.e., the convolution kernel of £~°/?, that is, 
LF = f * Ta, (4.120) 


with 
Tala=0:= o. (4.121) 
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The family of Riesz kernels can be analytically continued as distributions to the 
half-plane Hg by the identity 


Ia = L(Ia42). 


The analytic continuation to the strip {a € C : -1 < Rea < Q} will be enough 
for our purpose. An explicit expression is obtained by rewriting (4.119) in the form 


2 1 20(0 
TN FG » f s°=1(¢(Dsx) — (0))dsP(x)dx + = 
2 (4.122) 
tun s? 1o(D,a)dsP(x)dx. 
r(z) 
Since I"(1) = —y and hence 
E RNC =t- yt? + O(t?) ast 30 (4.123) 
r(t) T(t+1) ' f 
and 
t 
s zd +logs | s" du, 
0 
the equality (4.122) implies that for a near 0, for ¢ € C§°(G) we have 
cla, 9) = 9(0) + (A, ġja + O(a), (4.124) 
where A is the distribution defined by 
*1 0 
E T i ME 
(4.125) 


+f f PRT 


Thus, (4.124) is the Taylor expansion of Ia around 0. By the analytic continuation 
of (4.122) one obtains the following representation of the distribution A in terms 
of the homogeneous norm |- |o defined in (4.118): There exists a > 0 such that 


=-= qy-— alo da z)|z|g 4 da 
wo=$(f 0 DO MM 


(4.126) 
for all $ € Cg. 

Let 0 < Rea, 0 < Ref and Re(a + 8) < Q. Then the convolution of the 
Riesz potentials of orders a and f is defined pointwise by absolutely convergent 
integrals as well as 

Ia * Ig = In+p (4.127) 
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is satisfied pointwise and in the sense of distributions. This identity is equivalent 
to the functional equality £-9/2£-8/2 = f-(e*8)/? and can be obtained from 
(4.117) by using the properties of the heat kernel. This fact can be also extended 
by using the analytical continuation. That is, 


($ * Iq) * Ia = ó* Ia+6 


holds if Rea > —1, Ref > —1 and Re(a + 8) < Q. These distributions will be 
useful to present a family of Hardy type inequalities in the following sections. We 
refer to [FR16, Section 4.3] for the detailed discussion of these and other properties 
of the Riesz kernels and fractional powers of left invariant hypoelliptic operators. 


4.7.2 Hardy inequalities for fractional powers of sub-Laplacians 


As in this whole section, let £ be the sub-Laplacian on the stratified Lie group 
G of homogeneous dimension Q. Let us define the operator T4 on Co^ (G) by the 
formula 

Taf =| Lf =|- |f x Ia), -1«Rea«Q. 


Consequently, the operator 

129 = (| |79) * Tæ 
satisfies 

(f, Tag) = (Ta f, 9) (4.128) 
for all f, g € C (G). It turns out that the operator T, is bounded on LP (G) when 
1< p< œ and0 < a< Q/p which, in turn, can be formulated as a version of a 
Hardy inequality: 
Theorem 4.7.1 (Hardy inequality for fractional powers of sub-Laplacian). Let G 
be a stratified Lie group of homogeneous dimension Q. Let 1 « p « oo and 0 « 


a < Q/p. Then the operator Ta extends uniquely to a bounded operator on L?(G). 
Applying this to £^/? f rather than f we get that for all f € C (G), we have 


f 


|x| 


< |ITallze(s) rec ll£* Flr, 1<p<oo. (4.129) 
L»(G) 


Remark 4.7.2 (Hardy-Sobolev inequalities). 


1. Theorem 4.7.1 was established in [CCR15]. It is easy to see that combined 
with the Sobolev inequality, it implies the following Hardy-Sobolev inequality: 


Let 0 € b « Q and [e] E E — E + a Then there exists a positive 
constant C > 0 such that we have 
f < Oll(—L)? 4.1 
z € C|(-£)? flr»): (4.130) 
|a| L(G) 
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Such an inequality can be interpreted as a weighted Sobolev embedding of 
the homogeneous Sobolev space L?(G) over L? of order a, based on the sub- 
Laplacian £. The theory of such spaces has been extensively developed by 
Folland [Fol75]. We refer to [RY 18a] for the inequality (4.130). 

2. The asymptotic behaviour of ||T4|| r»(G) s r»(c) with respect to a will be given 
in Theorem 4.7.3; in its proof we will follow the original proof in [CCR15], 
as well as for Theorem 4.7.4. 

3. (Critical global Hardy inequality for a = Q/p) Let 1 < p< r < oo and 
p<q< (r—1)p’, where 1/p-4-1/p' = 1. Then there exists a positive constant 
C = C(p,q,r, Q) > 0 such that we have 


a SEPTEM 
(og (e+ Fh) FI |i 


4. (Critical local Hardy inequality for a = Q/p) Let 1 < p < oo and f € [0, Q). 
Let r > 0 be given and let xp be any point of G. Then for any p € q < oo 
there exists a positive constant C = C(p, Q, B, r, q) such that we have 


f 


le|* 


< C(lfllzee + COF flle qe). (4.131) 


= QS. 
< Cq' (I flzsco(o e) + MC)? Flere) 


L3 (B(zo,r)) 
(4.132) 
and such that 


lim sup C(p,Q, B, r, q) < œ. 
q—oo 


Inequalities (4.131) and (4.132) have been obtained in [RY18a], to which we 
refer for their proofs as well as for the expressions for the asymptotically 
sharp constants in these inequalities. 

5. (Trudinger—Moser inequality on stratified groups) Let Q > 3 and let |- | be 
a homogeneous quasi-norm on G. Then there exists a constant ag > 0 such 
that we have 


f Q-2 » a kQ' 
f Et. (ssi? jer ——j dz «oo (4.133) 


sup [3 
I fll; gs 1 cT k=0 


for any f € [0, Q) and a € (0,ag(1 — 8/Q)), where Q’ = Q/(Q — 1). When 
a > ag(1-— B/Q), the integral in (4.133) is still finite for any f € LẸ (G), 
but the supremum is infinite. The space LẸ (G) is the Sobolev space with the 
norm || fll re(cy = Ilfllze@) + IVa Flea). 

The inequality (4.133) was obtained in [RY 18a], also with a rather ex- 
plicit expression for the constant ag. We refer to the above paper also for an 
extensive history of this subject. 
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6. (Hardy-Sobolev inequalities on graded groups) In fact, Hardy-Sobolev in- 
equalities (4.130), (4.131) and (4.132), Trudinger-Moser inequalities (4.133) 
and their local versions, have been obtained in [RY18a] for general homo- 
geneous left invariant hypoelliptic differential operators (the so-called Rock- 
land operators) on general graded Lie groups. The methods of the proof, 
however, are rather different, and somewhat more involved, than the proofs 
for the sub-Laplacians presented in this section. Therefore, here we do not 
present them in full generality: these results, their proofs, and expressions 
for (asymptotically) best constants can be found in [RY 18a]. 


Proof of Theorem 4.7.1. As usual here we denote the conjugate number to p by p’. 
Since the integral kernel of the operator Ty is positive, its L?-boundedness follows 
from the following Schur test (see [FR'75]): 

Suppose that there exist a positive function g and constants Ag, and Day 
such that we have 


Talg" (x) € Aapg” (x) and Tz (g")(x) € Bau (x) (4.134) 
for almost all x € G. Then the estimate 
[Ta fllro(c) < Al? BI/P| f| eG) (4.135) 


holds for all f € L?(G). 

In order to produce g as in (4.134), let us consider the family of functions 
gy := |- 79, y > 0, and consider the convolutions gh * Iq and (| - | *gP) * Ia 
related to the computations of Talg?) and TX (g8). Let 


B' 2 Q- (y — Q)p and 8 =Q -a+ (y - Q)p, (4.136) 


so that gh and | - |~“g! have the same homogeneity as Ig and Ig, respectively. 
As in the case of (4.127) these convolution integrals converge absolutely in G\{0} 
if and only if 0 < 8 < Q — a and 0 < p’ < Q— a, i.e., for y such that 


max (2.5.3) oye) ==, (4.137) 
pp Pp p 

Thus, if this condition is satisfied, then both Ta (g? ) and T% (gh) are positive func- 

tions, continuous away from the origin, and of the same homogeneity as I5; and Ig, 

respectively. The pointwise estimates (4.134) follow directly from the homogene- 

ity. Finally, for y the condition (4.137) is nontrivial if and only if 0 < a < Q/p, 

completing the proof of Theorem 4.7.1. 


By Theorem 4.7.1, the operator T4 is L?-bounded and the constant in the 
inequality (4.129) depends on the choice of a homogeneous quasi-norm. While 
the inequality itself holds true for any homogeneous quasi-norm (due to their 
equivalence), in the case of particular homogeneous norm |- |o from the family 
(4.118) one can give the following estimate for it. 
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Theorem 4.7.3 (Estimate for L?-operator norm). Let G be a stratified Lie group of 
homogeneous dimension Q. Let 1 < p < oo and 0 < a < Q/p. For the particular 
homogeneous norm |- |o, the operator norm ||Tal|L»(G)+L»(G) satisfies 


ITallze(ey ro() € 1+ Co  O(o?). 


For the rest of this subsection, we assume that |:| = |- |o and that the operator 
Ty is defined using |- |o. 


Proof of Theorem 4.7.3. The proof of Theorem 4.7.1, and especially (4.135), show 
that, if 


jue and S ET (4.138) 
p p p 
then : 
Tall roc) Lo(c) € Aca (4.139) 
where 
Aung iem BUD ( . | * Ia) (y) = ud ( i l4 79. 1.) (y), 
=1 = 
Iul - Iul i (4.140) 
Bann 99 *1,) (y) — sup (1-407 34) (9). 
|y|-1 |y|-1 
First let us show that there is a constant C, such that 
llTa f llzeiey zo(c) € 1+ CpatO(a?), 1<p<oo, (4.141) 


holds for all sufficiently small positive a. Assume that Q/p' < y < Q. Then (4.138) 
is valid for a in a neighborhood of 0*. Moreover, with 9 and 8’ as in (4.136), the 
constants Ag,» and Ba, in (4.140) are bounded by 1 + Lora + O(a?) and 
1 + Lga + O(o?), respectively. By (4.121) we obtain 


Lg 
p 


L p 
I Toll r»(G) re(c) € 1+ (= + ) a+O(a’), 


which confirms (4.141). Combining this with Theorem 4.7.1 completes the proof 
of Theorem 4.7.3. 


Theorem 4.7.4 (A logarithmic version of uncertainty principle). Let G be a strat- 
ified Lie group and let 1 < p < oo. Then we have 


[Goss as e f Retos £^ NETEDE) > -Cto 
G G 


Proof of Theorem 4.7.4. Now let us recall the distribution A introduced in (4.125). 
We also define the operator 


ro (Tos) | _ = lowes —(og|-lo)f =-f+A— (logo). (4142) 


a=0 
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Setting à = |y- Boo in (4.126), the integrals converge absolutely for any |y| = 1, 
and so (4.124) also extends to 


|-10 9 * Ialy) = 1+ a|: 872 * Aly) + O(a?); 


the term O(a?) is uniform in |y| = 1. Taking the supremum over y yields the 
logarithmic uncertainty inequality for Tj, that is, this shows that if a is small and 
0« a « Q- p, then 


sup (1-107 « Ia) (y) € 1+ Leat O(o?), 0«8«Q. 
where 
Lg = sup (|: p 2 x A(y)) (4.143) 
=1 
Let 1 < p < oo. Taking f € C$*(G) with ||f|l|r»(g) = 1 and restricting 


ourselves to positive values of a for which (4.141) holds and 1+ C,a > 0, we 
consider the function 


Bela) = (1+ (Cp 9a)? — [Taf lro) 


where e > 0. The expression Taf loc) can be differentiated in a at 0, and 


A (Irsa) |. =p f Re (rire) uote 


Hence ®, is differentiable at 0. Now 9,(0) = 0 and $(o) > 0 for all sufficiently 
small a, by (4.141), and so ®/(0) > 0. Now we let € tend to 0, and deduce that 
$.(0) > 0. Thus, the statement of Theorem 4.7.4 follows from (4.142). 


4.7.3 Landau-Kolmogorov inequalities on stratified groups 


In this section we discuss the stratified groups version of the Landau-Kolmogorov 
inequality, and some of its consequences. We start with a related simpler version 
of such an inequality. 


Proposition 4.7.5 (Two weighted inequalities). 
(1) Let G be a homogeneous group. If 1 < p,q,r € co, and 


Eg deg. 
p q T. 


then 
Ill Flew M I ftare llf lema c2 0. 


holds for all f € Cg* (G). 
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(2) Let G be a stratified group and let C be a sub-Laplacian on G. Let B > 0, 
y»0,p»1,q21l,r»l be such that 


pu qupd od HE 
4 p q T 
xad /(8 B/(B+y) 
+ + 
ifia < Cll IPIE Ce ET (4.144) 


holds for all f € C§°(G). 
Proof. Part (1). Writing 
(1+ (FD? = (- lel)? (£979), 


then applying the Holder inequality (with index s) we have 


(fier |f (x TOE (f aire” ao) ( [Uro ae)” 


If the index s is chosen so that q = Ops, then r = (1 — 0)ps', finishing the proof. 
Part (2). By using the Hölder inequality and (4.129) with (4.141) we have 


iriza s MAA PL e 
«eli: Pn; er yere $^ 


yielding (4.144). 
Now we present the following Landau-Kolmogorov type inequality. 


Theorem 4.7.6 (Landau-Kolmogorov type inequality). Let G be a stratified group 
and let L be a sub-Laplacian on G. If 1 < p,q,r < co, and 


-=-+ D 0<0<1, 


then we have 
llc? flies < CILY” flea is. > 0, (4.145) 


for all f € CZ (G). 


Proof of Theorem 4.7.6. To prove this theorem we will use the well-known complex 
interpolation methods (see, e.g., [BL76] or [Ste56]). First, we have to see that the 
operator £/", where y € R, is bounded on L(G) with 1 < s < oo, and that 


E"? «sr. € C(s)ó(y) with gly) =e", 
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In the case of the stratified groups this follows from the Mihlin-Hórmander mul- 
tiplier theorem (see, e.g., [Chr91], [MM90]). 

Let g € LP (G) be a compactly supported simple function of norm one. For 
z in the strip S := {z € C: 0 € Rez < $F}, let us define 


g«(x) :— lle I Ole) 


for all x € G, where 


1 [ 0p fl 1 ! 
m (2-1) -E e= (1-1), 4-8-1, 
a 4 p r Q q p T 


For Rez = 7 and 


it follows that 


+b)-+p' 
lale = f. les de = Mol" = 1. 


Further, let us fix f € Cg*(G) and set 
=e” n £7? f (1)g, (a)da 
G 


By the assumptions on f, for each z € S, the function £*/?f on G is smooth, 
while g, is a simple function with compact support, and so h(z) is well defined. 
In addition, if z = 7 + iy, then 


|h(z)) € er “YL 


(lg! L” (G) 
c) € Ce é(y)] 


s(G): 
hence 
Ih(n + iy) < 
Moreover, if Re z = 0, then |h(z)| € Cll f|l r»(c), while if Rez = a/@, then |h(z)| < 
C||C^/?? fll; (c). On the other hand, the Phragmen-Lindelólf theorem implies that 


|A(a)| € CIE? fll ares ILI e 
Since 


h(a) = 1 £P? f(a) ga (2)dz, 


and ga is an arbitrary simple function on G with compact support and L^ (G)- 
norm equal to 1, this completes the proof. 
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Let us present the following consequence of the Landau-Kolmogorov inequal- 
ity. 
Corollary 4.7.7 (Consequence of the Landau-Kolmogorov inequality). Let 3 > 0, 
6>0,p>1,s>1,r> 1 be such that 


B+5 8 B 
ET S. 


p S 


Then we have 


D qM B+6) 


IIfllzewe) S Cll - 
for all f € Cg* (G). 


Proof of Corollary 4.7.7. Obviously, if ó < Q/r, there is nothing to prove. Other- 
wise, we use Proposition 4.7.5, Part (2), and the version of the Landau-Kolmogo- 
rov inequality (4.145). Let 0 < 0 < Q/(ró) and y = 06. Then Proposition 4.7.5, 
Part (2), gives that 


Il fllz2(e) < CIl- Pia Veer a 
for all f € CF (G). By Theorem 4.7.6, with r,s and p instead of p,q, and r, we 
have 
I"? flero) < CILE? 


that is, 


9 + 1-0 + 
llfllzec < CIII- 18] n "urea pe Y) 


His 


'This completes the proof. 
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Chapter 5 (f 


Check for 
updates 


Integral Hardy Inequalities 
on Homogeneous Groups 


In this chapter we discuss the integral form of Hardy inequalities where instead 
of estimating a function by its gradient, we estimate the integral by the function 
itself. This stems from the original version of Hardy's inequality [Har20]: 


[ (ERR) us (ny [ore (5.1) 


where p > 1, b > 0, and f > 0 is a non-negative function. We analyse the weighted 
versions of such inequalities in the setting of general homogeneous groups. Most 
of the results of this chapter have been obtained in [RY18a] and here we follow 
the presentation of this paper. 


5.1 Two-weight integral Hardy inequalities 


Here we discuss the weighted Hardy inequalities in the integral form extending 
that in (5.1). It turns out that one can actually derive the necessary and sufficient 
conditions on weights for these inequalities to hold. 


Theorem 5.1.1 (Integral Hardy inequalities for p € q). Let G be a homogeneous 
group of homogeneous dimension Q and let 1 < p € q < œ. Let $1 » 0, $9» » 0 be 
positive functions on G. Then we have the following properties: 


(1) The inequality 


(LL. ron] so 
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1/q 


so ( [geao] ^ 62 
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holds for all f > 0 a.e. on G if and only if 


1/4 1/p' 
A, := sup (/ tis (/ (atop) < œ. 
R>0 \J{\2|>R} {|2|<R} 


(5.3) 
(2) The inequality 


d t" i en) | 1 "se, ( [EPt] D 


(5.4) 
holds for all f > 0 a.e. on G if and only if 


1/4 1/p' 
A» :— sup (/ ole) (/ (etapa) « oo. 
R»0 \J{\2|<R} {|2|>R} 


(5.5) 
(3) If {C;}?_, are the smallest constants for which (5.2) and (5.4) hold, then 


? 


Ai <Ci E (p')? p72 Aj, i= 1,2. (5.6) 


Before we prove this theorem let us give a few comments. 


Remark 5.1.2. 


1. In the Abelian case G = (R”, +) and Q = n, if we take p = q > 1, and 


pı (x) = [B(0, |z|)?” and vi(z) = 1 
in (5.2), then we have A, = (p — 1)- ? and 


(f. D "edm oras) E 


(5.7) 
where |B(0, |z|)| is the volume of the ball B(0, |x|). The inequality (5.7) was 
obtained in [CG95]. 


2. Theorem 5.1.1 was obtained in [RY18a] and here we follow the proof from 
that paper. However, due to the fact that the formulations do not make use of 
the differential structure, the statement can be actually extended to general 
metric measure spaces with polar decomposition. More specifically, consider 
a metric space X with a Borel measure dz allowing for the following polar 
decomposition at a € X: we assume that there is a locally integrable function 
A € L}, such that for all f € L'(X) we have 


loc 
f uds n > f oie (5.8) 


1 


———— d 
BOT J soe ^ 07 
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for some set © C X with a measure on it denoted by dw, and (r,w) > a 
as r — 0. In the case of homogeneous groups such a polar decomposition is 
given in Proposition 1.2.10. 


Let us denote by B(a,r) the ball in X with centre a and radius r, i.e., 
B(a,r) := (x € X : d(a,a) < r}, 


where d is the metric on X. Once and for all we will fix some point a € X, 
and we will write 
:— d(a, x). 


Iv, 


Then the following result was obtained in [RV18] which we record here with- 
out proof. 


Theorem 5.1.3 (Integral Hardy inequality in metric measure spaces). Let 
1<p<q<œ and let s » 0. Let X be a metric measure space with a polar 
decomposition (5.8) at a. Let u,v > 0 be measurable functions positive a.e. 
in X such that u € L1(X\{a}) and v!-? € LL (X). Denote 


loc 


U(x) aj u(y)dy and V (a) =| v1-? (y)dy 
X\B(a,|z|a) B(a,|x|a) 


Then the inequality 


Ni Uu fiar) u(aae) n a of i Poe} ^ (5.9) 


holds for all measurable functions f : X — C if and only if any of the following 
equivalent conditions hold: 


Sn 


1. Dy := sup, (oiov z « oo. 
(4,3) 1/q 
2. Da sup, [ feugiat DV ad) V) <o; 


1/q 
ig E 
3. Dz := SUD; za { SB(atale) uly) Vaio ‘way V (x) < oo, 
provided that u, v!-?' € L! (X). 
; 2 l/p' 
4. D4 :— SUP za { JBialzla) vi-? (y)U? G-9 p U*(z) « oo. 


1/p" 
$ ‘(L445 Lg 
B. De t= Mpya { Áo da) 07 (WU? t ‘way U-*(2) « o9; 
provided that u, v!-? € L1(X). 
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Moreover, the constant C for which (5.9) holds and quantities Dı -D5 


are related by 
à 


Dı < C < Di(p)7» p7, (5.10) 
and 


1 1 1/q 
Dı < (max(1, p's))? Dz, Də < (mast, =) Di, 
p's 


l/q 
sp! "ES 
MEM Ds < Dı < (1 aD 
(=) 3 < Dı < (1+ sp )* Ds, 


1 1/p 
Dı < (max(1,qs))?”Da, Dı < (mast, 22) Di, 


sq 1/p m 
( ) Ds < Dy < (1 + sq)” Ds. 
1+qs 
3. As such, Theorem 5.1.3 is an extension of (5.1) to the setting of metric 
measures spaces X with the polar decomposition (5.8): in particular, for p = q 
and real-valued non-negative measurable f > 0, inequality (5.9) becomes 


i. Uu FOW) uter - cf f(x) v(z)dz, 


as an extension of (5.1). Indeed, in this case we can take u(x) = $, v(x) = 1, 
X = [b, oc), a = b, so that Theorem 5.1.3 implies (5.1). 

4. Let us give an application of Theorem 5.1.3 in the setting of homogeneous 
groups, recovering a two-weighted result obtained in [RV18]: 


Corollary 5.1.4 (Characterization for homogeneous weights). Let G be a ho- 
mogeneous group of homogeneous dimension Q, equipped with a homogeneous 
quasi-norm |- |. Let 1 « p € q «€ co and let o, B € IR. Then the inequality 


( Lus oV) tetas) E e( f Noleta) (5.11) 


holds for all measurable functions f : G — C if and only ifa +Q < 0, 
B(1 — p) +Q > 0 and 2» + ——— — 0. Moreover, the best constant C 
for (5.11) satisfies 


j- 


Aa : La 
— <C< (pp 2 


sj- 


Oo 


la + QI (60 — p) +Q)” 


al 


Y 1 
ps 


la + QI* (B(1 — p) +Q)? 


where o is the area of the unit sphere in G with respect to the quasi-norm |- |. 


5.1. Two-weight integral Hardy inequalities 241 
Let us show how Theorem 5.1.3 implies Corollary 5.1.4. If we take a = 0, 
and the power weights 
u(x) =|z\* ^ and — w(z)- al^, 


then the inequality (5.9) holds for 1 < p € q < oo if and only if 


oo 1/q r ; 1/p" 
Dı = sup («f pesado) g pers Lr) « oo, 
r>0 P 0 


where c is the area of the unit sphere in G with respect to the quasi-norm 
| - |. For this supremum to be well defined we need to have a+ Q < 0 and 
B(1 — p') +Q > 0. Consequently, we can calculate 


Lo oo 1/q r , 1/p’ 
Di = a gt gn sup T. eap) (f pp? +2-tap) 
r>0 T 0 


o Q Bü-»')tQ 
q r p! 


sup — — T7. a? 

729 |a -- Q|* (8(1— p) +Q)? 

which is finite if and only if the power of r is zero. Consequently, Corollary 
5.1.4 follows from Theorem 5.1.3. 


Proof of Theorem 5.1.1. We will prove Part (1) of the theorem since the proof of 
Part (2) is similar. The obtained estimates will also show the corresponding part 
of the statement in Part (3). 

Thus, let us first show that (5.3) implies (5.2). Using the polar decomposition 
in Proposition 1.2.10 and denoting r = |x|, we write 


n diti | [ " rey] à 
=f feso f sj (sy)doulds) dead 


alr) = { NI ' why) iet) (5.13) 


and using Holder’s inequality, we can estimate 


| | Í 50-1 f(sy)do(y)ds 
E 1 J ^ s(-D/P F(sy) (us (sp) /*g(s)s (€ DI 


x (Gv) nas) — dsdory) 


(5.12) 


Denoting 
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< (/ ri ,971 [ten oso) ^at)" dsaetu)) 1/p 


x ( i. [ 7 [ena] u asdo(u)) O (M) 


Let us introduce the following notations: 


U(s) := | 50-1 ( f(sy)(ux (sy) Pgls)) doly), (5.15) 
v= f [s (ssa) doidas, 610 
Wı(r) := [m etn. (5.17) 


for s,r > 0. Plugging (5.14) into (5.12) we obtain 


f diti | i " E 
Z / "me ( f i U(s)ds) 7 VEN dr. 


We now recall the following continuous version of the Minkowski inequality (see, 
e.g., [DHK97, Formula 2.1]): 


Let 0 > 1. Then for all fi(z), f2(x) > 0 on (0,00), we have 


[ re (f r f2(z jaz) CA falz (Uu fila Gs) DE (5.19) 


Using this inequality with 0 = q/p > 1 in the right-hand side of (5.18), we can 
estimate 


[oe ( | NESES | fu e( (C move ry dr) "e 


(5.20) 


(5.18) 


/p 


Let us introduce one more temporary notation 


T(s):- Jj s9-1 (iy (sy) 7" do(y). 


5.1. Two-weight integral Hardy inequalities 243 


Using (5.13), (5.16), the integration by parts, (5.3) and (5.17), we compute 


oli 7 Qe) (f fer "(s (tu) do(w DEC ) 
fn (f 204)" ds -vf = ([ rou)" ds | 
=p ( f LM -y ( f | f s01 (s) = do(y)as) p 


< pA, "a je i: gı (su)do(w)ds) 2 —pA (^ m(s)as) 2 


Similarly, applying the integration by parts and (5.3), this implies 


f mow ry)e/? dr = (p Ay) E Wir (fo Wi(s DE 
1/p 
= (p A y? p (f mi jar) 
= (p Ay! p i [12 sewa ar)” 


i , —q/(p'p) 
< (y Ay)" pad” ( [i27 [ er m) 
= At( Y? p(g(s))-*, (5.21) 


where we have used (5.13) in the last line. Putting (5.21) in (5.20) and recalling 
(5.15), we obtain 


[ow "n , foz) . dz < el U (At! *p"™(als))"Pas) a/p 


q/p 
= At (p !ja/v' (f v a(s))Pas) 
q/p 
= At (p) (f ; Q-1(f(sy))"v1(sy)do(y)d 22 
/ 
= At (p nap’ p( fo p(z (feras) 7 (5.22) 


yielding (5.2) with C4 = A4(p')!/" p V/4, 
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We now show the converse, namely, that (5.2) implies (5.3). For that, we set 


f(x) := (a (2)? xio, (lel), 


with R > 0. For this f we observe the equality 


( fo is (Gras) i | NECI 
- (1 (2) 77 da i (s (2)! 79 dz um 
|z| E R ja|<R 


Consequently, by (5.2) we have 


C=C (f is (a TOLA K (f tte) ^ 
> | ] ^o I... fex) ae) i | f Oa) 
2 = me) (= fex) ae) ] (f tta) ^ 
i ( = 1 E | Jata] i (5.24) 


Combining (5.23) and (5.24), we obtain (5.3) with C > Aj. 


—1/p 


(5.23) 


The next case is the version of Theorem 5.1.1 for the indices p > q: 


Theorem 5.1.5 (Integral Hardy inequalities for p > q). Let G be a homogeneous 
group of homogeneous dimension Q and let 1 < q < p < oo and 1/8 = 1/q — 1/p. 
Let $a and $4 be positive functions on G. Then we have the following properties: 


(1) The inequality 


d UN few) | clone) Pe (eroa) 


(5.25) 
holds for all f > 0 if and only if 


9/q' 


ô/q 
i (I 12 (/ (eser Qs (2)) ^ P'dy < oo. 
G \YG\B(0,|2|) B(0,|z|) 


(5.26) 


5.1. Two-weight integral Hardy inequalities 245 


(2) The inequality 


u (an few) | see "se (onc 


(5.27) 
holds for all f > 0 if and only if 
0/q 9/q' 
| | | tous | 1 (erras (ua (2c)) 7? da: < oo. 
G B(0,|z|) G\B(O0, |x|) 
(5.28) 


Proof of Theorem 5.1.5. We will prove Part (1) of the theorem since Part (2) is 
similar. We will denote 


6/q' 


5/q 
As = f (/ "LS (f amp) va) O 


First we prove that if A3 < oo, then we have inequality (5.25). Denote 


Walr) := J 14-1 4s (ry)de(y) (5.29) 
and 
G(s) = ]: Q— b (sy) (js (sy) |" do(y) (5.30) 


for h > 0 on G to be chosen later. Using the polar decomposition in Proposition 
1.2.10 we have the following equalities: 


[ose | J MYE) a 
G B(0,|v|) 
= [7 [rtt ( f f neust n totns ar 
QE LO 
-af oo [omo (f mow) 
-aff Q-'h (sy (Us (sy))! E 2-1 (rw) (s (rw) 7? do(w)d 3] 7 
( l watar) PET 
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oe —pj(i.2-igp-a 
=af | shey) (Ha (sy)) OPT te) 
9040 


«(4 JE r9 M h(rw) (bs (rw))!7? drdo(w ay 
[A [s 72-1 (sa (rw))1-?' drda(w) 


x (( / 4 r9" Gar) ardo(u)) ( f B 2) dsdo(y). 


Here, using Hólder's inequality with three factors with indices > + i +7 e, 
we can estimate 


| $3 (2) (/ e) dz < qKi K2Ks, (5.31) 
G B(0.zl) 


where 
" i -(f Le Y" (is (sy))!-? dsdo(y )) Mi " 
= ( f wey af 
~ m= (f Le "(ws ( sy)) 1p" 
j (re raa dui ) (5.33) 
JoJo 787 (s (rw) 17" drde(w) 
and 


w= (Lfen (Vs (sy)! (rr rQ- 1 js (rw))1-? drda(w ) ux 
a Wa(r yar)" COn (5.34) 


Leaving Kı as it is, we will estimate Kə and K3. We rewrite Kə as 


m ( G (SBi, ap (3 (2) ® dz)? (f, )) h(z)d d ) 


We want to apply (5.2) to K» with indices p = q, and with functions f(x) = 
(Yps(£)) 1? h(x) and 


(q-1)/p 


(Vs(2)) 77 


TE. ORDEN ©) = (bale) ra». 
(fto. i4) (0802)! 79 dz)?’ Vi (x) = (Vs()) 


pi(z) = 
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For that, we will check the condition that 


—p 1/p 
A(R) = | J, Ho -v | I MOON i) 2 
1/p' 
x | a) d J < 00 


holds uniformly for all R > 0. Assuming (5.35) uniformly in R > 0 for a moment, 
the inequality (5.2) would imply that 


(5.35) 


K2<C ( f (alan) mayas Nd 


= ( noo ul 


which is something we will use later. So, let us check (5.35). For this, we denote 


(5.36) 


S(s) = f 8706)" datu). 


Using integration by parts we have 


ay - (f fo ‘srw’ ( f” sods) drdolu w) (f so J 
7 UE (fama) sem) E (sm) P 
“(4 ([ see : ([ e fpf) P ego. 


so that (5.36) is confirmed. Next, for K3, taking into account 


sj H 


and using (5.26), we have 


w= (P L moa) peee aa" 


xa palsy) do(yds) ^ ^ 
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7 Í (Lauer) (f, t D i) (W3(@))'? dz 
ZI. (5.37) 


Now, plugging (5.32), (5.36) and (5.37) into (5.31), we obtain 


nr "NEL -p i) dii 


q—1 


n 


« car? ( [Wope d) ; 


which implies (5.25) after taking h :— fu? 1. 
Let us now show the converse, namely, that (5.25) implies (5.26). For this, 
we consider a sequence of functions 


ô/ (pq) 9/(pq^) 
me z)dz z))1-? dz 
fala) (io (a 
x (ua T tasso (Bl), B= 1,2, ss. 


Inserting these functions in the place of f(a) in (5.25), we obtain (5.26), if we take 
0 < ak < By with a, N 0 and Bk Z oo for k > oo. 


5.2 Convolution Hardy inequalities 


In this section we discuss integral Hardy inequalities in the convolution form. Such 
inequalities are particularly useful if we make particular choices of the convolu- 
tion kernels. For example, by taking the Riesz kernels of hypoelliptic differential 
operators on graded groups, such inequalities can be used to derive a number of 
hypoelliptic versions of Hardy inequalities. While this topic falls outside the scope 
of this book, we refer to [RY18a] for such applications. The inequalities that we 
will present here have been established in [RY18a] and we follow the proofs there 
in our exposition. 


Theorem 5.2.1 (Convolution Hardy inequality). Let G be a homogeneous Lie group 
of homogeneous dimension Q and with a homogeneous quasi-norm |- |. Let 1 < 
p<q<w,0<a<Q/p,0<b<Q and @=2-2+24. Assume that there is 
C5 = C»(a, Q) > 0 such that 


ITP (z)| < Ca|z[^-? (5.38) 


5.2. Convolution Hardy inequalities 249 


holds for all x #4 0. Then there exists a positive constant Cı = Ci(p,q,a,b) > 0 
such that 


< Cill flle) (5.39) 


La (G) 


|| 


holds for all f € L?(G). 
The critical case b = Q of Theorem 5.2.1 will be shown in Theorem 5.2.5. 


Remark 5.2.2 (Riesz kernels). Let us briefly describe a typical situation when 
condition (5.38) is satisfied. Without going much into detail, let us assume that 
& is a positive homogeneous left invariant hypoelliptic differential operator on 
G of homogeneous degree v. The existence of such an operator implies that the 
group G is graded, see [FR16, Section 4.1]. The operators & satisfying the above 
properties are called Rockland operators. 

Let h; denote the heat kernel associated to the operator &, see [FR16, Section 
4.3.4] for a thorough treatment of this and for the proof of the following notes. 
This heat kernel satisfies the following properties, see [FR16, Theorem 4.2.7 and 
Lemma 4.3.8]: 


Theorem 5.2.3 (Heat kernels). Let Z be homogeneous left invariant hypoelliptic 
differential operator on G of homogeneous degree v and let hy be the associated 
heat kernel. Then each h, is Schwartz and we have 


Vs,t 20 hi * hs = has, (5.40) 
Vr €G,r,t>0 h(rz) 2 r 9h(x), (5.41) 
Vx € G hi(x) = hilet), (5.42) 
| hi(a)dx = 1. (5.43) 
G 
Moreover, we have 
JC = Cane > 0 Yt € (0,1) sup |O X^hi(z)| < Cu, st" (5.44) 


|v|=1 


for any N € No, a E NG and £ € No. 


Furthermore, for any multi-indez a € NG and any real number a with 0 < 
a < (Q + [o])/v there exists a positive constant C > 0 such that 


J t1 X h (x)|dt < C[s| 9-7 Fl, (5.45) 
[U 


The fractional powers Z*/” for (a € R, 0 < a < Q} and (I+ 42)-*/" for 
a € R, are called Riesz and Bessel potentials, respectively, and they are well 
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defined, see [FR16, Chapter 4.2]. Let us denote their respective kernels by Z, and 
Ba. Then we have the relations 


r5 t» Mh (x) dt (5.46) 
vj 40 
for 0 « a « Q with a € R, and 


1 © ai 
B6) = etj n teh, (adt (5.47) 


for a > 0, where I denotes the Gamma function. Consequently, it can be shown 
(see [FR16, Section 4.3.4]) that for any 0 < a < Q there exists a positive constant 
C = C(Q,a) such that 


IZ. (z)| € C|x| (979 (5.48) 


holds for all x Z 0. Therefore, the Riesz kernel Z, gives a typical example of an 
operator satisfying condition (5.38). 


Proof of Theorem 5.2.1. We split the integral in the left-hand side of (5.39) into 
three parts: 


d 
| (= TOE) < 37M + Ma + Ms), (5.49) 
G 
with 
d 
_ x 
Mi =f (/ IT® (y vafe) IX 
6 AV lyl«lap i| 
T d 
E T 
jc I i TO (yn) fod) 5 
G V (ll £2]yl 4lzl) || 
and 


q 
dx 
M; :— TH (y-1 ay | =. 
° EU omen aw eMe J |x|? 


First, let us estimate Mı. We can assume without loss of generality that |- | is 
a norm (such a norm always exists, see Proposition 1.2.4, Part (2)) since replacing 
the seminorm by an equivalent one only changes the appearing constants. 


Observe that by the reverse triangle inequality and the assumption 2|y| < |z] 
we have 
I] — lel 


ly ^| > Iz] - |y] > lel - 7 = >: (5.50) 
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which is |z| < 2|y^ !x|. Taking into account this and that TW) (x) is bounded by a 
radial function which is non-increasing with respect to |r|, we can estimate 


q q 
dx 
Mı < d PQ) = 
i2 [ | Jaraa FO J IR l en) "i 
q = 
Ey Q)q dr 
C d Und] LM 
< [Posey s) (5 ir 


We will now apply Theorem 5.1.1, Part (1), to estimate Mj. For this we need to 
check condition (5.3), that is, that 


1 1 
(a-Q)q g q p 
sup T (3) = f dx « oo. (5.52) 
R»0 VJ (2R«|z|) \ 2 |x| {|2|<R} 


To check this, we consider two cases: R > 1 and 0 < R < 1. For R > 1, we can 
estimate 


(60778) (fount) 
QR«lz|) \ 2 |a: |^ {|2|<R} 
< CR? (/ (4) uas 5 ' 
T QR«|z| \ 2 |x|? (5.53) 


1 


< CR? (/ a-ha) 
{2R<|2|} 


(5.51) 


which is uniformly bounded since 5 = > +5 and (a—Q)q—b+Q = Qa #0. 
Now let us check the condition (5.52) for 0 < R < 1. Here, taking into account 
that (a — Q)g-b-Q— -44 4 0 we have 


(a-Q)q 
f (3) Ht < ORC), (5.54) 
QR«|z|) \ 2 jæ 7 
It follows with [e] = 7 — ; + ag that 


X 1 
(a—Q)q aq P7 
Í (3) = | de) < CRC9-$$ ge" <O 
(2R<|al} \ 2 |æ] {|2|<R} 


(5.55) 


252 Chapter 5. Integral Hardy Inequalities on Homogeneous Groups 


holds for any 0 < R < 1. Thus, we have checked (5.52). Applying Theorem 5.1.1, 
Part (1), we obtain 


Es ET 
My < (p)? p* All flle). (5.56) 


Let us now estimate M». For this, we decompose M» as 


T da 


Mz = n / rectas) —. 
» FM (lzl«2lyI&4lzl) Ja? 


Since |z| < 2|y| € 4|z| and 2* < |z| < 2*+!, we have 2*7! < |y| < 2**?. As in 
(5.50), assuming |- | is the norm and using the triangle inequality, we have 


3|z| = |x| + 2x] > læ] + lyl = |y 2, (5.57) 
which implies 0 € |y !z| € 3|a| < 3- 2**!. If we denote 
Ls): s", 
then by the assumption we have 
EE | S3, (8)- 


Taking into account these observations and applying Young's inequality in Propo- 


sition 1.2.13 with 14 E = i | i r € [1, oo], we can estimate M» by 


Ma < Y^279 [ (UF xerc] * LG 


keZ 


= 5 27 tr $ X(2*5-1«].|«2823] * Liza) 
kez 


< *, 2-90 i X(0x|. «3-211» (o) llf ` X{2+-1<]:1<2++2} || Toe) 


kEZ 

=C2) 27” l lc "7 9 "dz |. |f x qos eq eze ny ll 

» |z| «3.251 (2 SBA SI Le (G) (5.58) 
= s (a—Q)pa pat+p—q 

< cy 2 hey " gk+1)( pqtp-dq *Q) P If ` X{2k-1<|a|<2'+2} py 
keZ 

= CY 2-8 2990 f xarice 
kez 

< cy If- X(2*-1«|a| «25723 || zo (c) 
kez 

< Cliffe 


: (a-Q) pq — __bp 
since ae T Q= muB and q 2 p. 
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Now let us estimate M3. Without loss of generality, we may assume again 
that |-| is a norm. Then, similarly to (5.50) we note that 2|x| < |y| implies 
ly] < 2|y^! z|. Consequently we can estimate M3 as 


Ms J (B) row E 
~ JG V tlyl»2lz]) N 2 d 


We will apply Theorem 5.1.1, Part (2), to estimate M3. For this, we need to check 


that 
i (a-Qp! NF 
A a—Q)p p! 
ium » = f (4) del <o. (5.59) 
R>0 \ J {\2|<R} |x| (2R«|zl) \ 2 


To verify this, we consider two cases: R > 1 and 0 < R < 1. First, for R > 1, 
using the assumption [TS (a) < C|z|^-9 and that Q Z ap, one gets 


T 1 
(a—Q)p’ p p7 

(Una (9779 = (aga) see 

QR«|zl) \ 2 QR«|zl) 


Since R > 1 we can estimate 


1 


1 
ri (a— Q)p' PT E 
f / (4) de) <er -HF «c, 
(leen II {2R<|a|} \ 2 


since b < Q and 5 = I — 7 + aa Now let us check the condition (5.59) for the 
range 0 < R < 1. In this case, noting that ap — Q < 0 we have 


Iz] (a—Q)p' ; ; 
| (4) dz «C |z|? da < CROS +2, (5.61) 
QR«|zl) \ 2 (2R«|zl) 


| -Eo 
{|c|<R} | 
1 


i 

a (a-Qp' Nw "n 
/ da f |z| dis < ore poe « C, 
(lz|e R} lal? QR«|z|) \ 2 


(5.62) 


since Q > band 5 = 7 E + a Thus, we have checked (5.59). Consequently, 


the application of Theorem 5.1.1, Part (2), to Ms yields 


Since 


we have 


1 xb as 
Mz < (p) p* A|| fll ze). (5.63) 
Thus, (5.56), (5.63) and (5.58) complete the proof of Theorem 5.2.1. 
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Remark 5.2.4 (Schur test argument). In the case p = q, we can also prove Theorem 
5.2.1 by using Schur's test ([FR75]) as in the proof of Theorem 4.7.1. For the Riesz 
kernels of the sub-Laplacian on stratified groups such an argument was used in 
[CCR15], and the argument below wa even in RNS: 


a 


For p = q, the condition oa E + ag in Theorem 5.2.1 implies that 
b = ap, so we are interested in the L?- “boundedness of the operator 
Saf = |a|”? (F * |al*~@) = lel ^ (f x |a]*7 9). 


The adjoint, defined by (f, Sg) = (Saf,g), is given by S*g := (|a|~%g) * |v|*- 9. 
We now recall again the Schur test: 
Assume that the integral operator S has a positive integral kernel, and that 
there exist a positive function h and constants Ap and Bp such that 


S(hP')(x) € Ay(h(z))" and $*(h?)(x) < By(h(z))" 
hold for almost all x € G. Then we have 
|Safllze@) € AY Bo! lf lz) 


for all f € L(G). 
Let us now take h,(x) :— |x| with c > 0 and consider the convolution 


integrals 
hf *|z[^7 9 and (|z| A2) x |z]^- 9, 


which arise in the computation of S, (h?) and S? (h?). We see that the homogeneity 
orders of h?” and |z|-"/?h? are (c— Q)p' and (c— Q)p—b/p, respectively. Then, the 
homogeneity orders of A? x |z|^- 9 and (|a|~/P AP) « x|*-9 are a — Q + (c — Q)p' 
and a — Q + (c — Q)p — b/p, respectively. Therefore, these convolution integrals 
converge absolutely in G\{0} if and only if 0 < (c — Q)p' + Q < Q — a and 
0 < (c— Q)p — b/p - Q < Q — a, that is, if 


a a 
max (2,542) <¢ce<Q=— 
pp P p 
since b = ap. This condition is true if 0 < a < Q/p. 
Thus, it follows from Schur's test that 
lleje C£ * |z| elre) € AV? BY? || fll zee), 


where 0 <a « Q/p, 1< p « oo, and f € L?(G). 
Taking into account this and IT® (x)| < C|z|*- 9, we obtain 


HI Te ‘a 


|z|? 


Lr (G) <o] |z|? Lr (G) (5.64) 


< Cl|lz| ^ (£1 * lal? ino) < Cfl 


which proves Theorem 5.2.1 in the case p = q. 
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Let us now show the critical case b = Q of Theorem 5.2.1. 


Theorem 5.2.5 (Critical convolution Hardy inequality). Let G be a homogeneous 
Lie group of homogeneous dimension Q with a homogeneous quasi-norm |- |. Let 
1«pc«r «oo and p « q< (r—1)p’, where 1/p+1/p' = 1. Assume that for 
a — Q/p we have 


ir (zy «c, l PA fore e G0], TT 
° i | 9,  forz € G with |x| 7 1, 
for some positive Cp = C»(a, Q). Then there exists a positive constant C1 = 
Ci(p,q,r, Q) > 0 such that 
f* qe 
Suh < Cillfllze@ (5.66) 


4,9 
(tog (e+) l? Es 


holds for all f € L?(G). 


Remark 5.2.6. We note that compared to the condition (5.38), the decay assump- 
tion in (5.65) for large x is stronger. Continuing with the notation of Remark 
5.2.2, we observe that the Bessel kernel (5.47) of the operator (I + 47)-*/" for 
0 « a « Q satisfies (5.65): there exists a positive constant C = C(Q,a) > 0 such 
that we have, in particular, 


"P ee for x € G\{0}, 


5.67 
C|z|- 9, for x € G with |z| > 1. RD 


We refer to [RY18a] for further details, as well as to the original proof of Theorem 
5.2.5 that we follow here. 


Proof of Theorem 5.2.5. Let us split the integral in the left-hand side of (5.66) 
into three parts, 


f erior E 


< 39(N, + Na + N3), (5.68) 
e+ l ) 
|z 


T 
|z|e 


where 


iz| 


q 
B dx 
N> >] (/ ITS) vata Loy De 
G V f\21<2lyl<4lel} hog (c+ 4)| |x|? 


l| 


q 
_ dx 
m= f | Nm vata — m 
e V 2lyl«lal) hog (e+ 4). |x|2 


256 Chapter 5. Integral Hardy Inequalities on Homogeneous Groups 


and 
1 dx 
N3 =| (/ moo rns) INE ae; LANA 
G \J{|y|>2\2]} hog (e+ 4). |z| 


We begin by estimating N1. Similar to the argument in (5.50), in the region 2|y| < 
|x| we have 


ly az 2 lel- |» lel- — 5 (5.69) 
which is |z| < 2|y ! z|. Denote 


|z|, for x € G\{0}, 


TO < B. =C 5.70 
He CN S Bale) ° lr|-9, | forz€G with || 7 1. ey) 


Since TO), (x) is bounded by Boy (x) which is non-increasing with respect to |z|, 


then using (5.69) we get 


q q 
dz 
Me I, "n roa) (ma rex) hog (e d i | |z|? 
< | (/ sora) (Boy (§))' RÀ 
~ Je A (2lul«lzn hog (e+ à) |x|2 


We will now apply Theorem 5.1.1, Part (1), to estimate N1. For this we have to 
check the condition (5.3), that is, that 


1 
q 4 


n TAM dx P 
T (Bem (5)) hog (e+ H) [ie "Oo < A; (5.71) 


holds uniformly for all R > 0. To verify this uniform boundedness, we consider 
two cases: R > 1 and 0 < R < 1. First, for R > 1, using the second equality in 
(5.70), we can estimate 


i 
q 


D TAA da 
aa (Boy, i lios (e+ H) lee Ta 2 
SCR? "n (Bor (5) m d Lt serta) 


« CR-9R* « C. (5.72) 


sj- 
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Next, let us check (5.71) for 0 < R < 1. We split the integral into two terms, 


faran Oe e: 


E ES A 


8 ( 
i Js (Bo; "(s ) ZE E 
t jm (Bor i ey EERE ve 


hog (e + x) | |z| 
We note that the second integral in the right-hand side of (5.73) is finite by the 


second equality in (5.70). For the first integral, using the first equality in (5.70), 
we can estimate 


~ TN|d dx 
fnac 22 Gs 
(2n«|v|«2) hog (e 


ese 


e 
~ J(2R«|z|«2) 9/2 2/1 Tef? 


<C |x| - 99/7 -2 dg 
{2R<|2|<2} 
< CR Qv. 


Combining this with (5.73), we obtain 


- d 
| Bore (5) UT | i 
(2R«|al) 2 log (e+ 4)| |x|2 {\e|<R} 
E 


< C(n-9/» + 1)RQ/» <0 


Sj- 


uniformly for all 0 < R < 1. Thus, we have verified (5.71), so that applying 
Theorem 5.1.1, Part (1), to Nı we obtain 


i EA 
q 


na 
Nv < (p)? p* Aill flee) (5.74) 
Now let us estimate Nə. We decompose it into the sum 


q 
=> | I TD (ya) f rn) 
» scel {lel<alyl<alaty 2? 
dx 


<<< 
|log (e + i) |x|@ 
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: d 
Since the function (los (4)) [z|9 is non-decreasing with respect to |x| near the 


origin, there exists an integer ko € Z with ko < —3 such that this function is 
non-decreasing in |x| € (0, 2*°++). Fixing this ko, we decompose N» further as 


Nə = N»1 + Nas, (5.75) 
where 
2 (2) ' 
Na= yo f | (TO) (ya) f (y)|dy 
P scel (lzi2lyieals) 2P 
dx 
x ;_ Rr 
hog (e + i) |x|@ 
and 


oo q 
[m f f ir?) tady 
e x (2^ «|o c2) | {lel<alyl<alaty 2P 


k=ko+1 
dx 


um (e; t E) lze 


Let us first estimate Noo. Since |z| < 2|y| < 4|z| and 2^ < |x| < 2**!, we must 
also have 2*-! < |y| < 2**?. Before starting to estimate Noo, using (5.65) and 
q > p, let us show that 


JTN f BEO Td 


_ Qa(p-1) ... Qna 
< Co f |x| patp—4a dm + J |x| patp—a dg < oo, 
|z| «1 |z|>1 


where f € [1,00] is such that 1+2=3+4. 
Then, (5.76) and Young's inequality in Proposition 1.2.13 with 1+ 2 = i + 
and F € [1, co] imply that 


(5.76) 


oo 


q 
Na<c Y f | IT?) (ye) f(y)ldy | dz 
S 2 (2^ le] caet) ( {lel<alyl<alaty 2P 


k=ko+1 


< CI[f xeetan] * TE oll dace) 


oo 


Da IF- xqge-i «pene Ibo) 
p- ko+1 


oo q/p 
=C i LF (2) Pade 
2. ( {2k <a] <2k+1} 


k=ko+1 


SUI Mus 


Q/p 
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q/p 
«c | roras) 
(x eee 


= Cll Flie (5.77) 


Next, let us estimate N21. As in (5.69), assuming |- | is the norm and using 
the triangle inequality and |y| € 2|x|, we can estimate 
3|z| = |x| + 2|z| > |2| + lyl > |y 2. (5.78) 


Since (los (4)) |z|9 is non-decreasing in |x| € (0, 2*°+!) and 3|z| > |y! z|, we 


have T 
T 1 T y ix 
lo log | —— — 
(ioe (77) ) 11° = (oe (Garena) |S 
Consequently, this and (5.65) yield 
ko Q q 
Nase y f | yal | Fy)ldy 
k——oo Y 2, S|z| «2**15. No {|2]<2|y|<4]a]} 
y dx 
1 T 
(es (s) 12 
q 
ko —1 rd 
-exX | / wr FSO ay) a 
k=—oo Y (^ X|z| «25*1) {|x| <2|y|<4]a|} ((to e )) a)" 
g |x] 
q 
ko zin 
T| P 
$0», i= k+l J < <4 | = a a 
S 2 z|«2^ z|x2 x = q 
k=—o0" O^ S|] «2**1) |V tel <2ly|<4l ? ((iog( = )) Iy 12) /3|2) 


Since |z| < 2|y| € 4|z| and 2* < |a| < 2**! with k < ko, we must also have 
2*-1 < |y| < 2**? and |y-!z| < 3|z| < 3-2*0+1 < 3/4, using (5.78) and ko < —3. 
Taking into account these and setting 


XB 3 ( (o) (x) 
g(x) : = E Q?’ 
(e (s) at 
we have for No, that 
ko q 
naso Y. f (/ — ay) a 
k« a k+l z z diu a 
k£ oo" Q^S|z| «2**1) \S{\2]<2|yl<4lal} (Ios (4 3)) ly-iz|$ *5 
ko 


<C 5 II[F * x qos: 2792] * gll a (y 


k——oo 


260 Chapter 5. Integral Hardy Inequalities on Homogeneous Groups 


Since p < q < (r — 1)p', we use Young's inequality in Proposition 1.2.13 with 
lc i= +4 and f € [1,00), to get 

ko 

Ciamara SClfÁl e (6-79) 


k——oo 


No € 


provided that g € L/(G). Since (2 de 2) F=Q, Ž = GE. and q < (r—1)p' 
then changing variables, we obtain 
" dx s dt 
llis [S À -0] m9 
B(0,3/4) (log (1)) 7^ |z|Q log($) ¢27Fa 


Let us estimate Na now. Without loss of generality, we may assume again 
that |- | is the norm. Similarly to (5.69) we obtain |y| < 2|y !z| from 2]|z| < |y]. 
Then, we have for N3 that 


EM y 1 dx 
ss fan Pe t) re 


We will apply Theorem 5.1.1, Part (2), for the required estimate of N3. For this 
we have to check the following condition: 


i 1 
AM —— T B = í dx í A2. 
1 Q/p 2 
(Isle 8) hos ( ) |x|2 (2R<|al} 


e+ Tz] 
(5.80) 


To check this, let us consider the cases: R > 1 and 0 < R < 1. Then, for R > 1 by 
the second equality in (5.70), we get 


1 1 


(/ Bor (=) | is) «c (/ i ar) < CRF. (5.81) 
{2R<|a|} - (2R«|zl) 


Moreover, we have 
dx dx 


LN hog (e 2 ES lc] ZU b log (e d E) |x|2 
+f dx 
{3<l2l<R} hog (e+ i) lele 


and we note that the first summand in the right-hand side of above is finite since 
r > 1. For the second term, we get 


1 EM MN < | id <C(1+logR). (5.82) 
{$<lal<R} |log (ed E) |a|@ {4<|«|<R} |x| 
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Combining (5.81) and (5.82), we have for R > 1 that 


i ES 
/ p! 


dx ~ xL\ |? 
ee m (Lu Bove (3) d 


< CR? (14 log R)? < C. 


Now let us check the condition (5.80) for 0 < R < 1. We split the integral into 
two terms: 


TN Pom (5) | Á 
7 | Bar» O 2 MN Bar (S)l dd 


We note that the second integral in the right-hand side of above is finite by the 
second equality in (5.70). Then, using the first equality in (5.70) we get for the 
first integral that 


m p 1 
1 Bor (2)| dx € C lz|- 9 dx < Clog (z) l 
{2R<|2|<2} 2 {2R<|2|<2} R 


Combined with (5.83), it follows that 


~ rN |P 1 
Bop (2 | ae <C(1+108(5)), (5.84) 
] ul an (5) R 
—(r—1) 
1 
| "A A 7 «c (tog GE) ; 
{la|<R} log ( I ) |z| R 


e+ Tz] 
and (5.84), and taking into account r > 1 and q < (r — 1)p’ we obtain that 


(5.83) 


Since 


1 


dx i D zy |P d 
T Jos (e+ A] lee (= Bor (5)| i) Bai 
(: + (vos D) <C. 


iA 
< l m 
C (tos (e+ 5) 


Thus, we have checked (5.80). Consequently, applying Theorem 5.1.1, Part (2), for 
the term N3, we obtain 


1 E od 
Ng < (p')” p* Aol| fll (oy (5.86) 


Finally, a combination of (5.74), (5.86), (5.75), (5.77), (5.79) and (5.68) completes 
the proof of Theorem 5.2.5. 
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5.3 Hardy-Littlewood-Sobolev inequalities 
on homogeneous groups 


In this section we discuss the Hardy—Littlewood—Sobolev inequality on homoge- 
neous groups. We show that it can be obtained as a simple consequence of the 
convolution Hardy inequality in Theorem 5.2.1. In fact, the argument implies a 
little more. 


Theorem 5.3.1 (Hardy-Littlewood-Sobolev inequality). Let G be a homogeneous 
Lie group of homogeneous dimension Q with a homogeneous quasi-norm |- |. Let 
0«A« Q andl < p,q <œ be such that 


1/p+1/q+ (a+ A)/Q —2 


with 0 <a < Q/p' and a -- À € Q, where 1/p+1/p' = 1. Then there exists a 
positive constant C = C(Q, A, p, a) > 0 such that 


f(x)g(y) 2 
NI eey ia] A 


holds for all f € LP (G) and g € L4(G). 
Remark 5.3.2 (Stein- Weiss inequality). 


< CI|fllr»(eyll9ll zee) (5.87) 


1. The original Hardy-Littlewood-Sobolev inequality goes back to the work 
of Hardy-Littlewood [HL27], [HL30] and Sobolev [Sob38]. More specifically, 
in [HL27], Hardy and Littlewood considered the one-dimensional fractional 
operator on (0,00), given by 


Ty f(z) = f ay, 0cA«I1, (5.88) 


and proved that if 1 < p < q < oo and i = pA then there is C > 0 
such that 

ITa fll za) € CII£llroto,oo); 
holds for all f € L?(0,00). The N-dimensional analogue of (5.88) can be 
written by the formula 


If (x) =f IW) wy 0cA«N. (5.89) 


nw |x — yl 


Consequently, if was shown by Sobolev in [Sob38] that if 1 < p < q < oo and 
i- - + + — 1, then there is C > 0 such that 


q 
lA flle € CIF), 


holds for all f € LP (RY). In [SW58], Stein and Weiss obtained the follow- 
ing two-weight extension of the Hardy-Littlewood-Sobolev inequality, which 
is nowadays called the Stein- Weiss inequality. More specifically, they have 
shown that if 0 < A < N, 1 < p < œ, a < “E 8 < M, a£ 8 » 0, 
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Loi Ate 1, and 1 « p € q « oo, then there is C > 0 such that we 
have 
Wal? D flaen) < Cllzi^ flr» quo) (5.90) 

2. An extension of the Hardy-Littlewood-Sobolev inequality to the Heisen- 
berg groups was considered in [FS74]. The sharp constants in the Hardy- 
Littlewood-Sobolev inequality in the cases of RN and the Heisenberg group 
were obtained in [Lie83] and [FL12], respectively. 

3. In [GMS10] the analogues of the Stein-Weiss inequality were obtained on 
Carnot groups. Note that in [HLZ12] the authors also proved an analogue of 
the Stein-Weiss inequality on the Heisenberg groups. 

4. On general homogeneous groups the statement of Theorem 5.3.1 will be 
here obtained as a consequence of the integral Hardy inequalities. The es- 
timate (5.87) contains the Hardy-Littlewood-Sobolev inequality and half of 
the Stein-Weiss inequality. The full Stein- Weiss inequality on homogeneous 
groups was obtained in [KRS18b]: Let 


Tyu(a) := [ ay, 0<A<Q. (5.91) 


Let0<A<Q,1<p<%,a< S, p<, ac 82 0, = 14 83285 L], 
where > +4 =1 and} +% =1. Then for 1 < p € q< œ we have 


llel hulle € Cll|z|°ull zoe). (5.92) 


5. (Differential Stein—Weiss inequality on graded groups). Continuing with the 
notation of Remark 5.2.2, let L?(G) be the homogeneous Sobolev space over 
L? of order a associated to a Rockland operator. Such spaces are well defined 
on graded groups and do not depend on a particular choice of a Rockland 
operator, we refer to [FR17] or to [FR16, Section 4.4] for the extensive anal- 
ysis and exposition of their properties. The following differential version of 
the Stein- Weiss inequality was obtained in [RY 18a]: 

Theorem 5.3.3 (Differential Stein- Weiss inequality). Let G be a graded group 
of homogeneous dimension Q and let |-| be a quasi-norm on G. Let 1 < p,q < 
oo, 0€ a « Q/p and 0 € b « Q/q. Let0 c AQ, Oxo «a-- Q/p' and 


0 € B € b be such that (Q — ap)/(pQ) + (Q — a(b — 8))/(4Q) + (a+A)/Q = 2 
and o 4- À € Q, where 1/p+ 1/p' = 1. Then there exists a positive constant 


C= C(Q, A; p, Q, B, a, b) such that 


f(x)gy) 
III) dedy) € Clflzsmllgll:s (5.93) 
Li war Ilola 


holds for all f € L®(G) and g € Ł41(G). 


While the setting of graded groups falls outside the scope of this book, 
we follow [RY18a] in the proof of Theorem 5.3.1 below. 


264 Chapter 5. Integral Hardy Inequalities on Homogeneous Groups 


Proof of Theorem 5.3.1. Let Ta (x) := |zx|^- 9 with 0 < a < Q/r for some 1 < r < 
oo. Then, using Holder’s inequality we have 


f; * Ta- a) (x (9 * Ta-a)(2) gy 


|x| 


M dzrdy| = 


G BE ETE 


(5.94) 


< |f lz»(e) 


g *TQ-A 
|x| 


L(G) 


Note that the conditions a+ A € Q and 1/p+1/q+(a+A)/Q = 2 imply q < yp’, 
while 0 € à< Q, a « Q/y' and 1/p + 1/q + (a+ A)/Q = 2 give 


0<Q-A=Q a(2 - ~)+0<Q a(2 - 2E S Ge 
D q P q 


p 
Since we have 1 < q € p «oo, 0€oap' «Q,0«Q—A « Q/q and (Q— 3)/Q = 


1/q—1/p' + a/Q, using Theorem 5.2.1 in (5.94) we obtain (5.87). 


Remark 5.3.4 (Reversed Hardy-Littlewood-Sobolev inequality). Let us make some 
remarks concerning the reversed Hardy—Littlewood—Sobolev inequality on homo- 
geneous groups. Namely, consider the inequality 


[ [ tow sh dedy > Colt eM ls, — 5 


for any 0 € f € L! N L(G) with f # 0 and 0 < p < 1, where \ > 0 and 
0:— (2Q — »QQ + A)/(Q(1 — p). 

In the Euclidean case G = (R^, +), i.e., with Q = n, the case p = 2n/(2n4- A) 
was investigated in [DZ15] and [NN17], while the case p > n/(n + A) was studied 
in [DFH18]. 

Following [RY18a], let us briefly recapture the argument in the setting of 
general homogeneous groups. Namely, let us show that in the case 0 < p < Q/(Q+ 
A) the inequality (5.95) is not valid, namely, (5.95) fails for any CQ; > 0. In the 
Euclidean case this was shown in [CDP18] when p < n/(n + A) and in [DFH18] 
when p < n/(n +A). 

Let f be a non-negative function with compact support, and let h be a non- 
negative smooth function such that fọ h(z)dx = 1. Then, for some A > 0, consider 
the function 

fela) := f(w) + Ae" h(nJe). 
Suppose now that (5.95) holds for some CQ, > 0. Putting this f. in the inequal- 
ity (5.95), we obtain 


ee Ven 


_, Jede f( z)|y «l^ f(y LL Ix [^ f (x) dx 
(Jo f(x)dx + A)? (fr (f (z))ndz)879)/» 


CQ,» € 
(5.96) 
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as € — 04, where we have used that 


e fo fe(a)da = fo f(a)da + A; 
e when £ — 04, we have 


[i falz Pde [utn )? da; 


e when £ — 01, we have 


ri [ fe(x)ly" z]? fey) dandy 
E f [ f()ly al> fw)drdy +24 [ f f(z)Ke 71)" Phy) dandy 
+ a f [ «(S 2) dedy 
> J | few sh ranas 24 [ Verna 


since fg h(x)dx = 1. 


Note that in (5.96) we can take also the limit as A — -Foo since it is valid for all 
A > 0. Then, when 0 > 1, that is, for p < Q/(Q + A), taking A — -oo in (5.96) 
we see that CQ. X, = 0. In the case 0 = 1, that is, for p = Q/(Q + A), taking the 
limit as A — --oo in (5.96) we get 


2 fc le f(a) 
Come S T (Fa Uv 


Finally, we show that the right-hand side of (5.97) goes to zero as R — oo if we 
insert the function 


(5.97) 


G+) for 1 < |z| < 
fra(x) = i ML (5.98) 


0, otherwise, 
for any R > 1. Indeed, in this case p = Q/(Q +A), and from (5.97) we obtain that 


x n (x)dx 


cl 


CQ.» € 


as R — oo, where |p| is a Q — 1-dimensional surface measure of the unit quasi- 
sphere in G. 

Summarizing, we conclude that for 0 < p € Q/(Q + A) the reversed Hardy- 
Littlewood-Sobolev inequality (5.95) is not valid with any constant CQ,» > 0. 
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5.4 Maximal weighted integral Hardy inequality 


Here we present a maximal Hardy inequality in the integral form, involving the 
maximal function 


1 
MN — TEED LM (de 


Theorem 5.4.1 (Maximal integral weighted Hardy inequality). Let G be a homo- 
geneous group of homogeneous dimension Q with a homogeneous quasi-norm |- |. 
Let à and y be positive functions defined on G. Then there exists a constant C > 0 
such that 


| sese tos Node < € | ét) fts (5.100) 
holds for all positive f > 0 if and only if 


J é(z) exp (M log 4) (2) 
|z|> R 


— Q 
A := sup R PE 


R>0 


dz < oo. (5.101) 


Remark 5.4.2. Inequalities of the type of those in Theorem 5.4.1 in the Abelian 
case G = (R",--) were studied in [HKKO1] for the one-dimensional case n = 1, 
and in [DHK97] for the multidimensional case n 7 1. Theorem 5.4.1 was proved 
in [RSY18a] and we follow the presentation there. 


Proof of Theorem 5.4.1. Let us first show (5.101) implies (5.100) for all f > 0. 
Denoting 


eaten (m iog =) ie), (5.102) 


as well as u(x) := f(z)v(r), and z = |v|£, we have 


f (2) exp(M log f)(2)dr 


= [ceo [a | [ u- (4) (eae [senes] di 


1 1 

z [ow exp (m log *) (a) exp [at =) TNR istos) dx 
1 

= [ W3(a) exp lao ini n ool) dx 


1 
= | weap = ome ote) da. (5.103) 


Since 


1 
f log(lé|®)dé = Q / / r9 log rdrdo(y) = —|B(0, 1)|, 
B(0,1) o40 
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and by using Jensen’s inequality, we obtain 


f p(x) exp(M log f)(2)da 


Qu (|a; = Q a 

= [me yoo Cs D | ri NICE TM sil we) 4 
= [e yoo Cc a Drow! rog Eu (oteyae + 1 dc 

=e [mes ^ (mic N 8 (oie) a 


ee 2 
< BO. rf, Wala) Ta || u(|z]£) agar 


= BOD] D i / f [ r9 1 Ws(rw) f ETE S 


where |£] = s and [| = +, Furthermore, with tra we get 
[ estos Gas 

BOD Í / f © 2-1/4 (rw) f E T 

mis {Le (2) Qt 

mi LÍ P [s (s) anat 

mis EL mmm (o) nae 

7 Osa M "n (' "str dtdo(y)do(w) 

"gay LL fee wen ([ nter) anda 

- p LX Gi [ot Hi) ae Arata [eit 


yielding (5.100), where we have used (5.101) in the last line. 


IA 


(c 


[e 


IA 
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We now show that (5.100) implies (5.101). From (5.103) we notice that (5.100) 
is equivalent to 


1 
[mo exp a e lool) dx < E (5.104) 


Furthermore, for a function 
u(z) = R^ x(,ny(Ix]) - e ??|z| 7? R? Xir sy (lel), EG, R0, — (5.105) 


we have 


1 
[eme (may f, nos a 
«cf acf f s?-lu(s)dsdo(y) 
= C|e| n S as [7 eee) 


—2 


-c (5+ =) = CQ) <x 
APADT mA T j 


since x is the cut-off function. Thus, from this, by plugging (5.105) into the left- 
hand side of (5.104) we calculate 


oo > C(Q js [me Vb ( sm 515 BOEN be CO (:)ds)as 
ff 5° Wa(sy) vn mall" -1 log(u(r))drdo(w )dsdetu) 
-Jp 7 Way) exp 7 as ; em À CETT, Ptr) dado) 
= [C msn, wey DJ, ^ eser) ar) as) day 
«fü sg) ex (ra — (CP r9! log(R-9)dr 


© Q- lel P Stins p= 
JI s?-1W3(sy) exp [ar (I r?-1]og(R-9)dr 


«f yat lose 97? 2a) ) as) da(y) 
R 
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T gı lel " -1 = 
-{(f s?-1W3(sy) exp Ite (/ r?-1]og(R-9)dr 


«f 1 og(e?9ar — 29 | r9-1logr)dr 
R 


R 


ET i 79-71 los)ar ) as) do(y) 


7 ? ga || HERO W) gat HM 
- f, : Ws) exe (gi ( D o a 


r9 logr M, s2 — RS )) ) 
—2Q |——— = =| +> log(R? ds | do 
| Q Qi, a g(R*) (y) 
x se-  Wa(sy) 
o4^R 
lol 2RQ 2 2R 
— —À 24 —-—21 F———-l dsd 
exp Groen 50 og S Q^ Os + log R sda(y) 
lel 
oo REO. 
> e220) f f senta) s dsda(y) 
o4R s TBO.) 


à; 1 
= 2070 | Ws(z), 2-20 po j la) exp (Mog 3) (2) 
|x|2R |: |? |x|2R |x|? 


which implies (5.101), where we have used —— —Q, a — s > 0, and 


(5.102) in the last two lines. 


Open Access. This chapter is licensed under the terms of the Creative Commons At- 
tribution 4.0 International License (http: //creativecommons.org/licenses/by/4.0/), 
which permits use, sharing, adaptation, distribution and reproduction in any medium or 
format, as long as you give appropriate credit to the original author(s) and the source, 
provide a link to the Creative Commons license and indicate if changes were made. 

'The images or other third party material in this chapter are included in the chap- 
ter's Creative Commons license, unless indicated otherwise in a credit line to the material. 
If material is not included in the chapter's Creative Commons license and your intended 
use is not permitted by statutory regulation or exceeds the permitted use, you will need 
to obtain permission directly from the copyright holder. 


Chapter 6 A) 


Check for 
updates 


Horizontal Inequalities on Stratified Groups 


In this chapter we discuss versions of some of the inequalities from the previous 
chapters in the setting of stratified groups. Because of the stratified structure here 
we can use the horizontal gradient in the estimates. 

As already outlined in the introduction there are three versions of estimates 
on stratified groups available in the literature: 


(A) Using the homogeneous semi-norm, sometimes called the £-gauge, given by 
the appropriate power of the fundamental solution of the sub-Laplacian £. 
Thus, if d(x) is the Z-gauge, then d(x)?~@ is a constant multiple of Folland’s 
[Fol75] fundamental solution of the sub-Laplacian £, with Q being the ho- 
mogeneous dimension of the stratified group G; these will be discussed in 
Chapter 7. 

(B) Using the Carnot-Carathéodory distance, i.e., the control distance associated 
to the sub-Laplacian. 

(C) Using the Euclidean distance on the first stratum of the group. 


The constants in the corresponding inequalities may depend on the quasi- 
norm that one is using. There is an extensive literature on Hardy type inequalities 
of stratified Lie groups, see, e.g., [DGP11], [GL90], [GK08], [Gri03], [JS11], [KS16], 
[KÓ13], [Lia13], [NZW01]). For example, in the case (A) the Hardy inequality takes 
the form 


< p 
L? (G) Q—p 


|a lVaflpqy; Q231«p«Q, —— (61) 
where Q is the homogeneous dimension of the stratified group G, Vy is the hor- 
izontal gradient, and d(x) is the £-gauge from (A). The analysis in the case (A) 
in terms of the fundamental solution of the sub-Laplacian will be the subject of 
Chapter 11. The results on Hardy and other inequalities for the case (B) are less 
extensive, mostly devoted to the case of the Heisenberg group. 

In this chapter we concentrate on the case (C). Thus, here throughout we 
adopt the notations from Section 1.4.8 concerning the stratified groups. In this 
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case there are several additional properties available assisting the analysis, such as 
formulae (1.72) and (1.73), making certain calculations possible. It is also worth 
noting that generally, for the same types of inequalities, the optimal constants in 
case (C) are different than the optimal constants in case (A). 


Some analysis of inequalities of the case (C) is known in the literature, see, 
e.g., [BT02a] and [D’A04b]. However, in this chapter we aim at developing an 
independent point of view based on the divergence relations (1.72) and (1.73). 


Notation. As already mentioned, throughout this chapter we adopt the notations 
from Section 1.4.8 concerning the stratified groups. In particular, G will always 
be a stratified group of homogeneous dimension Q, with N being the dimension 
of the first stratum. Also, x’ will denote the variables in the first stratum of G, 
and V g will denote the horizontal gradient. To simplify the notation, we denote 
simply by 


the Euclidean norm on the first stratum of G, which can be identified with IR. 


6.1 Horizontal L?-Caffarelli-Kohn-Nirenberg 
type inequalities 


In this section we establish the horizontal version on stratified groups of the L?- 
Caffarelli-Kohn-Nirenberg type inequalities from Section 3.3.1. In particular, this 
would imply the horizontal version, as in the case (C) above, of the L?-Hardy 
inequality with the sharp constant: 


J 


le'l 


p 
L? (G) —N-p 


IV n Fl roo; ; l«pc«N. (6.2) 


We obtain it as a special case of the following more general inequality, see Remark 
6.1.2, Part 3. 


Theorem 6.1.1 (Horizontal L?-Caffarelli-Kohn-Nirenberg inequalities). For any 
a, B € R and every complex-valued function f € Cg? (GNX(2 = 0}), we have 


p-1 
1 


|z'|? 


[N= 
p 


Í 


T 
|a|? 


i 


la^ 


L»(G) 


, l«pc«oo, (6.3) 
L»(G) 


Lv(G) 


where y — o 4- B -- 1. If z NN then the constant —— is sharp. 
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Before proving Theorem 6.1.1, let us point out some of its consequences. 
Remark 6.1.2. 


1. In the Abelian case G = (R^, +), we have N = n, Vg = V = (On,,.--,Or,,); 
so (6.3) gives the L?-Caffarelli-Kohn-Nirenberg type inequality for R” with 
the sharp constant: 


1 


Ep 


f 


In ^l Er d 
B 
LPR») [Iz|E 7 


p 


a 
|z| g Lr(R”) Le (R^) 


for all f € CF (R”\{0}), and |z|g = yz? +---+ 22. In this case it becomes 
a special case of Theorem 3.3.3 because a particular (Euclidean) norm is used. 
In this case the inequality of this type has been analysed in, e.g., [Cos08] and 
[DJSJ13]. 


2. (Horizontal weighted L?-Hardy inequality) In the case 


(3) 


i.e., with 6 = (a + 1)(p — 1) and y = p(a + 1), inequality (6.3) implies the 
horizontal weighted L?-Hardy type inequality 


N-— 1 
DX qoe PE 2) , l<p<oo, (6.5) 
p |x" L? (G) |x" L»(G) 
for any f € CS°(G\{2’ = 0}) and all a € R, with sharp constant in (6.5) for 
p(a 4-1) z N. 


3. (Horizontal L?-Hardy inequality) In particular, in the case of a = 0, the 
inequality (6.5) implies the following stratified group version of Aorizontal 
L?-Hardy inequality with the sharp constant: 


f 


eal z Vn fli: peu. (6.6) 


L((G) | em 
Such a type of inequalities was also considered in [D’A04b], and in [Yen16] 
in the case of the Heisenberg group. 

In the case p — 2 this inequality can be in turn sharpened to the fol- 


lowing inequality: If N > 3 and a € R, then for all complex-valued functions 
f € Cg (GM! = 0}) we have 


ER 2. uw Vaf (6.7) 
irae N-21 db fire 
where the constant +; is sharp. This refinement will be shown in Theorem 


6.4.4 by using the Botrito method. 
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4. Clearly, when G = (R", +), n > 3, (6.6) implies the classical Hardy inequality 
for R”: 
f 


l| 


p 
< V flrsqgoy > 
wm Np lisque) 


for all f € Cg? (RM (0)), and |r| = yz? +: +22. 
Similar to Corollary 3.3.5, Theorem 6.1.1, and even the corresponding Hardy 


inequality, immediately implies a version of the Heisenberg-Pauli- Weyl uncer- 
tainty principle. 


Corollary 6.1.3 (Horizontal Heisenberg-Pauli-Weyl uncertainty principle). For all 
f € Cg (GN! = 0}) we have 


Dp 
Ili) S x — Valeo lll ms. 1«P«N. (6-8) 


Proof of Corollary 6.1.3. Using (6.6) the Holder inequality we immediately obtain 
1 
|z| 
p 
N-p 


2 


d TE 
L? (G) 


Vaflo lll II, cus 


(6.9) 


IA 


, 1«p«N, 
(8) 4 


giving (6.8). 
Remark 6.1.4. 


1. In the Abelian case G = (R”, +), taking N = n, we get that (6.8) with p = 2 
implies the classical uncertainty principle on R”, namely, 


(J. Fed) < (25) [. Ivfas f \x|2|f(a)|2dx, (6.10) 


for all f € Cg* (R”\{0}). This is the Heisenberg-Pauli- Weyl uncertainty prin- 
ciple on R”. We note that we can also obtain (6.10) already as a consequence 
of the radial Heisenberg-Pauli-Weyl uncertainty principle on homogeneous 
groups, see Remark 3.3.6, Part 1. However, since the proofs of Theorem 3.3.3 
and Theorem 6.1.1 are different, they give two different proofs of (6.10). 

2. We can point out some inequalities with sharp constants as special cases of 
(6.3). For example, for ap = a+ B + 1 we get 


N= p p—1 
| apl = < | MEE lees . (6.11) 
p |x | L? (G) |x | L? (G) Lr (G) 
Also, if 0 = a + 8 + 1 and a = —p, then 
N fi 
N arl? is < lle Varfllos É | (6.12) 
m L»(G) L(G) |] T 


with constants in both of these inequalities being sharp. 
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Proof of Theorem 6.1.1. We may assume that y # N since for y = N the in- 
equality (6.3) is trivial. By using the identity (1.73), the divergence theorem, and 
Schwarz’ inequality, one calculates 


MG, 1 T a 
c [v ee y k Feo) diva (Sr) k 
1 = xL V f 
= -ye | pfe Tas 


p [f(a Lain 
rec a asian 
p fup 
«| Er |Visf(2)] dz 


P 2 p E 
«|? ( Wa fG as) HC di 
N=q|\Je quee G |a/|z-r 


Here in the last line we used Hölder’s inequality. This gives 


Bot 
N-— P V jJ? p E 
y ue, « (f Was in)’ HOANI 
p G a" [Y G |a" |o» G |a! |? 
proving (6.3). Let us now show the sharpness of the constant. For this, we look at 
the equality condition in Holder’s inequality. Let us consider the function 


(x) nel, A:=a—- 4 +1#0, 
p = 
g we a — -$ 1-0, 


where C — S| and y Æ N. Then it can be checked that 


"IVmg(x)" — lg(x)l" 
N=y| ques a 


|2’|? 


Finally, approximating this function by functions in Cg? (GV (2 = 0}) completes 
the proof. 


6.1.1 Badiale—Tarantello conjecture 


The idea of the proof of Theorem 6.1.1 implies the following similar fact in R” 
which we may split into two factors as IR^ = RN x R"-%. The best constant in 
the Hardy inequality of the type of inequality (6.13) was conjectured by Badiale 
and Tarantello in [BT02a, Remark 2.3]. Although it was subsequently established 
n [SSWO03], here we follow [RS17e] to present an independent proof of a more 
general result. 
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Proposition 6.1.5 ( L?-Caffarelli-Kohn-Nirenberg inequality for Euclidean decom- 
position). Let x = (z',z") € RN x RN, 1 € N x n, and a, B € IR. Then for 
any f € CF ((IR"Mz' = 01), and all 1 < p < œ, we have 


p p-1 


[iy 
p 


1 


|a"|^ 


J 


lar 


J 


|a" [» 


(6.13) 
L?(R”) 


L? (R?) L?(R”) 


where ^; = a+ B +1 and |x'| is the Euclidean norm on RN. If y 4 N then the 


t [N= 
p 


constan is sharp. 


Proof of Proposition 6.1.5. The proof is a modification of the proof of Theorem 
6.1.1. For y = N the inequality (6.13) is trivial, so let us assume y # N. Thus, by 
using the identity 


for all y € R and z' € R with |z'| 4 0, where divy is the standard divergence 
on R^, and applying the divergence theorem and Schwarz’ inequality one can 
calculate 


MG, o 1 T A 
fete = way [rnnt (os) 


E 1 x- Vf 
=- Re f pfe 2s 


: E d ——— |z' - Vw f| dz 

H EE T L—— |z): V f| dz 

: x [. —— |V f (x)| dx 

«esl. eet) (Lgs) 


where zp = (z',0) € R”, that is |zp| = |z'|, Vw is the standard gradient on RY, 
and V is the gradient on IR". Here we have used Holder’s inequality in the last 
line. T'his gives 


p-1 


Ph e (rre) (Loar) © 


"d 
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which proves (6.13). Again as in the proof of Theorem 6.1.1 let us examine the 
equality condition in the above Holder inequality. Thus, we consider 


eSI A ie LAU 
g(x) = 


we a— -5 +1=0, 
where C = S| and y Æ N. Then it can be directly checked that 


"IVwg()" — lg) 


leer x 


IVg(z)" | p» 
qi N-a 


hea lz"|? 


which satisfies the equality condition in Hólder's inequality. Approximating this 
function by functions in C° (R”\{z = 0}) shows that the constant [=] is 
sharp. 


Remark 6.1.6. For 8 = (a + 1)(p — 1) and y = p(a +1) the inequality (6.13) gives 
that 


IN — pla  1)] 
p 


f 


|a" [aF 


Vf 


rege) lele > lrer) 
for all f € CE (R”\{z" = 0}) and for all a € R, with the sharp constant. For 


a=0and1<p< N, 2< N € n, the inequality (6.14) implies that 


Í p 
ipsu) N-—P [VF re » o 
again with x — ; being the best constant. 


6.1.2 Horizontal higher-order versions 


We can iterate the L?-Caffarelli-Kohn-Nirenberg type inequalities from Theorem 
6.1.1 to obtain higher-order inequalities. Let us denote inductively 


V?f:- Vg|Vgf| and Vgf:- Vg|Vg |f, meN. 


Then as a consequence of Theorem 6.1.1 we obtain 


Corollary 6.1.7 (Higher-order horizontal L?-Caffarelli-Kohn-Nirenberg type in- 
equalities). For any k,m € N and 1 < p < oo we have 


p—1 
1 


iege 


[IN gl 
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= 
|2’|” 


< Ag m AB,k 


L? (G) 


rig 


L»(G) 
(6.16) 


L»(G 
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for all f € Cg? (GN(z' = 0}), where y = a+8+1, and all a € R such that 
IDs IN — pla - j) 0, and 


E! 


—(p-1) 


as well as all B € IR such that Ma |x —p (4 — j) #0, and 
k—1 
Ag, ies pic II 


= ee 
Hr) 


Proof of Corollary 6.1.7. Taking |V p f| instead of f and a—1 instead of a in (6.5) 
we consequently get 


| Vnf p 1 2 y 

|x| L(G) | IN — pal ee TVA Le(@) 

for a # = Combining it with (6.5) we obtain 
| ee ee ees A E 
II || oe) 5 IN=Pl@+DIIN—pal |e E | 


for each a € R such that a Z x — 1 and a # = This iteration process gives 


f 


ja! 91 


< Ag. 
L*(G) 


for all f € CF (GM! = 0}) and all 0 € R such that is, [IN — p(0 - 1— 3)| #0, 
and 


; 1 9 « m (6.17) 


1 k 
eerie Vat 
L(G) 


—1 


Ag, = p* Ii pl + 1—3)| 


Similarly, we have 


VHf 


1 m+1 
ja! |9-1 f 


< Agim Jo ppm H 


L? (G) 


, L<p<o, (6.18) 
L?(G) 


for all f € C§°(G\{a2’ = 0}) and all 9 € R such that |] e o N= p(8 4-1— 3j)| Z 0, 


and 
=i 


Ao m = p” ÎI m- »(8 +1-j)] 


Now putting V + 1 = a and 0 + 1 = —— into (6.18) and (6.17), respectively, from 
(6.3) we obtain (6.16). 
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6.2 Horizontal Hardy and Rellich inequalities 


First of all let us record the horizontal Hardy inequalities discussed in Remark 
6.1.2: 


Corollary 6.2.1 (Horizontal L? Hardy inequalities). Let G be a stratified group with 
N being the dimension of the first stratum. Then for any 1 < p < oo, a € R, and 
for all f € C (GN(x' = 01) we have 


1 


|a"|? 


MET CER 


L»(G) p 


Í 


Vaf Tuet (6.19) 


Le (G) 
If pla +1) Z N then the constant —— is sharp. 


From this we move on to Rellich inequalities. 


Theorem 6.2.2 (Horizontal Rellich inequalities). Let G be a stratified group with 
N > 3 being the dimension of the first stratum. Let 6 € R with —N/2 <6 € —1. 
Then for all functions f € CE (GHz = 0}) we have 


Lf 


|a"? 


d 


[a [972 


(6.20) 


. [GEGEN 
L(G) 4 


L? (G) 
If N +26 40, then the constant in (6.20) is sharp. 


We note that another version of the Rellich inequality will be given in Corol- 
lary 6.5.2. 


Proof of Theorem 6.2.2. In the case p = 2 and a = 6 +1, Corollary 6.2.1 implies 
Vaf f 


PES je Pe (6.21) 


BRI 
> |—; 
L? (G) 2 


L? (G) 
It also follows that the constant pami is sharp when N — 26 — 4 Z 0. On the 


other hand, Corollary 6.5.2 gives (see also Theorem 6.8.1 with p = 2, y = 26 and 
a=ß-1) 


EE > = | Vaf (6.22) 
|z’ |8—1 L? (G) ui 2 [a |8 L?(G) 
for 2— N € 28 € 0 and N 7 3. 
Putting ó + 1 instead of f this gives 
Lf N +2ô| Vaf 
ep ee 2 | 2 | [z t dong) (6.23) 


for 2— N < 206 4-2 € 0 and N > 3. Combining (6.21) and (6.23), we obtain (6.20). 
Now, to show the sharpness of the constant in (6.20), we observe first that 
in Theorem 6.2.2 the sharpness of the constant is reduced to that in Theorem 
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6.1.1 which in turn is obtained by checking the equality condition in Holder’s 
inequality. Namely, the function |2^|€* satisfies this equality condition for any real 
number C, Æ 0. Similarly, in Theorem 6.8.1, the sharpness of the constant will 
be obtained again from the equality condition in Hólder's inequality, so that we 
see that the same function |z'|C' satisfies the equality condition. Therefore, the 
constant in (6.23) is sharp when N + 26 4 0, so, the constant in (6.20) is sharp 
for N + 26 4 0. 


6.3 Critical horizontal Hardy type inequality 

For p = N the inequality (6.2) fails, and in this section we consider its critical 
versions. 

Theorem 6.3.1 (Critical horizontal Hardy inequality). For a bounded domain Q C 
G with 0 € €? and for all f € Cg? (ON(x' = 01) we have 


N 
N-1 


zou or 
R 
|| log ay 


/ 
aa Vag , 1«N « oo, (6.24) 


LN(Q) 


a w 
(Q) 


where R = sup|z’|. 
rE 
To show Theorem 6.3.1 we will first prove the following more abstract theo- 
rem, and then the proof of Theorem 6.3.1 will follows directly from this. Moreover, 
it will imply a number of other estimates, for example the critical L'"-Poincaré 
inequality. 


Theorem 6.3.2. Let 0 € Q C G be a bounded domain. Let g : (1,00) > R be a 
C?-function such that 


g(t) «0, g"(t) > 0, (6.25) 
for all t > 1, and such that 
cuu t 2( —1) 
———— «C «oo, for all t » 1. (6.26) 


Then we have 


AGES Pee: of. divi 5 x05 Re 
CON MIC ONMPACOL 


[Cre a Vans, m 
Q 


for all f € Cg (Qx = 0}), with R = sup|z’|. 
rct 
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Proof of Theorem 6.3.2. For € > 0 a direct calculation shows 


x! N=2 y! 
|VauGe(x)|  ?VgG.(z) = (7g (F.(z))) ^! MÀ, , 


where 
Ree 
F(x) := log—=—=, Re := supy |a’ |? + 2e, 
y Iz" [2 + € cen 
and 


G(x) = g(Fe(x)). 
Since g'(t) < 0, with £y as in (1.71), we have 


£N G.(z) = divg(|VgGe(a)|  ? V gG.(a)) 


= (N = 1) Ca (G))" 9" EO) Taye 
wea 20g" 


+ (N - 1) (-g'(Fe(2))) (ee te 


The divergence theorem gives 


] fi eve. ys = [| ifl "diva (I VuG.(z)| 2 V nG«(z))dz 
Q Q 


(6.28) 
=- f Valfi - Qva QI vae. ds. 
We have 
] ese. ona 
Q 
7 7 Nq y N-2 y EAN 
= (x -1) f VI" CQ 09) g F et 
e x! N-2 
et 79 f rm ceo" POEL a 
gl |N 
»w-»[ VIP (9 Fey?" Fa) e (6.29) 


Moreover, 


- [SEO vae. Goa. o) 


= v [uot ro raso (A XRD) as 
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T! N-2 xl. 
=N [O Carey (SO) as 
nd N T N Np 
«x(f CHI SRO) 


N 


«( | (=g (Fela) PO”? (g (F(a) 0-9 pvu| is) . (6.30) 
[ej 


le’) 7 
Combining (6.28), (6.29) and (6.30) we obtain 


dnd 


N- »[ ALY Cg (Fe(a)))" g" (Fel) j dx 


(|a |? +4 €2)N 


rèy le [FIN AE 
« v (f Caley a" Re EE ae) 


(|a |? + e2)N 


i (/ (7g (0) ^ 7? (9" (Fela) C? 
Q 


which means 


ME xN 
(SS) [us esa ra oet 


< fof o) 9 raro 7? 
Q 


Now letting € + 0 we obtain (6.27). 


Proof of Theorem 6.3.1. If we take 


g(t) = —log(t — 1), 


for t > 1, then we see that this function satisfies all assumptions of Theorem 6.3.2. 
That is, 


1 1 
/ H 
= m t = 
g (t) P2 g^ (t) (t—1)? 0, 
and 2(N 
t 
DOLI for all t » 1. 
g' 

Therefore, putting 

R 1 a : 

y (ke cum SEE P (o ) E 
Fa log. zi (108:5) 


n (6.27) we obtain (6.24). 


6.4. Two-parameter Hardy-Rellich inequalities by factorization 283 


One can obtain a number of inequalities from Theorem 6.3.2 by choosing 
different functions g(t). For example, we get the following analogue of the L^- 
Poincaré inequality for the horizontal gradient. 


Corollary 6.3.3 (Horizontal critical Poincaré inequality). Let R :— sup|z'|. Then 
rEQ 
for all f € CE (QN! = 0}) we have 


IFs € RIVnflrs(o- (6.31) 


Proof. Let us take 
n (6.27). Then we have 


llf loco < 


I 
nv 
N 
Ir 


|x i 
LN(Q) 


For R = sup|z’|, the Cauchy-Schwarz inequality implies (6.31). 
rca 


Remark 6.3.4. In the Euclidean case the idea of proving Theorem 6.3.1 using 
Theorem 6.3.2 was realized in [Tak15]. In this section our presentation followed 
[RS17e]. 


6.4 Two-parameter Hardy—Rellich inequalities 
by factorization 


In this section we apply the factorization method, similar to the ideas explained 
in Section 2.1.5, but now in the setting of stratified groups. As a result we obtain 
two-parameter inequalities analogous to the Gesztesy—Littlejohn type inequalities 
described in Example 2.1.13. The presentation of this section follows [RY17]. 


Theorem 6.4.1 (Two-parameter Hardy-Rellich inequalities). Let G be a stratified 
group with N > 2 being the dimension of the first stratum, and let a, 8 € R. Then 
for all complex-valued functions f € CE (GN(x' = 0}) we have 


CFI) > (aN — 2) )-29 |Z 


del L?(G) (6.32) 


+ Onna | rs 7 
L(G) |a" 
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Remark 6.4.2. 


1. Using the Cauchy-Schwarz inequality 
y |x’ - Tape l (Va PE? ,. < DIL —— 


|x’ [4 — T, 
inequality (6.32) implies the inequality 


Vafli? 2 


T . (6.33) 


L?(G) 


LF llz2@) Z (e(N—2)-28—o?) +CN,a,8 


L?(G) je? 
2. In the Abelian case G = (IR", +), we have N =n, Vg = V = (On,,---, Oz, ) 
is the usual (full) gradient, so (6.32) implies for a, 8 € R and for any f € 


Ce (R"\{0}) with n > 2 the inequality 


VF’ 
Jel 


lafla (al —2)— 28) ZE 
SERI (6.34) 


2 


rz. Vf : 


E + Cnaf 


L2(R") |x|? LIR») 


This can be also compared with inequality (2.34). 
Proof of Theorem 6.4.1. For two parameters a, 8 € R, let us define 


zw’. Va B 


Tea E+ OE t eg 


One can readily check that its formal adjoint is given by 


à 
b z'.Vg o(N-2)-B 
Typ = La la^? El la^? , 
for x’ £ 0. Then, by a direct calculation for any function f € C§°(G\{a’ = 0}) we 
have 


Th gTa,af)(2) 
sf hg vm GO CE ae eu oM 
= (6-08 Br) (ene EP ae) 
e (ZPD coy Vi epee V2 ipave 
= fo) +a (=e (ET) y + cpio) + Fen) 
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CURE) (Eo na) nt 


lz 


Now we calculate in the other direction, 


(Tz ST sfr) 
-(- LU + on) 
-(£fY) - Se i i i) 


= (N) + afe (SSP) (FA enie) N-e) co) 


te elp) o- Se) 

ra (T (ap) o- a - Se) 

3 (T) E E 2) e)- e -3 o (ae) e 

m rer l (6.35) 


-igp ay ofl 
and 
l. r) & x x 
e (ua) = EY xenon DE 
|a] |a" Iz P 3 |a" 
N 1\2 T ie 5 
- ay SH) , a Gunn 
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in (6.35), we can write the sum (Ty Ta aft) + (Duets gf) as 


16la,6f)(2) + (Ta pT pf) (2) 


"m 
= 2(L? f)(x) + 2a(N — 2) (aoe u "na : "a * (4 Hu N) a 


eve C (5596) (GEE) oy 


-wg UD 2 (w= yf) 
+ 28? -— (6.36) 
In order to simplify this, let us rewrite the following expression: 
o (2 VEM VEP) 7) og E : (Vaf)(x) _ of (2) 
( ga °) (ra: Jr )XN--RO ON D 
2D jean (Uj Xs) eX 2 a! a 
j,k=1 
ze DON — ee) ) Lan - atm 
a (Xe Ae) 2X5) | AY a eL OG) 
= E AE 
|z"|^ |x’|* 
eos e.t —— IE 1 a Xk f(x ) 4 2(N — 2) — 
Now putting this in (6.36), we obtain 
(Tå Tap f) (x) + (To, Ta. S f (2) 
= AL? pa) + Gat —2) - 4g) EO) 
+ (—4a(N — 2) 2a —3) +86) FADE) 
+ (2a(N — 2)(4 — N) + 20?(N — 2) — 2a8(N — 2) 
f(z) a 3.9 1 VS CX 4X f) ) (6.37) 


+ (AN — 16)8 + 28? Hs rja |x’|* 
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287 


In general, the non-negativity of Tr bas B + Ta, gir. and integration by parts 


imply 


] sofas f I af) n) da: -| Fe ((T S Ta p +Ta pT 5) f )(z)dx > 0. 


Putting (6.37) into this inequality, one calculates 


2 [cn J?dz + (20(N — 2) ama 


+ (-4o(N — 2) — 202(N — 3) + 88) jess fG) E 
+ (2a(N — 2)(4 — N) + 20?(N — 2) — 208(N — 2) 
«ax -165 285 | MA 


— 2a 23 e DO, > 0 


"4 
j,k=1 


Using the identities 


HE a Fag 
N —— 
E f F(@)(—2)|2" |? X;la! t; f) (z)dz 
j=l 
J(z' - (Vg f(x (V 
=o | eo) n E ——— 


oy [ nen -ay | enu, 


N 
E " yah PEUX OMA 
G 


Ere [a |4 
N —— 
ms n (Gay's, (Xr f) (9) 4] | Xj 2! de 


j,k=1 


: (Vn f)(x 


(6.38) 
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-(N+1 x Ene — 


epe VaN y 


|x'|4 


i) Ue X fy) 
dx ray [ ermgsno,, 


j,k—1 


f) (Vaf)m), — f le! (Va f(a)? 
[fa |x’ [4 i ak, f date — pr ds 


n (6.38), we obtain 


uo 2) — 88 —4o(N —2) +88 — 20?(N — 3) +202(N — 3) 
E us. m (Vaf). 


[a |4 
e N)+2a?(N —2) -2aB(N —2) 4- Es 16)8 +267) 
pud 


42a d (Vaf) M 


|a" |4 


which implies (6.32). 


The factorization method can be used to give an elementary proof of the 
horizontal L?-weighted inequality given in Remark 6.1.2, Part 3. 


Proposition 6.4.3 (Horizontal L?-Hardy inequality). Let G be a stratified group 
with N > 3 being the dimension of the first stratum. Let a € R. Then for all 
complez-valued functions f € Cg? (GN(z' = 0}) we have 


N-2| f 
IV ufliz2(e) = — ; (6.39) 
2 |z"| [ rac) 
where the constant AS is sharp. 
Proof of Proposition 6.4.3. Let 
x! 
Ta :—VWg-daa—— 


|a]? 
One can readily check that its formal adjoint is given by 


Tt =-di = 
= Por 72? 


where z' Æ 0. 
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Using (1.73) we have 


TiTa f = —(Ef)(x) — adivg (=) (ar) Fa— ME 
"d 2 f(x) 
—(£ f)(x) — adivy (=) f(x) +a IL 
-(£f)() + 22 v N) ra). 


By integrating by parts and using the non-negativity of Tt T we have 


o< | IT, f|? dx 
G 


= | THETA eae 
= | IV n f da — a(a -2— n) f FE ae. 
s G 
It follows from this that 
Er 


n JA dz > o(N 


By maximizing the constant with respect to o we obtain (6.39). The sharpness of 
the constant follows from Remark 6.1.2, Part 3. 


By modifying the differential expression Ta in the proof of Proposition 6.4.3 
we can also show the following refinement of the L?-Hardy inequality (6.39). The 
fact that it is indeed a refinement, that is, that (6.40) implies (6.39) follows by the 
Cauchy-Schwarz inequality. Consequently, the sharpness of the constant in (6.40) 
also follows from the sharpness of the constant in (6.39). 


Theorem 6.4.4 (Refined horizontal L?-Hardy inequality). Let G be a stratified 
group with N > 3 being the dimension of the first stratum. Let a € R. Then for 
all complex-valued functions f € CE (GN(x' = 0}) we have 


f 


le’ 


N-2 


2 


x- Vaf 
|z| 


2 ; (6.40) 
L? (G) L? (G) 
where the constant — is sharp. 

Proof of Theorem 6.4.4. Let us define 


A x'-Vg a 
"o qo ef 
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One can readily check that its formal adjoint is given by 


A. xt -Vu  a-N+1 


o , 


|x] |2"| 


where z' Æ 0. Using (1.73) we get 


ee) (ep 


Z A X zi yz x A 
Er ipae E? dA Se) XB, odo) 
BL e Oc Xe) 

and 7 
cr vo(tL)- RH e Ya CObI XIe) 


v- (Vaf) _ f(a) 


|x] deb 


From these identities we get 


B 1 zxy(X; Xr f)(x) 


Tode Fak 
-(N- = f MEL a(a Le 2 een 


Using (1.73) again we have 


5 j Fæ) EA "no IDA s 


j,k=1 
f(a) Xkf) (x f(a) vi, Xk f)(2) 
-o | TAGO uay | Tene, 
AM p ee S PENX SE) 
gom 
G 


|x|? 


dx 


m 


E x [Fe FE, (Xr f)(a)(—2)]a |-3 Xa? [de 


j,k=1 
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-=w y | Beene) — dz Te zy) r pre Ls 


4,k=1 
EN le Cape? 4 
N —1)  [ E Cale) — dz x E ILES. E (af) ay, (6.41) 


Taking into account this, integrating by parts, and using the non-negativity of the 
operator T. Ta, we get 


o< | \fsPae= | fs Dots 
a = vj GS Xe) (N-1) ———i " 
G 


|x|? |2"|? 
2 
o(a- N 2) f Fœ) d 
c || 


Consequently, using (6.41) we obtain 


[ (E: Gu. | as y ca GP) 


|x|? 


It now follows that 


[EAD a > 0 Fue 


|x’ |? 


By maximizing a((N — 2) — a) with respect to a we obtain (6.40). 


Further two-parameter inequalities by factorization method are possible in 
the setting of the Heisenberg group, for which we can refer the reader to [RY17]. 
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6.5 Hardy—Rellich type inequalities 
and embedding results 


We now discuss several refinements of the Hardy—Rellich inequalities with respect 
to the variables in the first stratum. We recall that N stands for the dimension of 
the first stratum of a stratified Lie group G here. As a consequence, we formulate 
several corollaries for the embeddings of the appearing function spaces. 


Theorem 6.5.1 (Horizontal L?-Hardy-Rellich type inequalities). Let a, 8 € R. Let 
N > 2 be the dimension of the first stratum of a stratified Lie group G, and let | - | 
be the Euclidean norm on R”. Then for all f € C§°(G\{x’ = 0}) we have 


N—(a+6+3) f |Vuff (2! -Vaf)? N? 
(SE este eerte | Sree as) (6.42) 


2 2 
cf tba [afl an 


c le Jg |a. 


Moreover, if a+ B +1 € 0 then we have 
1/2 1/2 
Bu] Vif? 4c I BeA Í Vaf | 
2 c |z'|et9*1 77 7 Je |2"|?8 e lre l 
(6.43) 


The inequality (6.43) can be considered as a special case (p = 2) of Theo- 
rem 6.8.1. In particular, taking a = f + 1, we obtain the following Rellich type 
inequality: 


Corollary 6.5.2 (Horizontal L?-Rellich type inequality). Let N be the dimension 
of the first stratum of a stratified Lie group G and let a < 0. Then for all f € 
CE (GM xz! = 0}) we have 


N + 2a — 2)? Vall? LFP 
SIM. af | ax < f EE x. (6.44) 
4 c le?e c |x"? 
Furthermore, we have 
Mte Nta | If) Icf]? 
AO ee oo EE a p de: 6.45 
16 c |x! 20? vs c la" 2072 ui ( ) 


We can compare it with another version given in Theorem 6.2.2. 


Proof of Corollary 6.5.2. Inequality (6.44) follows from Theorem 6.5.1 by taking 
a = f + 1. Inequality (6.45) follows from (6.44) and Corollary 6.2.1 with p = 2 
which says that 


1 


v'la 


> Notte 


f 


|a" jot 


VHf 


L2(G) L2(G) l 
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Note that the sharpness of the constant follows from the fact that in both inequal- 
ities the best constants are attained when there are equalities in the corresponding 
Holder inequalities in their proofs, and these are attained on powers of |x’|. 


We note that another version of the horizontal Rellich inequality is given in 
Theorem 6.2.2. 

Note that when G = (IR^, +), that is, N =n, Vg = V = (0,,,...,0,,), then 
(6.42) implies the following Hardy-Rellich type inequality for all f € Cg°(R”\{0}): 


2 
n — (o. B 3) IV Fl? (z: Vf)? 
( i [pereen [e (6.46) 


A 2 2 
< f IB, f Rian 
R^ |e re lelg 
where |r|g = \/z7+---+ x2. This inequality was also discussed in [Cos08] and 
[DJSJ13]. 


Proof of Theorem 6.5.1. First we note that for all s € IR we have 
2 


Vaf a! 
flere * tert] 2o 
that is, 
[ur DILE E IT 
Since 


x VHf r -Vaf 
Zelo [s Vaf) (2) dx 


by using the divergence theorem (Theorem 1.4.5) and (1.73) we obtain 
. zx -Vyf 1 d 5 
| vuur) (Ses ae = z1 weer V n(|V n f|)dx 
V 2 bv 2 
|== nf] de (or 81) | EER uf ay. 
G G 


a |o 8-01 |a! |o 873 


Again by Theorem 1.4.5 and (1.73) we have the equality 


1 a! F N-(a+8+1) f. |Vafl? 
3 | ear Veni )dx = — jrr 


Thus, 


xv - Vif 
gepen 


N —(a* 8*3) f |Vaf/ i 


Lfdx 
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Therefore, the inequality (6.47) can be rewritten as 


2 f IEF? N-(a+ß+3) [Vail 
E | Eais — = —— wera 


L- VHf) Vall? 
targan | ae is) + f I ae > 0, 


G [a^ |2e i 
Denoting 
[Mx 
= sur po dos 
.N-(at8-3) f Vaf (2: Vyf)? 
and " 
= IV afl dx 
c HP 


we arrive at 
as? +2bs+c> 0, 


which is equivalent to b? — ac < 0. Thus, we have 
N-(a+6+3) f IVuff val, \ 
ro [pear o 8n | eres da 
2 2 
é n |£ f| MET 


d. 
c le po Je ange 


This shows the inequality (6.42). Now let us show the inequality (6.43). By using 
Schwarz’ and Holder’s inequality we obtain 


/2 2 1/2 
z'Vgf | IVa | ieee IVa 
——À ^x « j : 

[RECs c ee*6 SS VJ. arpa arcad 


On the other hand, since a+ 8 + 1 € 0 by Schwarz’ inequality we have 


N-(a+ß+3) f |\Vafl Val)? 


N-(a+8+3) f Vaf? Vall? 


N+a+f—-1 f Naff , 
2 appen 


Combining the above inequalities with (6.48) we obtain (6.42). 
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The special case of Theorem 6.1.1 with p = 2 can be also shown using the 
divergence formula techniques in the proof of Theorem 6.5.1: 


Corollary 6.5.3 (Horizontal L?-Caffarelli-Kohn-Nirenberg inequalities). Let G be 
a homogeneous stratified group with N being the dimension of the first stratum. 
Let o, B € R. Then for all f € C§°(G\{a’ = 01) we have 


2 


2 la" |2 L?(G) i x'e L?(G) |x’? L?(G) 
where y=a+8+1, and the constant NT is sharp. 


Proof. For all f € C§°(G\{2' = 01), o, B € R and s € R we have 


[i 
This can be written as 
2 
Wall on + 5 di U deos [| e VET ose 


c |z'P? |x’/? |2"|7 


VHf x! 


2 
a tea] ant 


By the divergence theorem (Theorem 1.4.5) we have 
n jq ME Vaf g NI P |? 


|a] 2 Jede? 


Denoting 


EE Xs " NA IVa ff? 
a= f is wpe b:=|N -7| sep od, pe dz, 


this means that 
as? — bs +c > 0, 


which is equivalent to b? — 4ac < 0, that is, 


fey if? Vif? 
IV =a (f un) «(f emet) ( o w de), 


which gives (6.49). 


The appearance of the horizontal weights in Theorem 6.5.1 prompts one 
to define the following weighted Sobolev type spaces on the stratified Lie group 
G (in Chapter 10 we will be discussing analogous spaces but there on general 
homogeneous groups). 


Definition 6.5.4 (Sobolev types spaces with horizontal weights). Let us define the 
following spaces: 
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(1) Let L2(G) be the completion of C° (GV (x = 0}) with respect to the norm 


2 1/2 
flus m (f e) 


(2) Let D};?(G) be the completion of C5? (GV (z' = 0}) with respect to the norm 


/2 
—( f Wate ay 
Ifl ore) = (f ep) 


(3) Let D2?(G) be the completion of Cg* (G\{x' = 0}) with respect to the norm 


/2 
ia 
lio = (f Eke) 


(4) Let H} (G) be the completion of Cf°(G\{x' = 0}) with respect to the norm 


f? V f? 1/2 
Ils, = (f [Po EID). 


(5) Let H2 d (G) be the completion of C° (GV (z' = 0}) with respect to the norm 


1/2 
H2? (G) = G |a" |2e la" |28 


Theorem 6.5.5 (Several horizontal embeddings). Let o, B € R. We have the fol- 
lowing continuous embeddings 


(i) H2 ,(G) C Difen (G) fora-- 8-17 N. 


(i) D2?(G) C DX} (G) for o « 4 — 2. 
(iii) H4 (G) c L2 (G) and Hi (G) C L2 (G) for y — a - +1, provided 
that y AN. 


Proof of Theorem 6.5.5. Since N z a+ B — 1, from (6.43) we obtain 


1/2 1/2 
1 Vif? pa 2 ( | jeri ar) '( IV ff? uj 
c | pe" 7^ IN Eo B- Ml Ve wP s P 


2 cel? [Est 
ME LL JN. Jes dd 
=[N+a+B-1 D epo * f. ee 97): 


for all f € CE (GM (z' = 03). This proves Part (i). 
Part (ii) follows from the inequality (6.43), namely assuming a+ 8 +3 € N 
and letting 8 =a +1, a z x. 
The first inequality in Part (iii) follows from inequality (6.49). Since the 
spaces are symmetric with respect to the parameters a, 3 we also have the second 
embedding. 
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Using inequality (6.43) and choosing different values of a and B we can obtain 
a number of Heisenberg-Pauli- Weyl type uncertainty inequalities. Let us list some 
interesting cases. 


Corollary 6.5.6 (Horizontal Heisenberg-Pauli-Weyl type uncertainty inequalities). 
We have the following inequalities: 


(1) Fora € X — 2 and any f € H2 ,44(G), 
IN + 20l Watt ses (f |f? a) ( may. 
T Je opera = Uo open o lr 
(2) For N > 3 and any f € D," (G), 
EA [vatis < (f Peru rpas) 1/2 ( gum m 
(3) For any f € Dy?(G), 
N Wal 5, Z (/ IV far) 1/2 ae) m 
2 Jg |z|? G c [z]? 
(4) For N > 2 and any f € DY2(G), 


N- Purl ( )( PE ) 
E um a a dz < fee \Virf |? dx [oe dx . 


(5) For N 2 2 and any f € DY(G), 


N-1 2 1/2 1/2 
2 o Wall dx < (| Vade) (/ eas) l 
2 Je le'l G G 


Moreover, the following inequalities hold true with sharp constants: 


(6) For any f € D'?(G), taking a = 1,8 = 0, 


N-2Y? 2 
( 2 ) ptr < [vn Arg 


(7) For any f € H3,, &(G), taking a = B +1, 


N-—2(84 1)" |f? IZ TIE 
( 2 ) [wees f, je po d 
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(8) For any f € Hl ,44(G), taking 8 =a 4- 1, 


1/2 2 
N-Xo*)V p WP, .([ MP Y^P ( f Wat? V 
2 m a" |2(¢+1) = c |" [2e G a" |2(o--1) i 


(9) For any f € H! (8-1), g(G), taking a = —(8 +1), then f € L?(G) and 


N 1/2 V 2 1/2 
— n [wre isras | m dx). 
2/ Jc G c le'l 


(10) For any f € Hj, (G), taking a — 0,8 = 1, then f € L1(G) and 


E 2 1/2 2 1/2 
ise)" UHE 
2 c |2"| G c le'l 


(11) For any f € H1, (G), N > 1, taking a = —1,8 = 1, then f € LA j2(G) and 


2) [ees Loma) "(f S)" 


(12) For any f € H'(G) = Hjo(G), N > 1, taking a = 0,8 = 0, then 
fe Lī /9(G) and 


(EA) Bee (Loa " (La 


6.6 Horizontal Sobolev type inequalities 


In this section, first, we are interested in Sobolev inequalities, so let us repeat 
them briefly again for the sake of the reader comparing to the full homogeneous 
group version discussed in Section 3.2.2. The (Euclidean) Sobolev inequality in its 
simplest form has the form 


lgliz) S C)IIVall R)» 


for all 1 < p,p* < co with 
1 1 1 


p p n 
Here V is the usual gradient in R". The following version of a Sobolev type in- 
equality with respect to the operator z- V instead of the standard gradient V was 
considered in [BEHL08, OS09]: 


llgllze qe) € C"(p)||@- Vallzacen). (6.50) 
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By putting g(a) = h(Ax), A > 0, into this inequality, we see that p = q is a 
necessary condition to have (6.50). 

We can notice that in formula (6.50) the operator x - V can be interpreted 
as the homogeneous Euler operator on general homogeneous groups (see Section 
1.3.2) as well as an operator on stratified groups by substituting x and V with the 
corresponding horizontal operations x’ and V p related to the first stratum of the 
group. 

'The homogeneous groups version of such inequalities was discussed in Section 
3.2.2. Thus, we will now concentrate on the horizontal interpretation presenting a 
range of Caffarelli-Kohn-Nirenberg and weighted L?-Sobolev type inequalities on 
stratified Lie groups. All the inequalities can be obtained with sharp constants. 

The presentation of the following results follows [RSY17a]. 

We start with an L?-weighted Sobolev type inequality. 

Theorem 6.6.1 (Horizontal weighted L?-Sobolev type inequality). Let G be a 


stratified group with N being the dimension of the first stratum. For any f € 
Ce (GM! = 0}), and alla € R, we have 


N-— avi 
Baj aes ; dp. 651 
p |a] L? (G) |2"| L»(G) 
where |- | is the Euclidean norm on RN. The constant —— is sharp when 
N £ ap. 
Remark 6.6.2. 


1. In the Abelian case G=(R",+), that is, N=n and Vg =V = (0,,,...,0s,), 
the inequality (6.51) yields the L?-weighted Sobolev type inequality for G = 
R” with the sharp constant: 

rz. Vf 


zl 


[n — ap| 
p 


f 
|| 


(6.52) 


Le(R") — 
for all f € C§°(R"\{0}), and |z|g = yx? +---+ z2. This Euclidean in- 
equality was shown in [OS09]. 


2. Using Schwarz’ inequality in the right-hand side of (6.51) we see that (6.51) 
is a refinement of the L?-weighted Hardy inequality on stratified groups: For 
any f € CF (GN (z' = 0}), and all a € R, we have 


" Vyf 


[a^ |^ |a" |o—1 


LP(R") 


IN — ap| 
p 


,l«p«oo, (6.53) 
L»(G) 


L»(G) 


where |: | is the Euclidean norm on RY. If N Z ap then the constant 4=2?! 
is sharp. Thus, (6.51) can be regarded as a refinement of (6.53). In the case 
of p = 2 they are actually equivalent, see Theorem 6.6.3. These results have 
been obtained in [RSY 17a]. 
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3. For a = 0, inequality (6.51) gives the weighted version of the homogeneous 
groups inequality in Proposition 3.2.1, Part (i). In particular, in the Eu- 
clidean case of R” we have N — n, and this gives the weighted version of the 
inequality in Remark 3.2.2, Part 2. 


Proof of Theorem 6.6.1. Let us assume ap # N since when ap = N there is 
nothing to prove. By using the identity (1.73) and the divergence theorem we 


obtain 
LOr 3s japar (2 
c eT? N—ap Jg CL dH | Taran ) dr 


--wij od 


p |f (a / 
——— : Vg f|d. 
N — ap [ ae Me uf| MH 


p Lf(z)]*! |x": Vif | 
N — ap G |a |o(9— 1) PI 


P p (Vera) (p—1)/p (E . Yat an) n 


N — ap| \ [a'|o? |a" |o? 


IA 


< dx 


which implies (6.51). Here in the last line the Holder inequality has been used. 
Now it remains to show the sharpness of the constant. Observe that the function 


1 
hy(x) = —TWresl? N #ap, 


|x| 
satisfies the equality condition in the Hölder inequality 


P |x! Vauhi(z)? hoP 


x! |en g'er ` 
|2"| |x| 


N — ap 


This means that the constant —— is sharp. 
In the case of L? the horizontal Sobolev type inequality is actually equivalent 
to the Hardy inequality: 


Theorem 6.6.3 (Equivalence of Sobolev type and Hardy inequalities in L?). Let G 
be a stratified group with N being the dimension of the first stratum with N > 3. 
Then the following two statements are equivalent: 


(a) For any f € Cg? (GMz' = 01), we have 


IIfllz2@) «e: AO (6.54) 
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b) For any g € Cg  (GN(z' = 0}), we have 
0 


g 2 x! 
— < — -Vug (6.55) 
|x’ | L2(G) N= |x’ | L2(G) 
Proof of Theorem 6.6.3. Setting g = |z'|f we obtain that 
g v ; 
Iz" Vafli) = | vn (6.56) 
|| — |2"| L?(G) 
9 | g(r) « P 
a = ane | ; -Vag(a)dx + _ Vag . 
|x | L2(G) G |x | [ZI E | L2(G) 


By (1.73), one calculates 


per sash / 
-me | gel 9. Gc = -f po Valde 
G 


c el e] 
= | divu ($5) ots 
"de CAE" 


2a [ EG 
G 
4 


We obtain from the statement (a) and (6.56) that 


2 2 


/ 


EU 
|2"| 


g 


—— V 
la" =e 


z^]? 
2 
) a] 


which implies (6.55). This shows that the statement (a) gives (b). 
Conversely, assume that (b) holds. Put f = g/|x’|. Then we obtain 


L?(G) |a" 


| oi 


- |f +r- Vnufllzzo 
2(G) 

= plas; + 2Re i x f(x) Ju Fae + |! - Vir f Ra) 
Using (1.73), we have 


are fa! fe Vin fde = -N| f |li) 


It follows from the statement (b) that 


4 
IIfllia@ < walle ‘Vuaflliz@ — (N — Dllfllz2toy); 


which implies (6.54). 
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6.7 Horizontal extended Caffarelli-Kohn-Nirenberg 
inequalities 


We now present horizontal extended Caffarelli-Kohn-Nirenberg inequalities in the 
setting of stratified groups. We recall that another version of such inequalities 
on general homogeneous groups involving the radial derivative was discussed in 
Section 3.3. 


Theorem 6.7.1 (Horizontal Caffarelli-Kohn-Nirenberg type inequalities). Let 1 < 
pq«oo0«r «oo withpt+q>r,6€ [0,1] [—4, 2] and a, b, c € R. In 
addition, assume that 
ór 1-6 
br 1-3» 
p q 


=1 and c= ô(a— 1)-4 b(1— ô). 


Let G be a stratified group with N being the dimension of the first stratum with 
N z p(1— a). Then the following inequality holds: 


1—6 


ô 
e a ô 
Ill I^ f lla lll I V zr fe Mlle’? Flee (6.57) 


p 
Z l cf o 
= — 


for all f € C (GN(0)). The constant in the inequality (6.57) is sharp for p = q 
with a — b= 1 orp#q with p(1— a) + bq 40, or for 6 — 0,1. 


Remark 6.7.2. 


1. In the Abelian case G — (R",4-), we have N =n and V g =V = (Oz,,---,Or,,); 
so (6.57) implies the following Caffarelli-Kohn-Nirenberg type inequality for 
G = R”: Let 1 < p,q < oo, 0 < r < oo with p--q > r and ô € [0,1] n [—2, 2] 
and a, b, c € R. Assume that a + ——- = 1 and c = ó(a — 1) + b(1 — ô). 
Then we have 


ô 
MePA see, e e — (658) 


c z ne < HEELS ERES 
llc las < {—— 


for all f € C (R"W(0)), |e] = Va? +---+22, and n # p(1-— a). The 
constant in the inequality (6.58) is sharp for p = q witha—b=1lorp#q 
with p(1— a) + bq 4 0, or for ô = 0,1. 

2. The inequalities (6.58) give an extension of the Caffarelli-Kohn-Nirenberg in 
equalities T'heorem 3.3.3 with respect to the range of indices. For example, 
let us take 1 < p =q =r < œ, a = —2—P, b = —? and c = —7—P, Then 
by (6.58), for all f € C° (R"M0Y) and all 1 < p < œ, 0 < ó € 1, we have 
the inequality 


1-6 
J 
n-—óp 

|z| 


VÍ 
—n—2p 


|z| 


f 


|z|” 


, (6.59) 
Lr(R”) 


Lr(R”) 


LP(R") 


6.7. Horizontal extended Caffarelli-Kohn—Nirenberg inequalities 303 


where V is the standard gradient in R”. Since we have 


1 b 1 1 n 

See | oe esty, 

q n p N p 
we see that (3.99) fails, so that the inequality (6.59) is not covered by Theo- 
rem 3.3.1. 


Proof of Theorem 6.7.1. Case 6 = 0. Notice that in this case we have q = r and 
b = c by 2 + — = 1 and c = ó(a — 1) + b(1 — 6), respectively. Then, the 
inequality (6.57) is reduced to 


lll Pfllzace S Iz l^ flle, > 


which is trivial. 
Case ô = 1. In this case we have p = r and a— 1 = c. By (6.53), for N--cp 4 0 
we obtain 


Ne , < p Ne+ly oe 
Nhe las < | x Ira fla 
The constants in (6.53) is sharp, therefore, in this case the constant in (6.57) is 
sharp. 
Case 6 € (0, 1) [2, 2]. By using c = 0(a — 1) 4- b(1— à), a direct calculation 


gives 


" IG) Ife? , NU 
Ilze flle = (f a'r) = ([ ERE) 


Since we have ô € (0, 1) [=4, 2] and p+q > r, then by using Hólder's inequality 


qos 


for 2 + — = 1, we obtain 


ô/ (1—6)/ 
Illi < ( ed) ( ras) : 


e e c |a" | e 
f f 1-5 (6.60) 
|a |-* 


Jg! [ie 


ô 


L(G) La(G) l 


When p = q and a — b = 1, the Holder equality condition is satisfied for all 
compactly supported smooth functions. We also note that in the case p Æ q the 
function ; 

ha(z) = |a |o 607219) (6.61) 
satisfies the Hólder equality condition: 


Iha(z)? _ |ha(x)|4 
|a! [p 79) us [a7 | ha t 
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If N A p(1— a), then by (6.53), we have 


ô 


f Vuf 


it e |] : (6.62) 
|a |17e L»(G) E + p(a— 1) |x’|-¢ L»(G) 
Combining this with (6.60), we get 
-ó 
VHf f | 
Ne , < EON V Hj . 
In srne] fien] lin 


When we prove (6.62), in the same way as in the proof of Theorem 6.6.1, we note 
that 


ha(z) =|2'|°, C#0, (6.63) 


satisfies the Holder equality condition. Therefore, in the case p = q, a—b=1 
the Holder equality condition of the inequalities (6.60) and (6.62) holds true for 
h3(a) in (6.63). Moreover, in the case p zz q and p(1 — a) + bq 4 0 the Holder 
equality condition of the inequalities (6.60) and (6.62) holds true for ha(x) in 
(6.61). Therefore, the constant in (6.57) is sharp when p =q, a—b=1orp#q, 
p(l—a)+bq 40. 


6.8 Horizontal Hardy—Rellich type inequalities 
for p-sub-Laplacians 
We prove the following Hardy-Rellich type inequalities for p-sub-Laplacians on 


the stratified group G. As usual, N is the dimension of the first stratum and |- | 
is the Euclidean norm on it, identified with R”. 


Theorem 6.8.1 (Horizontal Hardy-Rellich inequalities for p-sub-Laplacian). Let 
1«p«N with$+2=1 and a, B € R be such that 


-N 
ES <y:=0a+8+1<0. 
p—1 


Then for all f € CE (G\{x' = 0}) we have 


p 
Vaf 


X 
ie"? 


N +90 = l)—p 
p 


VHf 
|x|? 


. . (6.64) 
L4(G) 


rja Lof 


Dm 
L»(G) 


where Ly is the p-sub-Laplacian operator defined by 


Lyf := diva(|Vafl? ? Vg f). (6.65) 
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Remark 6.8.2. 


1. For 6 = 0, œa = —1 and q = t5 the inequality (6.64) gives a stratified group 
Rellich type inequality for the p-sub-Laplacian £p: 


p 
IVa flr) S xr M Melee IVF in 1<P<N, (660) 


for all f € CE (Gz = 0j). 

2. For a = 0, 6 = —1, the inequality (6.64) implies the following Heisenberg- 
Pauli-Weyl type uncertainty principle for the p-sub-Laplacian £p: for 1 < 
p< N and for all f € CE (GHz = 0}) we have 


D 1 1 
IValo S x Molise Me Ifi: G+ oat (66D 
Proof of Theorem 6.8.1. As in the proof of Theorem 6.1.1 we have 
IVa f(x) 1 f : a" 
JY HEIN diem p M EN 
[PAS ote m gs J Ava (os) te 


1 |n7? z'- VulVnf(z) 


p 
=- [Flat oe dx (6.68) 
a qzye-22 ValV af)? 
"x f IVa f(x)? E da. 


Moreover, we have 


[2 z'- Vg f(z)dx =f diva (Wa fe) Va E) «o fade 


wP E TZ] 
- . 
LE di 


=- ri Vaf (£)? Vuf(z)- Vn ( 


=- [ vate (Eurer ge Vea = ae de, 
G 


|a" |» 2|a" |" |v*? 
that is, 
p—-2 
Waf@)P™ y . Vg|Vag f (x)?dz 
c da 
2 
_ p-219:Vaf(zh , f Naf) 
= nf IV n f (2) [z F2 dx — 2 é |a’|7 da 
—2 ESI d orat eed 


c le’ 
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Putting this in the right-hand side of (6.68) we obtain 


] Egg zx) | z)y- ala’: Vafa)? Iz: Va fyi s 
c cv 


b: js 
» STD, | ns 
vwd. dep a fe fat VS ee 
Thus, 
Dart. N-bp-«* f |\Vaf æ 
; dz = ————— LL — d 
«p^ Yefee- ca wp 


|a 
ef IV gu f(x )F- pp d 


Since y < 0, applying the Cauchy-Schwarz inequality to the last integrants we get 


d a 
[ger vere 
-Npn ( AH s, fiy, popali: Vader 


© P c lep |" |r*? 
N—»— p p 
NSP if IV gi f (x)| d+ f Vi f). i 
p c lep |a]? 
— — P 
_N+e-1)-p f Naf ,. (6.69) 
p c d 


Moreover, again applying the Cauchy-Schwarz inequality and the Hólder inequal- 
ity we obtain 


EI Vases < | PE Ivnf(r) de 


c ler 
Lpf |? 2) 1/p ( q 2) 1/q 
< (f d f wl a 


|z'|^ 
Combining it with (6.69), the proof of Theorem 6.8.1 is complete. 


|a"]? 


6.8.1 Inequalities for weighted p-sub-Laplacians 


In this section, for a non-negative function 0 < p € C!(G) we consider the corre- 
sponding weighted p-sub-Laplacian 


Ly pf = divy (o(2)|VafP ?Vaf), 1«p«oo. (6.70) 


Depending on the function p, it satisfies the following inequalities. 
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Theorem 6.8.3 (Inequalities for weighted p-sub-Laplacian). Let 0 < F € C™(G) 
and 0 € n € LL,(G) be such that 

nF?) < — Lp pF (6.71) 


holds almost everywhere in G. Then for each 2 < p < oo there is a positive constant 
Cp > 0 such that we have 


C, teva ” 
pP FV p 
i F || r»(g) 


ps i 
In? flee + < lo? Vir fE (6.72) 


for all real-valued functions f € C§°(G). 


Proof of Theorem 6.8.3. We observe first that for all x,y € R” there exists a 
positive number C, such that 


|x|? + Coly|? + plz]? zy € |e +y, 2x p«oo. (6.73) 
Therefore, we have the estimate 


Igl?|V HF|? + C,FP|V gg? + FIVg FI? HF - Vulgl? 
€ |g Vg F + FV gg? = |V fl”, 


with g = £. This implies that 
f oNu | ouga) 
G G 
+e ri p(2)|V cg) Fr) da 
7 [ divir(p(z) F()|V in F(a) ?2V nF (2))|g(a)Pdx 
> Cp f p) ngo)? F(a) Pde 
+f diva (p(z)]V a F(a)? 2V p F(a) F(a)|g(2) Pde. 
Using the assumption (6.71) it follows that 


i n(z)lg (x)? |F(x)Idz + C, n: 2)IV g(a) PF (a) Pde < i p(a)|V x f (2) Pde. 


p 
jr (d 


L»(G) 


Since g = + we obtain 


pa d 
Im? fll toc) + Cp < lo? V a fll (c) 


proving (6.72). 
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Remark 6.8.4. 


1. For p = 2, the inequality (6.73) becomes an equality with C9 = 1. Therefore, 
the proof yields a remainder formula for p = 2 in the form 


2. In the case of 1 < p < 2 the inequality (6.73) can be also stated in the form 
that for all x,y € R” there exists a positive constant Cp > 0 such that 


2 
1 A 
3FŲVp > 

p Hy v 


1 l 
? = ||P? Vif lliz@ — Im fle: (6.74) 


p 
Iz? +C, a z tpleP e-y<|et+ylP, 1<p<2, (6.75) 


(læl + lul)? 


see, e.g., [Lin90, Lemma 4.2]. Thus, from the proof it then follows that we 
have 
aL 
p? 


for all real-valued functions f € C (G). 


2 


ver| eres (5) mms (5) 
L?(G) 


H 
x lo? V & fll sq): (6.76) 


d 
Im? Flt) + Cp 


As a special case, we can apply Theorem 6.8.3 to the usual p-sub-Laplacian 
by taking the function p = 1. In turn, this gives another proof of the L?-Hardy 
inequality (6.6): 


Corollary 6.8.5 (Horizontal L"-Hardy inequality). For f € C° (G\40}) we have 


f 


le] 


Dp 
ip N-p 


lVuflr; 1<p<N. (6.77) 


Proof of Corollary 6.8.5. In Theorem 6.8.3 setting p = 1 and 


6—p-2 8—p—2 


Rem Hayter ey) 


for a given € > 0, using the identity (1.72) we obtain 
—Ly iF. = —divg (|V g F.|? ^ V gF) 
. | 8—p-2 2 j| $222 
= -divy ([Varla PPV lel) 


ps — 


(@—p—2)(p—1) _ 


ee ae p 


p p 


-0+2+N) Ag 
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0—-p-2|? =p 2 |6—p—2 _ (@=p~2)(p=1) - 
(gu LL (0 +24 N) | t| ^— 9 8, 
p p p 

(6.78) 

If1«p«0-—2 and 0 € 2 4 N, then (6.78) gives 

06—p—-2| 1 

—L,1F. > |———— a? 
B >] p | lap 


that is, according to the assumption in Theorem 6.8.3, we can set 


lc]? 
It follows that (6.72) (and also (6.76)) implies 


J 


le’ 


< 3—.—7 Vall» 1«p«6-2,0€2-4 N, 0ER. 
LP pe 


Optimizing with respect to 0 we obtain (6.77). 


Remark 6.8.6. 


1 A version of Theorem 6.8.3 in the Euclidean case was shown in [Yen16]. In 
the presentation of this section we followed [RS17e]. 


2. The Heisenberg group version of (6.77) was shown in [D’A04b]. Here it is 
worth to recall that on the Heisenberg group we have Q — N 4- 2. 


3. We have included Corollary 6.8.5 as a consequence of Theorem 6.8.3 to 
demonstrate that this method actually also yields best constants in some 
inequalities, as this constant in the L?-Hardy inequality (6.6) was sharp. 


6.9 Horizontal Rellich inequalities for 
sub-Laplacians with drift 


In this section, we discuss (weighted) Rellich inequalities for sub-Laplacians with 
drift. For this, we assume all the notation of Section 1.4.6 where sub-Laplacians 
with drift have been discussed. 

In this section we will discuss the horizontal versions, that is, with the weights 
being the powers of |z'|. In Section 7.4, we will discuss a version with weights in 
terms of the £-gauge but that analysis is currently available only in the setting of 
polarizable Carnot groups. In the presentation of this section as well as of Section 
7.4 we follow [RY 18b]. 

The following result shows that the drift allows one to improve over the 
Rellich inequality without drift, given in Theorem 6.2.2. 
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Theorem 6.9.1 (Horizontal Rellich inequalities for sub-Laplacians with drift). Let 
G be a stratified group with N > 3 being the dimension of the first stratum. Let 
ô € R with -N/2 € < —1. Then for all functions f € Cg°(G\{x' = 0}) we have 


2 


ee i " (quae mervamy f 
Iz"l* |lz2@,ux) 4 Iz" |? [ray 
(N= 26-2)(N 490-9). f K 
497% EO | (6.79) 
X 2 a" |51 LA(G,ux) 
2 
apa |F 
eva | 
L?(G.ux) 


where Lx and bx are defined in (1.93) and (1.95), respectively. If (N + 26)(N + 
25 — 2) £0, then the constants in (6.79) are sharp. Moreover, when 6 = 0 and 
N > 4, for all functions f € Cg (G\{x' = 0}) we have 


NUS eu Y^ Ff Il? 
isa) ee 
T 4 ZAR 
ax) 6.80) 
(N-2? | £ |l a 
TY 2 ke RU Y LI (us): 
L?(G,ux) 


with sharp constants. The constants in (6.79) and (6.80) are sharp in the sense 
that there is a sequence of functions such that the equalities in (6.79) and (6.80) 
are attained in the limit of this sequence of functions, respectively. 


Remark 6.9.2. 


1. The improvement in Rellich inequalities with drift compared to the standard 
ones as in Theorem 6.2.2 can be seen since for (N — 26 — 2)(N -- 26 — 2) > 0, 
by dropping positive terms in (6.79) we get the following ‘standard’ Rellich 
type inequality for all functions f € C (GMz' = 0}) 


where ô € R with —N/2 < ó € —1 and N > 3. 


Similarly, from (6.80) we obtain for N > 4 and for all functions f € 
C$ (GN! = 0}) the inequality 


2 


£xf 


|æ"? 


Í 
Jar |F? , (6.81) 


4 12(G,ux) 


? gp use 
) 


L?(G,ux 


N(N — 4) 


f 
Ex foto ux) 2 —G— 


|x|? 


; (6.82) 


L?(G,ux) 


which can be compared to the Rellich inequality in Corollary 6.5.2. 
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2. In the Euclidean case G = (R", +), we have N = n, Vg = V = (On,,---, Oz, ) 
is the usual full gradient, and setting 


x= Y TOT 
i—l 


for a; € R for i = 1,...,n, and 6 = —a, y € R, (6.79) implies, for a > 1 and 
n > max(3,2a], n + 2a — 4 > 0, that for all functions f € Cg? (R"N(0]) we 
have 


2 


|z|“ (2 + Y». 23 f 


i=l L?(R" ux) 
= (n — 2a)? 2 
E |] Ee] E (6.83) 
M 2) a—1 r||? 
TY 0x 2 Il É IENA 


Yt Wels Flac R” ux)? 
with the measure ux on R” given by 
dux = e? Xii “tidy, 
where dx is the Lebesgue measure, and 


1/2 


i jee a 


If (n — 2a)(n — 2a — 2) Z 0 with a > 1 and n > 2a, then the constants in 
(6.83) are sharp, in the sense that there is a sequence of functions such that 
the equality in (6.83) is attained in the limit of this sequence of functions. 

In particular, for a = 0, in the Euclidean setting of R” with n > 5, for 
all a; € R for i = 1,...,n and y € R, and all f € C§°(R”\{0}) we have a 
family of inequalities 


(en) 


2 


L?(R",nx) 
n?(n — 4? Í ° 414 2 
S| + OXI ller 
16 FLATS ES 
ND 2 
3 (n= 2) [7 (6.84) 
2 [læ] frz yx) 
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All the constants in (6.84) are sharp in the sense that there is a sequence 
of functions such that the equality in (6.84) is attained in the limit of this 
sequence of functions. 


Proof of Theorem 6.9.1. We denote by x the positive character on G that appeared 
in Proposition 1.4.14. Let g = g(x) € C5°(G\{a’ = 0}) be such that f = y~1/2g. 
Since the mapping (1.101) is an isomorphism we have 


| Lxf E | _ ees 
Izl? | ras) lzi? iirz |z]? L2(G,u) 
By this, (1.100) and integration by parts, we have the equalities 
Lxf ||? (£o +77b%)g | 
| Ix remus) | |z|? L2(G,p) 
Log ||? 272 £o 9€ ag bá. j 
L?(G,y G L?(G,u) 
Log ||? g I 
= 2 A14 
"eeu mney [A ME det i T nca 
2(G,u P 
Log || aj [ Vus)? 
mE + 29°bx t 7/28 
L?(G,u G 
2 
2 xj Xig(x g(x) 4,4 
— 487b? Re Df VALLE Mun dry sz (6.85) 
L? (G,u) 
Since we also have the equality 
2^, Xjg(z g(x) 
Re »E VE para — 4v 
ig(x) 25,g(z)X;9(x) 
=(25+2-W) | Bs rd: — Re >| UM da, 
we obtain 
my; f DX, _ WIN 
gee | Es 
j=l 
If we plug this into (6.85) we get 
Log Vag| 
IR. = |B] emm [a (680) 
v irm) We? ire lo"? irz) 
2 2 
g 414 g 
+ 26(N — 26 — 2? b5. v +b || —— : 
[E Pe [a| pws 
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Using the Rellich (6.20) and Hardy (6.21) inequalities, we get from (6.86) that 


2 


Jesl 7 e g 
LAM 1 z^ |? racy) 
2 2 2 
g z2(N-25-2 g 
+ yos. = + 23205. (= € — 
EAM 2 nan) 
2 
272 g 
l L?(G,u) 
It follows then that 
eal x (quos meram 7 
I Ilten) - 1 Iz 2*? | roto) 
2 
aa ME d 
T bx la" | 
L?(G,ux) 
m (N-280-2)(N *28—2)| f : 
X7 2 la" |o+1 L?(G,ux) 


As we have discussed in the proof of Theorem 6.2.2, since the same function 
satisfies the equality conditions in Hölder’s inequalities, the constants in (6.79) 
are sharp. 

To obtain (6.80), that is the unweighted case 6 = 0, we use the inequality 
(6.21) and (6.43) in Corollary 6.5.2 that gives the inequality 


f 


|x]? 


N(N — 4) 


AHORA 7 


, N>5, (6.87) 
L? (G) 


for f € CE (GN (a! = 0}). Since it is known from Corollary 6.5.2 that the constant 
Niwa) is sharp in (6.87), using the same argument as for the constants in (6.79), 


we obtain the sharpness of the constants in (6.80). 
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6.10 Horizontal anisotropic Hardy and 
Rellich inequalities 


In this section we discuss the anisotropic versions of horizontal Hardy and Rel- 
lich inequalities. These inequalities appear in the analysis of anisotropic p-sub- 
Laplacians. The presentation of this section follows [RSS18a]. To put the notions 
in perspective, we start by recalling the Euclidean counterparts of the appearing 
objects. 

The anisotropic Laplacian (on R^) is defined by 


N ;—2 
o du |^ Ou 
>, Jz; (|Z z) , (6.88) 


for p; > 1, with à = 1,..., N. Note that choosing p; = 2 or p; = p for all i in (6.88) 
we get the Laplacian and the pseudo-p-Laplacian, respectively. 

A subelliptic analogue of the operator in (6.88) is the anisotropic p-sub- 
Laplacian on stratified groups which is the operator of the form 


N 
Lpf => Xi (Xf PXS), 1< pi <o, 


i=1 
where X;, i = 1,..., N, are the generators of the first stratum of a stratified Lie 
group. 

Following the classical scheme for the analysis of such operators, first, we 
present the horizontal versions of the so-called Picone type identities. As a conse- 
quence, Hardy and Rellich type inequalities for anisotropic sub-Laplacians can be 
obtained. 


6.10.1 Horizontal Picone identities 


First, we discuss the horizontal Picone type identity on a stratified group G. 


Lemma 6.10.1 (Horizontal Picone identity). Let Q C G be an open set of a strat- 
ified group G, and let N be the dimension of the first stratum of G. Let u,v be 
differentiable a.e. in Q, v > 0 a.e. in Q and u > 0. Denote 


N N Di 
R(u,v) = X |Xiu* - M Xi ( Lx) Xw? Xw, (6.89) 
UPi 
i=1 i=1 
and 
N N Pi- 
L(u,v) := 5 |X;uf'* — y» a | Xjv|P: : Xj;vX;u 
UPi 
i=1 i=1 
N "ma 
M ane “Alle 
+ 2j i-o Xil", (6.90) 
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where p; > 1, i=1,...,N. Then we have 

L(u,v) = R(u,v) > 0. (6.91) 
In addition, we have L(u,v) = 0 ae. in Q if and only if u = cv ae. in €) with a 
positive constant c. 
Remark 6.10.2. 


1. The Euclidean case of Lemma 6.10.1 was obtained by Feng and Cui [FC17]. 


2. Our proof of Lemma 6.10.1 follows [RSS18a] and is based on the method 
of Allegretto and Huang [AH98] for the (Euclidean) p-Laplacian, see also 
[NZWO01]. 


Proof of Lemma 6.10.1. A direct computation gives 


N N Pi 
R(u, v) = 5 Xiu Pr xi (=) |Xiv Pi—2 X uj 
i=1 i= 
; piuPi 1 X;uvPi—* — uPi (p; — 1)vP:7* X;v u 

n »3 Xu - » (vbi-1)2 Xiv Xiv 
i=1 = 
N N N 

A Xa — Y n? Eu ? Xj Xiu +X "(pi 
421 j= 4=1 

= L(u, v) 


This proves the equality in (6.91). Now we rewrite L(u, v) to see that L(u, v) > 0, 
that is, we write 


Set n 
den Xo 


where we denote 


=| u pi-1 $c 

$1:— Y l |X;u|P* + a (Eix) ) | 
upi-l 

D 


pi— ed e Yn l a 


9:2 (1X ;v|| X;u| — XjvX;u) = S1 + So, 


Pil X;u|, 


and 


pe ? (LX sv|| Xul] = XjvX;u) R 


$5 :— = Xm - — Xie 
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We can see that $5 > 0 due to | X;v|| X;u| > X;vX;u. To check that we also have 
Sı > 0, we will use Young's inequality for a > 0 and b> 0: 
a?i bti 


ab < + —, (6.92) 
Pi qi 


for pi > 1, qj > 1 and + + + = 1, for all i = 1,..., N. The equality in (6.92) 
holds if and only if a”! = b%, that is, if a = 597. 
Let us now take a = |X;u| and b = (Xw) and apply (6.92) to get 


p Pi—1 cus Bil 
uu (Gea) . (6.93) 


From this we see that Sı > 0 which proves that L(u,v) = 91 + S2 > 0. 

It is easy to see that u = cv implies R(u,v) = 0. Now let us prove that 
L(u, v) = 0 implies u = cv. Due to u(x) > 0 and since L(u, v)(zo) = 0, xo € Q, we 
can consider two cases u(xo) > 0 and u(x) = 0. 


u pi-l 1 
pil Xiu] (=X) < Di [ide 
Vv Di 


(a) For the case u(xo) > 0 we conclude from L(u,v)(xo) = 0 that $1 = 0 and 
$5 — 0. Then 5, — 0 implies 


|Xiu| = 2|Xiv|, d 1,..., N, (6.94) 
vU 


and $5 = 0 implies 


The combination of (6.94) and (6.95) gives 
Xi 
d ui ewe. with cz0, i=1,...,N. (6.96) 
Xiv v 


(b) Let us denote 
Q* : {zr E Q: u(x) = Of. 


If Q* Z Q, then suppose that zo € OQ*. Then there exists a sequence x, ¢ Q* 
such that £ — xo. In particular, u(x) # 0, and hence by Case (a) we have 
u(£k) = cv(a,). Passing to the limit we get u(zo) = cv(xo). Since u(zxo) = 0 
and v(zo) Æ 0, we get that c = 0. But then by Case (a) again, since u = cv 
and u 4 0 in Q\Qž*, it is impossible to have c = 0. This contradiction implies 
that Q* = Q. 


This completes the proof of Lemma 6.10.1. 


The following consequence of Lemma 6.10.1 will be instrumental in the proof 
of the horizontal anisotropic Hardy inequality in Theorem 6.10.5. 
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Lemma 6.10.3. Let Q C G be an open set of a stratified group G, and let N be 
the dimension of the first stratum of G. Let constants Ki > 0 and functions H;(x) 
with i = 1,..., N, be such that for an a.e. differentiable function v, such that v > 0 
a.e. in Q, we have 


— Xi(|Xiv|* ? Xiv) > K;H;(z |, i=1,..., N. (6.97) 


Then, for all non-negative functions u € C! (Qà) we have 


N 


Proof of Lemma 6.10.3. In view of (6.91) and (6.97) we have 


os f LG f Riu. vax 


N 
"doc V KG y Hi (au? da. (6.98) 
i=l Q 


2» Kuda - y f x (5) |Xiv| 7 X;vdz 
i=l 

=>: / XaPaz y f UP Ro 2 Xov) da 
Edu a L Jo Wet ‘ 
N N 

S d Xudo- XOK; | Hayda, 
i=] i=l 


proving the statement. 


We now present the second-order horizontal Picone type identity that will 
be instrumental in the proof of Theorem 6.10.6 giving the Rellich type inequality 
for the anisotropic sub-Laplacians. 


Lemma 6.10.4 (Second-order horizontal Picone identity). Let 0 C G be an open 
set of a stratified group G, and let N be the dimension of the first stratum of G. 
Let u,v be twice differentiable a.e. in Q and satisfying the following conditions: 
u>0,v>0, X2v <0 ae. in Q for pj >1,i=1,...,N. Then we have 


Li(u,v) = Ri(u,v) 2 0, (6.99) 


E 


N — 
- Y» (E) ^ xtuxtexte 
uU 
i—l1l 


where 


N 


Rı(u, v) :— 5 


i=l 


92 x29), 


0x (= 
and 


pi—2 


N 
RUE 
i=1 


318 Chapter 6. Horizontal Inequalities on Stratified Groups 


2 
dme yay (Xiu — Txw) ; 
v 


yPi-2 j 
= AC = mci |X; U 


u”? f (X;u)v — u(Xjv) Bh. 
= pi(pi oir? ( J Xiu + pi Xiu 
uP! (Xiu)v — u(Xiv) uP o 
-no p (Sz Xw- (pi - 1) Xv 
uPi 2 : 2 
= pi(pi — 1) (= i Xl — 2 XvXju+ —H |X;v| ) 
upi-l 5 uPi o 
*Bixcp4iu-(p-l10nLXAiv 
yPi-2 2 pi-l à utis 
= pipi - Ya (Xiu = Txw) tpingi Xiu (Pi = YX, 
which yields (6.99). By Young’s inequality (6.92) we have 
Pi— Pi 1 
z ut XPuX?o| Xo pore Aiur | lu i=1,..., N, 
vP Di qi v 
where p; > 1, q; > 1, x + T = 1. Since X2v < 0 we arrive at 
E a2 p a NO (|XPul? 
Luv) 2 > IXPul 3 i - xti Sop. (Ae, L8 
i=1 i=1 i=1 Pi = 
A 2 
u 
-X pi(pi 1) vl? XP o | Xiu - —X;v 
v 
i=1 
-X(»-i- E) mixte 
ci Qi Di 
N 
(m; — 2,5|Pi-2 x2 Sed 
- Y ilps D xe X2v [Xiu 7 Uol >o 
i=1 


This completes the proof of Lemma 6.10.4. 
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6.10.2 Horizontal anisotropic Hardy type inequality 


As a consequence of the horizontal Picone type identity in Lemma 6.10.1 we can 
obtain the Hardy type inequality for the anisotropic sub-Laplacian on stratified 
Lie groups. We recall that for x € G we write customarily 


r= (a, z”), 
with coordinates x’ corresponding to the first stratum of G. 


Theorem 6.10.5 (Horizontal anisotropic Hardy type inequality). Let G be a strati- 
fied group with N being the dimension of its first stratum, and let €) C G\{a' = 0} 
be an open set. Let 1 < pi < N for all ài — 1,..., N. Then we have 


N 


for all u € C1(Q). 


Di 


N pi — Pi m 
nara $ (B5) [a 
P» Di o |z; 


Di 
i=1 


dz, (6.100) 


Proof of Theorem 6.10.5. 'The proof is based on the application of Lemma 6.10.3. 
For this, we introduce the auxiliary function 


N 
v: [[ le% = liv, (6.101) 
j=l 
where V; = Ib on [xi |% and a; = 2i, Then we have 


/|od—2,,/ 
Xiv = a; Vi|z;|^* ^2, 


pi-2 _ jDi-2yrpi-2|,J 
vea Ve ps 


| X;v HERD 904 RENS. 


p j-lyrpi—1l 
[Xiv P? Xiv = of*  VP* at 


Pi ~~ Pi ol 
i 


Consequently, we also have 


= Xi(| Xiv 


i 1 Di ,pi—1 
pi-2 x y) = (2 ) a EN (6.102) 
Di 


Di 
To complete the proof of Theorem 6.10.5, we choose K; = (==) and H;(x) = 


wr and use Lemma 6.10.3. 


6.10.3 Horizontal anisotropic Rellich type inequality 


Now we present the horizontal anisotropic Rellich type inequality on stratified Lie 
groups. 
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Theorem 6.10.6 (Horizontal anisotropic Rellich type inequality). Let G be a strati- 
fied group with N being the dimension of its first stratum, and let Q C G\{a' = 0} 
be an open set. Then for a function u > 0, u € C?(Q), and 2 < o; < N — 2 we 
have the following inequality 


N 
2 
Y 


where 1 < p; < N for i — 1,..., N, and 


N 

. y|Pi 

Pidy > 1 Cos) | nae, (6.103) 
i=l i 


Ci(o5, pi) = (ailai — 1))?* 1 (opi — 2p; — ai + 2)(oipi — 2p; — ai + 1). 


Proof of Theorem 6.10.6. We introduce the auxiliary function 


N 
v= ITI = lz 
j=l 


uz 


we choose a; later, and where V; :— IL ox [27 |^;. Then we have 
X2v = Xi(ajVi|z;|* ?27) = ailai — 1)V, [2% 
PB = (osos — 1) VP polen hne e 


Pi? XP = (a;(a; — 1) 1 V7 lg 


&œi—2 
? 


|X?v 
|X?v 


Q&ipi—2pi—a&i+2 


Consequently, we obtain 
XT(XIv[ Xo) 

= (ai (ag — 1) VP X2 (Io 

= (04 (a4 — 1))*7 (oup; — 2p, — o + 2V7* Xi (lor; 


= (ailai — 1))P:^! (ojp; — 2p; — ai + 2)(oipi — 2pi — ai +1) 
x VP: lg! |os(oi- 072». 


Mii M 


pages) 
LU 


Thus, for a twice differentiable function v > 0 a.e. in Q with X2v < 0, we have 


pPi-l 


X? (|X? |P* ?X?v)- Ci(on) 


(6.104) 


raz 


a.e. in Q. Using (6.104) we compute 


ox f ty(uv)de= f ry(u,v)de 
Q Q 
N N ups 
2, pi 2 2 
=> [peu w-) | xi (X) e 


pi72 X udg 
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pi2 X29) dx 


y 2j "ma 

zo» tuas - Y | AX (Xie 
i=1 "9 i=1 72 
2d N |u|P: 

= |X? u|” dx — Cla.) [ — dr. 
2; [rie 6n J, pap 


'The proof of Theorem 6.10.6 is complete. 


6.11 Horizontal Hardy inequalities with 
multiple singularities 


In this section we obtain the analogue of the Hardy inequality with multiple singu- 
larities on stratified Lie groups. The singularities will be represented by a family of 
points {a,}7_, € G. We will be using the usual notation a, = (a5, a7), with aj, cor- 
responding to the first stratum of G. In turn, we can also write aj, = (a44,..., aky): 
From (1.17) it follows that 

(zaz y 2 z' — aj. 
We denote by (zap) = x} — apj the jth component of zaz". 


Theorem 6.11.1 (Horizontal Hardy inequality with multiple singularities). Let G 
be a stratified group with N being the dimension of its first stratum, and let Q C G 
be an open set. Let N > 3, x = (x', x") € G with z' = (x,..., x) being in the 
first stratum of G, and let ay € G, k = 1,...,m, be the singularities. Then we have 


N m du uj 

N—2\2 p 2o rk Tea VIF 

2 k 
| IV gu|*dz > (323) I —_ 
Q Q ( m 1 ) 


8-1 [Gra T]? 


lu|?da, (6.105) 


for all u € Cg? (Q). 


Remark 6.11.2. The Euclidean case of the inequality (6.105) was obtained by 
Kapitanski and Laptev [KL16]. Theorem 6.11.1 was obtained in [RSS18a] and our 
presentation here follows the arguments there. 


Proof of Theorem 6.11.1. Let us fix a vector-valued function 
A(x) = (Ai(z),..., An (2)) 
to be specified later. Also let A be a real parameter. We start with the inequality 


N 
0< ji Y (|Xju — MA;up?)dz 
d 


N N 
E, IV ruf? — 23Re Y Aya Xu 4 22 Y Ag? ]uf | da. 
j=l j=l 
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By using the integration by parts we get 
N 


-f MA; + AdivgA | |u|?dx < | |V zu[?da. (6.106) 
Q 


j=1 à 


We differentiate the integral on the left-hand side with respect to A to optimize 


it, yielding 
2A Al? + divg A = 0, 


for all x € Q. This is the condition that we impose on A(x), that is, the quotient 


Te — must be constant. For \ = $ we get 


divy Ale) = —|A(2)|?. (6.107) 


Then putting (6.107) in (6.106) we have the following Hardy inequality 


N 
1 
7 M |A; (a)? pup dz < f IV gu|?dz. (6.108) 
4 Jn Q 

Now if we assume that A = V pọ for some function ¢, then (6.107) becomes 


Lo+|Vudl? =0. 


It follows that the function 
w = e? >0 


is harmonic with respect to the sub-Laplacian £. Thus, w is a constant > 0 or it 
has a singularity. Let us now take 


d 1 
ve) = 2e a YT 
and then also 


Therefore 
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and 
N 2 N |m ES 2 
S N-2 (xa, )’; 
j=l ! i j=l |k=1 (xay |X 


The inequality (6.105) now follows from (6.108), completing the proof of Theorem 
6.11.1. 


We then also obtain the corresponding uncertainty principle. 


Corollary 6.11.3 (Uncertainty principle with multiple singularities). Let G be a 
stratified group with N being the dimension of its first stratum, and let Q C G be 
an open set. Let N > 3, x = (x', x") € G with x' = (z,..., £y) corresponding 
to the first stratum of G. Let ay € G, k = 1,...,m, be the singularities, and let 
1<pi<N fori=1,...,N. Then we have 


1/2 


2 
m 1 
N-—2 1/2 UE za, ly|N— ) 
—— | [u?dz < |V gu|?da: QST NEM p uS [dz , 
2 o Q ie d 


5S m (xa; ')/ 
j=1 2-1 az VI 


for all u € CF (Q). 


Proof of Corollary 6.11.3. By (6.105) and the Cauchy-Schwarz inequality we get 


2 
(zi 1 (xaz ym z) 2 
| IVarufds Be alae 


1 
Es 


m (zaz) 
k=1 (ea, VN 


N m (wa, y 
2.41 3 


2 
N-2\’” =1 |2 k=1 Tea, 17 
> | —— ——————— ly | dx 
2 Q ( m 1 ji 


kt Gaz y=? 


T 2 

«f ( k=1 |(aa, E :) 
Q m (za! ) 
k=1 Ty |N 


; lu|^ da: 
N 
Docs |(zaj 


= (2) (pe) 


The proof is complete. 
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6.12 Horizontal many-particle Hardy inequality 


In this section we discuss Hardy inequalities for n > 1 particles on stratified Lie 
groups. We denote by G” the product 


n 
e&GSeG—, 
G":=Gx.::-xG. 
We consider the points r = (x1,..., £n) € G”, with x; € G. The horizontal 


component of x € G” will be denoted by z' = (£1, .--, £h), with x; = (z54,..., ow) 


, TL 


being the coordinates corresponding to the first stratum of G for i = 1,...,n. The 
(horizontal) distance between particles z;, x; € G can be defined by 


rig = fern; V= lot — a 


We will also use the notation 
V, = Xn cs Xin) 


for the horizontal gradient associated to the ith particle. We denote 
N 
Va = (Vms Vg, and — £i: M XA, 
k=1 


the sub-Laplacian associated to the ith particle. We note that 


N 
L=} B 
i=1 
We now recall a simple but crucial inequality on R”. 
Lemma 6.12.1. Let m > 1, and let 
A = (Ai(2),-.-,Am(2)) 


be a mapping A : IR" — R™ whose components and their first derivatives are 
uniformly bounded on IR". Then for every non-trivial u € C4(R™) we have 


1 (fom divA ul2dx)” 
bos Ligue DM em. 
"n |Vu| dx > 1 fom APIs (6.109) 


Proof of Lemma 6.12.1. We have 


div.A|u|^da: 
Rm 


A Re | (A, Vu)tide 


1/2 1/2 
<2 (/ APP) (/ Wwupaz) 
Rm Rm 


using the Cauchy-Schwarz inequality in the last line. This implies (6.109). 
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Theorem 6.12.2 (Horizontal many-particle Hardy inequality). Let G be a stratified 
group with N being the dimension of its ot stratum, and let €) C G" be an open 
set. Let N > 2 and n > 3. Let rij = |(xiv; tY = at — 2 j|: Then we have 


N=2) [u]? 
V suas > E f dz, 6.110 
ET [X (6.110) 


qp 
l<i<j<n WV 


for all u € C1(Q). 


Remark 6.12.3. The Euclidean case of the inequality (6.110) was obtained by 
M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev, and J. Tidblom in 
[HOHOLTOS]. The Euclidean case of the subsequent Theorem 6.12.4 was obtained 
by D. Lundholm [Lun15]. Theorem 6.12.2 and Theorem 6.12.4 were obtained in 
[RSS18a] and our presentation here follows the arguments there. 


Proof of Theorem 6.12.2. Let us define a mapping 5, by the formula 


NC 
Hoc 


L<i<gjg<n. 


In the subsequent arguments we denote by divg, the horizontal divergence on G;. 
Applying inequality (6.109) to the mapping B1 we have 


[Isi — Vayu z 1n (irm, im epa 


4 Jo |B1|? ular 
2 
2(N—2) 2 
E " es ye 2 
* So T zd dz 
-N-22 f RF ur (6.111) 
Q 72, 


Also, we define another mapping 62 by 
ils 1 n 


Bə(x) := 
rd 


We can calculate 
Vg, : Bo = ES AS a 
pas 1 2| 


_ Nal dpa l - 20 (Cpe tam) — Nn-m 
bom AK ~ eee 17; Aa 
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Applying inequality (6.109) to the mapping B2 we obtain 


Le 


5 1 Uo Oa diva Bo) |uf*dz) 
27 jm [B3 |? |u|? da: 


2 
a (Xa e uar) 
(4 —— fM. 

lat apo 


P" eT [—— lui" (6.112) 
K 


tux 


Adding inequalities (6.111) and (6.112) and using the identity 


? 


n 
nX |Vu,ul? = 5 |Vzu- Vg,u|. + 
i—1 


l<i<j<n 


we arrive at 


n E 2) 2 n3 2 
x |V g, ul dace = — | p» i y es E 2o dul 
i217 axe 


i< Tij 
j -—À 


Because the last term on right-hand side is positive, we get 
(N — 2)? u 

Yo [vna z Ë P SI ee. 

i<j WY 


Also we have 357 4 |V mul? = |V gs u|?. Putting everything together, the proof of 
Theorem 6.12.2 is complete. 


The following theorem deals with the total separation of n > 2 particles. 


Theorem 6.12.4 (Total separation of many-particles). Let G be a stratified group 
with N being the dimension of its first stratum, and let Q C G” be an open set. 
Let p? = Dic; (tix E | icy Vi — a^|? with x; # x}. Then we have 


2 
] v dx =n (ez N-1) [= d d f [Vip ?*u|?p'^dz (6.113) 


for all u € Cg? (Q) with a = 2 (DN 


The proof of Theorem 6.12.4 will rely on the following identity. 
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Proposition 6.12.5. Let G be a stratified group with N being the dimension of 
its first stratum, and let €) C G” be an open set. Let f : Q — (0,00) be twice 
differentiable. Then for any function u € Cg* (N) and a € R, we have 


undas á = 0) MHIE - SED) jup v2 p22 
] mita f (o m L) pan + [Iva 


where v :— f~°u. 


Proof of Proposition 6.12.5. Let us first observe that for u — f^v, we have 
Vgu- afe (V gu f)v + f^V gv. 
By squaring the above expression we get 


|Vgru[? = o? fUv g f?|v[? + Re(2ovf?^ 1 (V & f) - (Viv) + £?*|V gv? 
= o? f°“ Va f? lu? tafe 1 (Vg f) Vall? + f?^|V gol. 


By integrating this expression over Q, we obtain 
f IVgu[?dz = L o? f? (e-D IW y f |? lv]? da 
Q Q 
«f Re(of?*-! (V p f) - V g|v|?)dx «f f?*|V gv[^dz 
Q Q 
= [ere miae: 
Q 
— Ji Vg (f^^ !Vgf)v^dx «f FIN gode. 
Q Q 
We have used integration by parts to the middle term on the right-hand side. Since 


Vn (f^^ Vgf) = (2a — 1SN aS? + PLT, 


we get 
[ivauPde = f Pea sPloPae— | af" erlfas 
Q Q Q 
- | «a - DPn odet [ Pv aos. 
Q Q 


Putting back v = f *u and collecting the terms we arrive at the equality of 
Proposition 6.12.5. 


Proof of Theorem 6.12.4. With Vg, = (Xii,..., Xpy), using the definition of p 


we have 
T 


Vn, p? — (Xia p?, ee Xx p?) = D met 
kzj 
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Hence 
£p? 2M M Vu, (2k27) = 2n(n- DN, (6.114) 
k=1 k£j 
IVgp?]? =8 > o] (xxv; 
i un (6.115) 


£8Y7 X uw (TkT; (zka, 1Y = 4ng?, 


k=1 1<i<j<n 


where in the last step we used the identity 


Y) E m ey YD eye 


k=1 1<i<j<n 1<i<j<n 


By putting (6.114) and (6.115) in the identity of Proposition 6.12.5 with f = p°, 
we obtain 


2—(n—1)N 2 
J IV gu|?dz = 4na a = a) | er ds «f \Virp ?*u|?p*^ dz. 
Q 2 Qa Pp Q 


To optimize we differentiate the integral 
2— (n—1)N ul? 
4na a — a) I 
2 Qa P 
with respect to a, then we have 
2. (m— 2—(n—1)N 
SA deg. dj a i M 
2 4 
which completes the proof of Theorem 6.12.4. 


6.13 Hardy inequality with exponential weights 


In this section, we discuss a horizontal Hardy inequality with exponential weights. 
In the Euclidean case such a type of inequalities is sometimes called two parabolic 
type Hardy inequalities, see Zhang [Zha17]. The following statement was obtained 
in [RSS18a]. 


Theorem 6.13.1 (Hardy inequality with exponential horizontal weights). Let G 
be a stratified group with N > 3 being the dimension of its first stratum, and let 
Q C G be an open set. Let xo € Q. Then we have 


LK? ((N-2)? N , |(zzg y? 2 ri E 
AX "— ng ——— —— daz < 
he ( p 4o* 16x jes pe 


for all u € C! (Q) and for all A > 0. 


ya? 2 
[V gu dx 
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Proof of Theorem 6.13.1. We will use the horizontal Hardy inequality 


N-—2 2 2 
( ) | [v] d< f IV gv|?dz, (6.116) 
Q Q 


4 |x’ |? 
—1,/,2 
see (6.6), valid for all v € (2), with the choice of v = e- — $x-—— u. We note 
that 


12 (aay +)’ NICE 
— 8X qu 
4A 


for all v € C! (Q). Then by inequality (6.116) we have 


2 esl1y2 2 
(N — 2) Le gl |u| di: 


adet I 
VHv=e 8X  Vgu-— 


, 


4 Q |z|? 
(ezz ty’ |? —ly|2 (wag ty? 
< [oo sar + [Go dre 87 ufa 
1 E _ Keg ty? 
— —Re | (zzg ) - (Vgu)ue 4X dx. (6.117) 
ae 


Integration by parts in the last term of the right-hand side of this inequality yields 


—1w _ erg D'I* 
Re | (zzg ) -(Vnu)ue xX dax 
Q 


1 (eae ty]? NICE 
=—- | [N-20] ed 
sf 2 e |u|* da: 


By using this in (6.117) and rearranging the terms, we complete the proof of 
Theorem 6.13.1. 
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Chapter 7 A) 


Check for 
updates 


Hardy-Rellich Inequalities and 
Fundamental Solutions 


In this chapter, we describe the Hardy and other inequalities on stratified groups 
with the £-gauge weights. The appearance of such weights has been discussed 
in the beginning of Chapter 6. The literature on inequalities with such weights 
is rather substantial. Apart from describing new results and methods we will be 
making relevant references to the results existing in the earlier literature. 

While horizontal estimates in Chapter 6 can be established on general strat- 
ified groups, the picture is not so complete if one is working with the Z-gauge 
weights. We recall that the £-gauge d(x) is a homogeneous quasi-norm arising 
from the fundamental solution of the sub-Laplacian £ by the condition (1.75), 
namely, that d(z)?-9 is a constant multiple of Folland's [Fol75] fundamental so- 
lution of the sub-Laplacian £, with Q being the homogeneous dimension of the 
stratified group G. 

Using the £L-gauge as a weight, the classical Hardy inequality on the Eu- 


clidean space R”, 
— P p 
(=) [ is f vora, (71) 
P n [elk R” 


for all 6 € CE (R”) if 1 < p < n, and for all 9 € CF (R”\{0}) if n < p < oo, 
is replaced by inequalities involving powers of d(x). For instance, D'Ambrosio in 
[D'A05] and Goldstein and Kombe in [GK08] established the following L?-Hardy 
type inequality on polarizable Carnot groups G, 


Q-pV f |Vudl? 
(S22) [ EX pas « [ Vuga, (72) 


for all $ € C° (GV (0T), provided that Q > 3 and 1 < p< Q. Here, as usual, Q is 
the homogeneous dimension of G. 

In such inequalities the explicit formula (1.103) relating the £-gauge to the 
fundamental solution of the p-sub-Laplacian often plays an important role. In 
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the case p — 2, since the p-sub-Laplacian is the usual sub-Laplacian, formula 
(1.103) just reduces to the definition of the fundamental solution holding on general 
stratified groups. Consequently, in the case p — 2 the version of (7.2) holds on any 
stratified group G of homogeneous dimension Q > 3 and all ọ € CE (GV (0]): 


(ez a Ved gas < [ Vode. (7.3) 


It was shown in [Kom10] (see also [GK08]) that the Hardy inequality (7.3) on gen- 
eral stratified groups of homogeneous dimension Q > 3 also holds in its weighted 
form 


=2 d? 
[i Vuela > (S122) | ae Nat ga, a>2-Q, (4) 


for all ¢ € C§°(G\{0}). It can be noted that the constants appearing in (7.2) and 
(7.4) are sharp but are never achieved. 


The aim of this chapter is to discuss these and other related inequalities, and 
their further extensions. In Remark 7.1.2 we provide a more extensive historical 
perspective on these inequalities. 


7.1 Weighted L?-Hardy inequalities 


We start with a general version of a weighted Hardy inequality on general stratified 
groups. Subsequently, in the following sections, we consider further extensions from 
the point of view of the weights in the setting of polarizable Carnot groups. Here 
we will be mostly working with the £-gauge defined in (1.75), namely, with 


dla) := e(x)2-2, for x £0, 
z { 0, for « = 0, (r5) 


where & is the fundamental solution of the sub-Laplacian £ on G. 


Theorem 7.1.1 (Weighted L?-Hardy inequalities with £-gauge). Let G be a strat- 
ified group of homogeneous dimension Q > 3. Leta € R and let 1 « p « Q-a. 
Then for all complex-valued functions u € Cg? (GN(0)) we have 


Q-p-a V ud? 


p 
and the constant MP in inequality (7.6) is sharp. 
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Remark 7.1.2. 


1. The inequality (7.6) in the setting of stratified groups of different types has 
a long history. For p = 2 and a = 0, on the Heisenberg group it was proved 
by Garofalo and Lanconelli in [GL90] with an explicit expression for d being 
the Koranyi norm. Still on the Heisenberg group, it was shown in [NZW01] 
for a = 0 and 1 < p < Q. The weighted inequality for p = 2 was obtained 
by Kombe in [Kom10]. Different further unweighted versions for p Z 2 in 
the settings related to those of polarizable Carnot groups were obtained by 
D’Ambrosio [D'A05], Goldstein and Kombe [GK08], and Danielli, Garofalo 
and Phuc [DGP11]. The weighted L? inequality on general stratified groups 
by using a special class of weighted p-sub-Laplacians and the corresponding 
fundamental solutions was obtained by Jin and Shen [JS11]. More recently, 
in [Lia13] Lian has also obtained a similar result but with a sharp constant. 
In the proof below we follow Lian's arguments, as well as Lian's proof [Lia13] 
of Theorem 7.2.1. 


2. Different formulations are also possible in the setting of polarizable Carnot 
groups. We present them in Theorem 7.1.3 and in Theorem 7.2.2 following 
[Kom10, Theorem 3.1] and [Kom10, Theorem 4.1] or [GKY17, Corollary 3.1], 
respectively. Further improved remainder terms have been also analysed in 
[Kom10]. 


3. There are other versions of Hardy inequalities that one can find in the liter- 
ature, such as multi-particle inequalities (see, e.g., [Lun15] and references 
therein) or Besov space versions of Hardy inequalities, see [BCG06] and 
[BFKG12] for the settings of the Heisenberg group and on graded groups, 
respectively. 


Proof of Theorem 7.1.1. Since for some constant Cg we have that Cgod^-9 is the 
fundamental solution of £, for all u € Cg? (G\{0}), it follows that 
[ue Q, V uu)dz = -Cg!u(0) = 0. (7.7) 
G 
For e > 0, let us define 
te :— (ul? + e)? — e. 


Then ue > 0, ue € Cg? (G\{0}), and it has the same support as u. Replacing u by 
u-d@-P—% in inequality (7.7), we obtain 


(Vid, V Hue) 
[eae -p-a [ seal Vi)? dx = 0. 


Then we can estimate 


2 1 
Q-p—a) | eo IVsdfdz = -p | (uP? + P979 Pu au, Vud) rte 
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<p n (luf? +e?) |u]IV srul|V rd], 
G dpt«— 1 


<p | (Jul? + e?) DEW nullV nd] |, 
G drte- 1 


Letting e — 0, by the dominated convergence theorem we obtain the estimate 


|u|? 2 |u[?7 -IV ull V nd] | 
(Q-p-a) | elit dx <p rs 4 


By Holder’s inequality, this implies 


gi 1 
|u|? 2 n |u|? | IV aul? z 

—n— < ———————— 
(Q—p a) f gra Vd] dr < p sora Vd? dx i IVadi-2gs 7" , 


which gives (7.6). 
Let us now show that the constant ( 
Let f € C§°(0, +00). Since f(d) € C§°(G\{0}), using the polar decomposition in 
Proposition 1.2.10 with respect to d, we have 
IVa i 
Je Te adi za Nad de adr 
ueCg (GOHO) Se WE vadid 
[Vir f|? 
Se Wee qe dx 


~ JEP (0,400) \{0} f IEP Y pra[2da 


p 
—— in inequality (7.6) is sharp. 


drte 
n Q—-a-1lg44. 2 
fec 0, +0} fo" |f(d)]ed97»-o-14d - f. |Vd[?do 
l PaO 
= in KOET 
feCg* (0, +)\{0} fy | f(d)|Pd2-P-9— 1 dd 
IV f («IP 
2 | [no pe de CEN 


f A — 
feog 0 Loc) (0) (= DE dy p 


where we abuse the notation by writing dd for the integration with respect to the 
radial variable determined by d. The last equality follows from the fact that the 
Euclidean weighted Hardy inequalities 


VF (el CEN EUDP 
fa ke ^V p |, Tere 0 


hold for all f € C (RS X (0]) and the constant here sharp and is attained as a limit 
of radial functions, as it was shown by Davies and Hinz [DH98]. This completes 
the proof. 
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Another type of Hardy inequality is also known on polarizable Carnot groups. 
We give it next following [Kom10, Theorem 3.1] and its proof. 


Theorem 7.1.3 (Another type of weighted Hardy inequalities with C-gauge). Let 
G be a polarizable Carnot group of homogeneous dimension Q > 3. Let l<p<Q 
and let a € R be such that a > —Q. Then for all f € Cg*(GN(0)) we have the 


inequality 
p p 
[en vu dx > (=) nu (7.8) 
IV n d|?P p G 
where the constant (222) is sharp. 


Proof of Theorem 7.1.3. Let us first recall the formula (1.105), that is, 


d 
7 (open) UM 


in G\Z, where Z := {0} U(x € G\{0} : Vad = 0} has Haar measure zero, and 
V ud # 0 for ae. x € G. By using this formula as well as Green's formula (see 
Theorem 1.4.6) we obtain 


p—2 deti 
(Q+a) ] etras - f Vd Vu fae 


Moreover, by using Hólder's and Young's diei we can estimate 
» by g 8 


7 d**?|Vgd- Vgf|? , NV? 
aj f|Pdy < aJ r[D Z HN VHI g 
(Qa) JE ifPde p( fa if a)" (i ae 


—p/(p— d^*?|V gd - Vu f|" 
< (p — 1)e- ?/( » | a p » | eee 
(p — 1)e | f|Pda + € Vd x 


for any e > 0, that is, 
d**PlVgud-Vgf|? 
"(Qa (p- eem | appas | e BT. 
G G |Vid| 


p 
Since the function e > e~?(Q+a—(p—1)e~?/-)) attains its maximum (222) 


at eP/(P=1) = _? —. we obtain the inequality 


+a 
P d*^?|V gd - Vg f|? 
d? LE EE 
(= =) upas — IVadpr 


p 
Now let us show that (222) is the best constant, that is, we show that we have 


d**?lV gd: V g f|? 
Je vanae — = (2 oh 


= inf ————M—————— = 
0z FEC (G) Jo del f|Pdz p 
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Obviously, one has 


q^ *?|V jd. V n f |? 
(22) IE vade aa 


p fo d Pase 


for all f € CS°(G\ {0}), that is, (2+ j < Cy. So, we need to show the converse, 
0 p 


p 
namely, that Cy > (222) . For this, consider the following family of d-radial 


functions 


DEEST 
‘ a G9) if odi, 


with e > 0. Note that f.(d) can be also approximated by smooth functions with 
compact support in G. We can also readily calculate that 


p 
d^^?|V gd - V y fel? " LE +e) ge if dec [0, 1], 
[Vad]? (242 +e) d= if d>n 


Denoting by B4 = {x € G : d(x) < 1} the unit d-ball, we have 


| d^|f.|Pdz = r! dX 20-9 + | d-9-*dg. 
G B4 G\Bi 


For every e > 0, the weights d@+?°+?* and d-9-"* are integrable at 0 and oo, 
respectively. Thus, the integral Jis d? |f.|Pdx is finite. Therefore, we get 


p p 
(= +e) | d^|f.|*dz = (2 m e) | qoo mas + | d-9-*dx 
P G p Bı G\Bi 


= fae A 
G IV gd[?» 


Moreover, we have 


p . p p 
(22244) ] 7" ERE» (825) [itera 
p G p G 


IV gd]? 
= [ae A 
G IV gd]? 


That is, Cy < — $ exe) and letting € — 0 we obtain (222) X Cy. This 


yields Cy = (2+ a)", showing the sharpness of the constant. 
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7.2 Weighted L?-Rellich inequalities 


In this section we discuss the Rellich inequality with weights given in terms of the 
L-gauge. 
Theorem 7.2.1 (Weighted L?-Rellich inequalities with £-gauge). Let G be a strati- 


fied group of homogeneous dimension Q > 3. Let a € R and let 1 < p < (Q—0)/2. 
Then for all u € C° (G\{0}) we have 


[Lul? [(p-1)Q +a](Q-2p-a)\? f |Vad?, ,, 
Lae” > ped de |u["da, (7.9) 


p 
where the constant (gue) in inequality (7.9) is sharp. 


Proof of Theorem 7.2.1. For e > 0, let us set 
ue = (ul? + 2)? — e and we = (|u[? + e2)»/4 — e», 
Then we can calculate 
£u, = plju]? + 7 gul? + plp — 2)(uP? + ?)"?7?|uP|V gu? 
+ pllul? +2? u£u 


> p(p — (luf? + °P- lu |V nul? + plul? + eP- uu 


4(p— 1 
- Xp DI god? + p(uP + 2P uLu. 
p 


Therefore, we have the estimate 


2 23p/2—1 _ 2 
zi (lult + €*) ULU Ir " A(p 2[ |V uo. | ax — f Lue ds 
G 


de-2(»-1) = D g det2(0-1) g de+2(p-1) 


The integration by parts in the last term, using (1.78), yields 


Lue Ue 
x de*20-1) dx = (a + 2p — 2)(Q — a — 2p) f sarap V ndl’ da. 


Using this and Theorem 7.1.1 we obtain 


(\u|? + €?)?/2-lu cu A(p — 1) |V gu. |? Lue 
-f de*20-1) da > p o de 20-1 dz — gene da 
(p — 1)(Q — 2p - a)? 
er h 2: ges V dl da 


PETE E dump — |V d|’ dz. 
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Hence we have 


p—-1YQ-2p- a)? w2 
eog i i [ el V dla 


Ue 
+ (a+ 2p —2)(Q-a- 2») | gv ad dz 
G 


2 21p/2—1 2 (p-1)/2 
pene Te ee 
G G 


<p qot2(p—) de3(-1) 


Letting e — 0+, the dominated convergence theorem implies that 


(Q—-2p-o)((p-1)Q-o) f luf" 2 lul? £u] 
ef E Vt SB Mr 


By Holder’s inequality we can estimate 


(Q2 «(p 09:2) [ MP v aua, 


p G dec?» 


p-1 1 
[u]? 2 ? 1 [£u]. P 
< —— |V nd|*d —— d 
=) (f ap H | T " |V gd|*(»- 9 qe T , 


which implies inequality (7.9). 


da. 


(Q-2p-oX(p- Q2) Tam 


The argument for the sharpness of the constant ( 


(7.9) is similar to the sharpness argument in the proof of Theorem 7.1.1 (with the 
similar explanation for the notation dd). Namely, for functions f € C$ (0, +00), 
by using Proposition 1.2.10 we can estimate 


" Ja edema dt 
ue cg: G\{0})\ {0} Sop aede | V ni d? da 
fo v et. i cfd)” — a, 


RT CS p—1i d& 


nf —————— 
feog 0. Foe) M0) J HOI in 


Jo. |f" (d) + (Q — 1)f'(a)/d|"d9 -^-1dd- f, |Vd|?do 
T feCg (0 tos) M0) ups 2-o-1dd. f |Vdl2do 
ge UMD (Q-- D/'G/ded2-7 da 
feCg* (0,+00)\ {0} Jo fii) pae-e-o-tad 


£f (|z])|]? 
Io EREDE ae 


= inf — 
feCg (eoe) M0) Jno ax 


oy (esta EM 


2 
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where the last equality follows from the weighted Rellich inequalities 


J ERDE go » (p 09 * — ta)" f LADE gy 
R9 i 


||? p? Q |alPpte 


for all f € C§°(R°\{0}), and the fact that the constant here is sharp and is 
attained in the limit of radial functions, [DH98]. This completes the proof. 


Another Rellich inequality is also possible, see Remark 7.1.2, Part 2. We 
present it in the next statement following [Kom10, Theorem 4.1] and its proof. 


Theorem 7.2.2 (Another type of weighted L?-Rellich inequalities with Z-gauge). 
Let G be a stratified group of homogeneous dimension Q > 3, with the homogeneous 
L-gauge norm d on G. Let a € R be such that Q +a-— 4 > 0. Then for all 
f € Cg (GN(0)) we have 


Cra OON f go THT pas (7.10) 


de 5 
MEER NM > 
f wpa E! dr > 16 


2 2 
where the constant (Gra (Q-a) is sharp. 


Proof of Theorem 7.2.2. Recalling formula (7.5) for the £-gauge, a direct calcula- 
tion gives that 
—2 
£d*-? = (Q + a — 4) (a — 2)d4|V gd? + 3-94 tee. (7.11) 


As before, we can assume without loss of generality that f is real-valued. Then 
(7.11) implies 


1 fg 49 J d^ ?(2f£f + 2|V g f|?)da. 
G G 
On the other hand, since € is the fundamental solution of £ we have 
n f° Ld "dx = (Q +a — 4)(a — 2) 7 d^—^|V d|? f?dz, 
G G 
with Q +a — 4 > 0. Thus, we have 


(Q- a — 4a -2) | 7I de Pas -2 | 7 fefc 
(7.12) 

=2 | d?lVgfÜdzx. 
[ Vf Pde 


Further, using the following weighted Hardy inequality (see Corollary 7.3.2, Part 
1, related to Theorem 7.1.1 for p = 2) 


—p\? d|P 
(==) [ET pds [ aatar, 
p G dP G 
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we arrive at 


—4\? 
» (Cee ) J Nud? pas 
G 


OERE — 2) f d*-^|V ud f?dz — 2 [ d*? FL fdz. 


It follows that 


—4 = 
(2225) (823) [enpa s- [rera (13) 


By the Cauchy-Schwarz inequality we have 


1/2 cf 1/2 
- | E (/ av nd? Pas) (/ alate) s USE 
á G c [Vad] 


Now combination of the inequalities (7.14) and (7.13) yields (7.10). 


(Q+a—4)?(Q-a)? 


Let us now show that the constant Cr = 16 


we have the equality 


is sharp, that is, 


Jä 
cc mi deme de (Qta guQ- a! 
oAfECS(G) ra do Yad? fody 16 


Obviously, we have 
Jo wrapllfde (Q + a- A (Q — o? 
Se de Vad f2dx — 16 , 


2 2 
that is, Qtan~ 4) (era) < Cpr. So, we need to show the converse, namely, that 


Cg € Mis Cin To do this we define a family of d-radial functions by 


2 
(22-5 e) Ivua e if d«1, 
fe(d) := " 2 : 2 
(23523 +e) (2$ e) ee vua? if d 


for some e > 0. Denoting by Bı = (x € G : d(x) € 1) the unit d-ball, we have 


2 
[e Eua] TOad'ds +B | d-*-**V gd dx; 
c [Vad] b: GB; 


where 


and 
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Since |V pd] is uniformly bounded and Q+a—4 > 0, the integral Je, d^-?|V gd|?dx 
is finite. It implies that we have 


[e E d= 8 | d-9-?*|V gd[^dz + O(1). 
G [V nd| G\Bi 


Moreover, we have 
ue ue 3 
Bı T 
Since the first integral is finite we obtain 
V ud]? 
| ae! a | fads = | d-9—?*|V gd[?da + O(1). 
G d G\Bi 


Taking e — 0 and noting that 


ni d 9-?*|V gd[?dz — oo, 
G\Bi 


we arrive at ja , 
Je wraps? dr (Q +a- 4 (Q — a)? 
So eE peda ~ 16 


2 2 
This means that Cr = Eu e so that the constant is sharp. 


7.3 Two-weight Hardy inequalities and 
uncertainty principles 


In this section we consider Hardy inequalities with more general weights, pre- 
senting the approach of Goldstein, Kombe and Yener [GKY17]. This can be also 
extended further to Rellich inequalities, see [GKY18]. Other types of two-weight 
inequalities are known in the classical Euclidean setting, see, e.g., [GM11], and a 
more extensive exposition in [GM13]. 

Another general two-weight inequality on general homogeneous groups was 
given in Theorem 2.1.14, without making any assumptions on the weights $,wv 
there. However, in the following result, the weights V and W will be assumed to 
satisfy relation (7.15). 


Theorem 7.3.1 (Two-weight L?-Hardy inequality). Let G be a stratified group. Let 
V € C! (G) and W € L} .(G) be non-negative functions, and let ® € C^*(G) be a 
positive function such that 


— Vg - (V(z)|Vg9|" ? Vg) > W(x)?! (7.15) 


holds almost everyuhere. 
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Then there exists a positive constant cp > 0 depending only on p such that 
for all o € C (G) we have: 


if p > 2, then 


] v vaeras s. [ weorar+e [ v) 


and if 1 < p < 2, then 


Q p 
Vus ede, (7.16) 


ZEE 
[v@ivncrar> | wielorar ees | viz)  — — —r 
METE 

(7.17) 


For p = 2 we have the equality in (7.16) with co = 1. 


Proof of Theorem 7.3.1. For the proof we follow [GKY17], relying on the following 
inequalities (see, for example, [Lin90, Appendix]): For any 1 < p < oo there exists 
a positive constant Cp > 0 depending only on p such that for all a, b € R” we have 


|a +b? > la? + p|aj?"?a-b-- c,|b|?, for p> 2, (7.18) 
and 
la + oJ? > + palabra Or S for L<p<2. (7.19) 
(la| + |b])?? 
Let y :— $2, where 0 < ® € C™(G) and o € CE (G). Applying the inequality 


(7.18) with a = QV gy 9 and b = ®V pọ, for p > 2 we get 
Vaol? = [oV gp + ËV gof” 


7.20 
> |Vg9||o[? +P Vad PVS Vulle) + cV gyo. P 


Multiplying this by V(x) on both sides and integrating by parts yields 
] vvuoas | vivat Pietas c, | VEP 
-f Vy : (V(z)9|V uP? V 49) |y Pde 
few z)9|V ud? V gp) $|o[?dx 
+e | VEV aoada. 
Consequently, assumption (7.15) implies that 
ri V (z)|V n dl^dz > f W (z)lgl"9"dz + cp [ V (z)| V gil? $da. 


Recalling that p = = one gets (7.16). 
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For the case 1 < p < 2 one can use inequality (7.19) with the same choice of 
a and b as above, and we leave the details to the reader. Also, the above arguments 
show that if p — 2, then (7.16) is an equality with c9 — 1. 


Let us now collect some consequences of Theorem 7.3.1 on polarizable Carnot 
groups, following [GKY17]. As before, we fix d to be the £-gauge on a stratified 
group G. Consequently, we denote by 


Br := {x € G : d(x) < R} (7.21) 
the ball of radius R with respect to the quasi-norm d. 


Corollary 7.3.2 (Special cases of two-weight inequalities). Let G be a polarizable 
Carnot group. Then we have the following inequalities: 


1. Leea c RS, 1<p<Q+a, y » —1. Then we have 
— p\?” V gud|?*? 
| Xud vuole > (===) n. q IP pras 
G p G 


for all à € CE (GN(0)). 
2. Let Q — p » 1 and a « —1. Then we have 


Rye (=) f ( |e 
log — VidlPde > | = log — Pda 
[( e$) IV p Bg 5d dp i 


for all ó € CF (Br). 
3. Let a € R and Q -- a » p » 1. Then we have 


Lg P 
IDE (===) (Q--«) [ e 5 jopraz 
G p S. (1-- d»-1) 


for all $ € CE (G). 
4. Let 1 « p « Q and a » 1. Then we have 


zip: 
[a + d»-1je(-U lv gp o|? da 
G 
p(a—1 gt V gd)? 
> o (fem) [Yad n 
p-— G (1 + dp-1)Q—a)(p—1) 
for all $ € CE (G). 
5. Let a,b » 0 and a, 8,m ER. If aB » 0 and m < e, then we have 


(a + bd) (a + bd^:)à : 

[nef ae > CQ my | ET nat otae 
a + bd%)8-! 

CQ maso | Wd? eae, 


for all à € CE (G), where C(Q, m) = Qna, 
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6. Let Q =p > 1. Then we have 


p= 1 E |V ud|? 
V p ex E ———— Pda 
UNT SPP p ) Br (R— Dr n 


for all ó € CF (Bg). 


Proof of Corollary 1.3.2. To make the application of Theorem 7.3.1 rigorous one 
can replace the function d with its regularization d, :— (T +€) 73 for e > 0, where 
I is the fundamental solution for £, and after the application of Theorem 7.3.1 
take the limit as e > 0. 

1. The inequality follows from Theorem 7.3.1 with the choice 


Q+ta-r) 


V-d*|Vgd? with 4-dq-(5 


2. This part follows by taking 


a+p 
V= (ios 1) and = (ios 1) 


3. This part follows by taking 


|o 1| 
p 


-(25=.) 


Se 
V=d* and ®= (rear) 
4. This part follows by taking 


TE Pn sp A Pos 
v= (rear) ind o= (rear) 


5. This part follows by taking 


(a + bd)? 
d2m 


aud epi») 


V = 
6. This part follows by taking 


V=1 and 6 -(R-dy5. 


The proof is complete. 


Remark 7.3.3. The statement of Corollary 7.3.2, Part 1, was first shown by Wang 
and Niu [WN08]. Part 2 was shown in [D'A05, (3.40)]. Part 4 is a version of the 
Euclidean estimate [Skr13, (5.1)]. Part 5 is a version of the Euclidean estimate 
[GM11, (42)]. Part 6 was shown on the Heisenberg group in [HN03] and then for 
polarizable Carnot groups in [D'A05]. 


7.3. Two-weight Hardy inequalities and uncertainty principles 345 


Theorem 7.3.1 also yields several versions of the uncertainty principles. 


Corollary 7.3.4 (Special cases of two-weight uncertainty principles). Let G be a 
polarizable Carnot group. Then we have the following inequalities: 


1. We have 
IV nol? Y( 2| 12 ) al 2 
———— d d d — d 
(J sas) ( [ eiar) > Z C oae 


for all € Cg* (G). 
2. We have 


2 2 
([ivnoPac) ( f avnarjoPac) > Z ( f Ina? joer) 


for all $ € CE (G). 
3. We have 


(| Paoa) ( f imnatiotas) = CF ( f Wad saga) 


for all $ € C§°(G). 
Proof of Corollary 7.3.4. 1. This inequality was first shown by Kombe in [Kom10], 


extending the Euclidean uncertainty principle (2). Considering 


1 
= Vaud? and = eod 
H 


for a > 0, Theorem 7.3.1 implies 


1 
E 2aQ | joa — 4o? | d?|d|?da.. 
c [V nd| G G 


Let now A := —4 fg d?d?dz, B :— 2Q fg d?dz and C :— — fo Wael da. Then the 
above inequality can be expressed as Aa? + Ba +C < 0 for all a € R. But this 
implies that B? — 4AC < 0, which proves the statement. 
2. Let us take 
V=1 and p = e7, 


where a > 0. Then by Theorem 7.3.1 we have 
J WusPdr > 20Q | \WuaP|olae - 40? | a\VnaP|oPac. 
G G G 


The same argument as in Part 1 implies the statement. 
3. The statement follows from Theorem 7.3.1 with 


V=1 and p = e7, 


for a > 0, and the same argument as in Part 1. 
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In [GKY17] the authors showed that on polarizable Carnot groups the state- 
ment of Theorem 7.3.1 can be refined to give also the remainder estimates. Fol- 
lowing [GKY17] we recapture this statement, its proof, and its consequences. In 
the following theorem we consider the case p > 2 noting that a similar result can 
be shown also for 1 « p « 2, with a different reminder term, if one uses in the 
proof (7.19) instead of (7.18). 


Theorem 7.3.5 (Two-weight L?-Hardy inequalities with remainder estimates). Let 
G be a polarizable Carnot group and let Q be a bounded domain in G with smooth 
boundary 0Q. Assume that V is a non-negative C1 -function and that 6 is a positive 
C^? -function such that 


-Vg- (vicar oSv, 5) >0 (7.22) 


holds almost everywhere in Q. Then for any  € C§°(Q) we have 


p 
f V (z)d*|V gol? dz > (e£) | V(z)de VEAP uo, 
Q p Q dP 


2 p 
p 


p=1 p-2 
Vyd 
) V (x Ta i | Vyd- VgV |o|?dz 
Q 


Cp Q IV gð]? 


where Q -- a» p 22, o € R and cp = c(p) > 0. 


Proof. For any ¢ € Cg? (NQ) we set  :— d~7¢ with y < 0, a constant that will be 
chosen later. By a direct computation we have 


n (d$) = yd" oV gd + d" V go. 
Applying inequality (7.18) with a = yd?~!yV gd and b = d" V pọ we get 


IVa] > |yPa?O-Y|V gdl? |o]? 


(7.24) 
+ ql PAPO VAY yd? OV gd - Vir (lel?) + cpd” V go. 


Multiplying both sides of (7.24) by V(a)d® and integrating by parts we get 
[v@aivadrar > poe [ viz) mni uapletas 
Q Q 
= Pf Vu - (V(z)a**90679* dP OV nd)|gl*dz 
Q 


+e | V (z)d***"|V go|Pdz. (7.25) 
Q 
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Using (1.77) and (1.102) we have 
Vg - (V(z)de*9» 0-0 gq|»7?v gd) 
= getso-1H v pd? 2V yd -VgV (7.26) 
+ [Q +a + p(y — D]V (z)d**?0-D|v yde. 
Using (7.26) we can rewrite (7.25) as 


f V (z)d*|V nde > C(Q, 0,057) | V(2)d2+?O-D|V gl? yl ax 
Q Q 
= yy? | d*r0-0*1ly adi? ?V yd: Vg V |e|^dz 
Q 
+ Cp f V (z)d**?" |V go|?dz, 
Q 


where ¢(Q,a,p; y) = yl? — yly|P-7(Q + a + yp — p). Since y < 0 we can choose 
y = (p — a — Q)/p. Therefore, we have 


" Qta—p\? |V gd]? 
] ve IV godz > (==) fyo eras 


p-1 =) 

Z V adl? 

(L [Eget ner 
Q 


+ 7 V (z)d?-9|V jg o|?da. (7.27) 
Q 


Let us analyse the last term in (7.27). Let us define 9 := 07 V/Po, where 0 < 6 € 
C™(Q) and o € dd It follows from (7.18) that 


Vag = 15 1575  9V 6 + 6? Vg? (7.28) 
i [V gó|? 1 |Vgó[|? 
= "am Ld aae em —Àjá-3 V HÓ “Va loP) + agóP | V gð. 
Since cj P|V ð|? > 0, integrating by parts in (7.28) we get 
V gó|? 
mI V (zx)d?- 9|V go|?da > 2! V (z)q»-9! - |9 |? da: 
Q p 
IV gó|?" 
€x - Fi Vu ax)d?- oy H6)|\0|?dx. 


Q+a—-p 
Using (7.22) and the substitution 9 :— ó-!/Pd  » ¢ we obtain 


= Cp C _o|VHO 
Cp I V(x)d?-2|Viy|Pdx > ae i V (a)d? o INI" pray. (7.29) 


Qra-p 
Combining (7.27) and (7.29), and using e — d ? œ we obtain (7.23). 
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Let us now list several consequences of Theorem 7.3.5 for some specific choices 
of V and 9. We recall the notation 


Br := {x € G : d(x) < R} 
for the ball of radius R with respect to the quasi-norm d, already used in (7.21). 


Corollary 7.3.6 (A collection of L?-Hardy inequalities with remainders). Let G 
be a polarizable Carnot group and let Q be a bounded domain in G with smooth 
boundary OQ. Then we have the following statements. 


1. For all 9 € Cg? (Q) we have 


ET. 
J Wna > (===) Le a LU Idl?da 
Q p Q 


«f d^ Gad |o" dz, 


p? dlog(4)) 
where Q +a »p22,o ER, cp » 0 and R > supd(z). 
rE 


2. For all ó € Cg? (Q) we have 


—p\? d? 

f d? |V go? dx > (222-5) | qol Vd a. 

Q p Q dP 

Cp Q |V ud|? 
eh. AST AN 
P Jao dP(log +)? (log(log 7))? 

where Q +a > p> 2, a ER, cp » 0 and R > esupd(z). 
rE 


lo] d, 


3. For all o € Cg* (Q) we have 


= p p 
f ed" |V gó|? dz > (= Ta z) f edqe Ia ||? da: 
Q p Q 


Qcra-pV f 4 Vnd, ., 
+ (e Sr d d»-i lol dx 


T 2 f ed^|V zd)? ||P dz, 
PP Jo 
where Q +a >p? 2, a ER, c, 7 O0. 
4. For all 9 € Cg? (Bn) we have 
—p\? Y. d 
f, eivnapac> (SH) [e ras 
Bn p 


Bn 
Cp Q |V n d|? 
£p ga IDE 
PP Jp,  (H—d) 


whereQ+a>p>2,a€R, c, > 0. 


+ Pdz, 
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Proof of Corollary 7.3.6. 1. The statement follows from Theorem 7.3.5 with 
R 
V=1 and sw (1). 


'This inequality is the stratified group version of the Euclidean inequality in 
[ACRO02, (1.4)]. 
2. 'The statement follows from Theorem 7.3.5 with 


V=1 and ô= log (108 1) , R>esupd(z). 
d reo 
3. The statement follows from Theorem 7.3.5 with 
V=e? and =e. 
4. The statement follows from Theorem 7.3.5 with 


V=1 and 6=R-d. 


As in the proof of Corollary 7.3.2, the above applications of Theorem 7.3.5 can be 
justified by considering the regularization de :— (T + E for e > 0, where F is 
the fundamental solution for £, and after the application of Theorem 7.3.5 taking 
the limit as e > 0. 


7.4  Rellich inequalities for sub-Laplacians with drift 


In this section, we show the weighted Rellich inequality for sub-Laplacians with 
drift on polarizable Carnot groups expressing the weights in terms of the funda- 
mental solution of the sub-Laplacian. 

We recall that in Section 6.9 we already showed Rellich inequalities for sub- 
Laplacians with drift with weights expressed in terms of the variable z’ from the 
first stratum. 

In this section, we assume all the notation of Section 1.4.6 where sub-Laplac- 
ians with drift have been discussed. 


Theorem 7.4.1 (Rellich inequality for sub-Laplacian with drift with C-gauge wei- 
ghts on polarizable Carnot groups). Let G be a polarizable Carnot group of ho- 
mogeneous dimension Q > 3 and let 0 € R with Q -- 20 — 4 > 0. Then for all 
functions f € CE (G\{0}) we have 


2 


d? (Q 4-20 — 4)?(Q = 20)? - " 
| IV nd| Ga L?(G,ux) | 16 lla IVad|| L?(G,ux) 
dog (Q +20- 2)(Q — 20 — 2) 2 
4,4 272 1 0—1 
+y by Waa? — Ty pee SS d Flle 
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e 2 
T 27b% (Q — 1)(3Q — 4) ||d?  flrzte ua) 
212 pu 1-9 1-9 1-Q 2 
45, 22] f(a 219 dl £(d'-9|V dl) - 3I a (d'-9|v ndl)?) 
c IVnd| 
x |FGXl dux (2), (7.30) 


where Lx and bx are defined in (1.93) and (1.95), respectively. 


Remark 7.4.2. In the Abelian case G = (R",+), we have N = n, Vy = V = 
(Ox,,---+;Ox,,) is the usual full e d = |x|g is the Euclidean distance, hence 


[V gd| = 1, and setting X = $57 , a;0,,, the last two terms in (7.30) cancel each 
other, so that we obtain the same estimate as in (6.83). 


Proof of Theorem 7.4.1. The proof follows [RY18b]. Let g = g(x) € C (GN(0]) 
be such that f = y~'/?g. By (1.101) we know that Lc. pegexi"?gec 
L?(G, ux). Then, we have 


1/2 


d 
x 
|V zd] 1(G,u) 


= = 
ee 7] 


x" £x (x g) 


, 


L?(G,u) 


-|F 
|Vzd]| 
where p is the Haar (i.e., Lebesgue) measure on G. By (1.100) and integration by 


parts, we calculate 


2 2 


d? d 
Ex f = | Sao +7b&)g 
| [V xd L?(G,ux) IV zd] L?(G,u) 
d? F d” do j? 

£ fe Re] —-L dz +705 

lea 0g s y ox te c Vadi og(x)g g(x) Ly 0x IVd] dj? Bel 
d? 2 2 — 
— 24202. R dx 
lias, 8 X wem Wai Xia 
d || 

+ y. V 

Iud L?(G,p) 

2 2 
+ 23203. + yt. uu 
“|. Vad? L?(G,u) L?(G,u) IVad? 2(G,p) 
d?? 
Muy X;g(v)g(x)X; (rar) da 
2 2 

etal + 23203. ——VuH9g +y 

-|a IV nd 2(G,u) L? (Gu) 2(G,u) 
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‘ dc xd 


Xs Wud 
2 R 
2 
+ 277% 
“lla, Hu) 


+704 
"Teac 


- lea Vad’ ma IVad" 


+h D. 


Then, by Theorem 7.1.3 one has for Q + 20 — 2 > 0 that 


2 2 
-20—2 
> nig (S27) qeu. 
E 


On the other hand by Theorem 7.2.2 we get for Q + 20 — 4 > 0 that 


2,?w. 


Isa" 


> (Q + 20 — 4)?(Q — 20)? 


d?-?|V gd 
dp 16 |z7ivadel 


lea veal” 


Putting (7.32) and (7.33) into (7.31) we obtain for Q + 20 — 4 > 0 that 


a d RR 
(Q + 20 — 4)?(Q — 20)? 
16 
2 
a2 ({Q+20-2 01.02 
+ 270% (S CE 


2 


[e Tadele 


+ ¥4b% Td. 


L?(G,u) 


lesa IVad|? 


Let us calculate J; from (7.31): 


rcd 1X; d 
li meses ae 


num lx. d 
= = —4y77b% IK X; P 


d?9-!1 Xid 


2 


L*(G.u)* 
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g 
L?(G,u) 


(7.31) 


(7.32) 


(7.33) 


(7.34) 
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It follows that 


> d®-1x;d 


d?9-1X;d 
2 
D WM ii M j 


Putting d = u7-9 we calculate 


N N 20—Q 
d?9-1 X .d u?-Q 

Sx; (= * | = @- 9) | x—-X; 

= ( EC dE p D 


which implies, using (1.104), that 
d?9— gr d 


N 
I, = -2y' 50 [ a (TSF [Vad]? ) g(x) Pda 


j=1 


= -2000 +Q - 2) | v 1g) ds 
G 


= —277b2,6(20 + Q — 2) f lg(a)|2d29 2 da. (7.35) 
G 


Now for Jz by integration by parts we get 


m m V ud 
= —4y7b& red | Xj;g(x Wo e 


d? X ;|V gd] 
2 J 
ey Oe Y [uo late ex, ( Vals ) ar 


Using d — u=-@ one has 
N N 

d"? X ;|V gd] 
X; (| 4 | = (2-9)? Xj; 


20—3Q+3 
u 2-9 Q-1 
( Na ^H ($v) 


N 
Q-1 2-e@ X;u 20-2942 X;| V gu] 
—(2—QY X,[-——u?9 ——4 x i= 
-PE x (225499 Se, te TUNE 


=: (2 -QP J, + 2- QPR. (7.36) 
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Then, taking into account (1.104) we have for J; that 


N 
= (Q-1 z-9 X;u (Q—1)(20—Q) 20-2 
J = 2%) (2- Qu Pose) = ae "yg wu 


,9-1 p= = 2(Q— 1) 22-9 XjuX;|V gu 
2 T7 boa wan TEQ) ey [Vau] 


T z 


(Q-)Q9»-9 QER,QO-iueg £u XQ—1P $a o (pap 


= + —————— 
(Q - 2)? 2- Q IVau? (Q-2)? 
Now we calculate for Jz that 
20-2942 X; cA 


3x, (ire "sup 


N 
_ 20 — 2Q + 2 8 n X;uX;|V pu] 
(03-Q " "2.4 Wa 


I 


J2 


eui ys Dan gag sS GV nl)? 
= |V guļ’ ed [V gu|* 


^ —3-Q \Q-2 d 
2 
— gu 22g? Nau Vul (7.38) 


IV gu|* 
where we have used (1.104) in the last equality. Plugging (7.37) and (7.38) into 
(7.36), we obtain 


yx, d? X ;|V ud| 
— ?VX [Vad]? 


= (Q- 189 - 4u*3 + (2- Q)(Q - Depr 


20—2Q+2 
+ (Q = 2)?u =F |Vqul4(\Virul£|V nu] — 3|ValVarull?). 


Then we get for Iz the expression 


d? x; ead) I 


Ip = 278% » fi Pel l— 


= 2 (Q - 1)(3Q — 4) f "POR 


20—2Q 
+ 27b% (Q — fu £9 Vau *(Vaul£| au] - 3IV |V grul|?)|g(z)| dz. 
G 
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Setting here u = d?-9, we get for Iz that 


In = 278% (Q - 1)(8Q — 4) | d'*-?|g(a) Pde 
G 
q29+2Q-2 
c Wad 


Thus, by this and (7.35) we have 


EAS. (d° |V nd]E(d V ud) — 3I (2 2 |v d) loda. 


9.232 e—1i |? 
I + In = 2°} ((Q— 1)(3Q — 4) — 0(20 + Q — 2)) d g 


L?(G,u) 
wa fd 79 0 1 1 2 2 
+ 2y & | — (a ~2|Vird|L(d*~°|Vird|) — 3|V n (d'7? |V nd])| ) lc dz. 
c IVnd| 


Combining this with (7.34) and taking into account (1.101) we obtain Theorem 
TALL. 


7.5 Hardy inequalities on the complex affine group 


The aim of this section is to show that some of the above techniques are also 
applicable for non-unimodular Lie groups. For example, consider the complex affine 
groups: 


Definition 7.5.1 (Complex affine group). The complex affine group is the semi- 
direct product 

G=CxC, 
where C* is the multiplicative group of nonzero complex numbers. This means 
that G is equal to C x C* as a set, with the group composition law of the complex 
affine group G given by 


(x,y) o (2",y') = (x + ya", yy’) 
for all z, z' € C and y, y' € C*. We will be also using the notation zx :— t + is and 
y := T + is. The complex affine group is a Lie group, with its Lie algebra denoted 
by g. 
We now fix a basis (.X1, Xo, X3, X4} of g given by 


Ó Ó o ð Ó 
dion Huh n nm eee 

Ó Ó Ó o Ó 
ux "E a Ere 


These right invariant vector fields correspond to the canonical basis elements of g, 
and it will be convenient to work with right invariant vector fields here. Therefore, 
the positive (sub-)Laplacian 


4 
Ax=-) X? (7.39) 
j=1 
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is called a right invariant canonical Laplacian of the complex affine group G. The 
fundamental solution of the Laplacian Ax was computed explicitly by Gaudry 
and Sjógren [GS98] in the following form 


NM 
do af E [1 — f 


We will also use the notation 
Vx = (Xi, X», X3, X4) 


for the right invariant (canonical) gradient on G. The right invariant and the left 
invariant Haar measures on G are defined by 


dy 
du, = dere. diui fip i 


with the modular function m(z, y) = |y|?, respectively. In addition, one has the 
following integration rules with respect to the modular function 


Ln Fng)dyuln Ohi fondul 
[i fn )m^ (dui " fondil 


We now present a Hardy type inequality on G with the proof relying on 
properties of the fundamental solution of the right invariant canonical Laplacian 
Ax on the complex affine group G given in (7.39). 


Theorem 7.5.2 (Hardy inequalities on the complex affine group). Let G be the 
complex affine group. Let a € R, a > 2— B, B > 2. Then we have 


à = 5y? E 
[exud > (==) | S xe™ Plu du, (740) 
G G 


for all u € C$ (G), where Vx = (X1, X2, Xa, X4). 


Proof of Theorem 7.5.2. By using formula (2.8) we can assume without loss of 
generality that u is real-valued. Then let us set u = dq for some real-valued 
functions d > 0, q, and a constant y 4 0 to be chosen later. We use our usual 
notation for the potential theory considerations: 
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Then we can calculate 


(Vu)u = (Vd'q)d?q 
4 


= 3 Xia) Xy (dq) 
k-l 
4 4 4 
= PPY (Xeda + 2d? 19 V Xid Xeqt dS (Xia)? 
k=1 k=1 k=1 


= 77d?1-?((Vd)d)q? + 244?Y-q(Vd)q + d^ (Vq)q. 


Integrating by parts we observe that 


24 | d&+27-19(Fd)adu, = — | Vqe*?vglq 
vf q(Vd)qdui rar a )q" dui 


^Y C 2 Ja+2 
= Vq*)d?^ ^d 
ug [eae ay 


^Y 2 a+2 
== Axd T dyu. 
z fs » M 


In particular, because of this, we will later choose y so that d^*?* = e. Conse- 
quently, we have 


f d^ (Vujud = ^? I ara (Yd) a + — i (Va*?v)g! dy, 
G G o t 2y Jc 
«f d**?"(V q)qdyi 
G 
-— f de*+27-2((Çd)d) edu, (7.41) 
EN di [taxa maus | a Faadu 
a+ 27 G G 
me f d°*+27-2((Ğd)d) gdp, — — f q^ Axd dy, 
G a+ 2y G 


since d > 0 and (Vq)q = |V xq|? > 0. On the other hand, it can be readily checked 
that for a vector field X we have 


Y 2( qat2y) — a+2y—1 = Y o--24--8—2 2—8 
252: 09 ke Xd) = 5 —5X X (d-8)) 
zi 2 ris +2y+ B- 2)de*?r*8-30 Xd) X(d2-8) + ; 54 ee 
= g(a + 2y + B — 2)d* 2 (Xd)? + ce Re. 
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Consequently, we get the equality 


Axde*?Y = —y(a+27+B 24 n (dd demi PA xP. 
(7.42) 


d 
a+ 2y 
We now substitute (7.42) into (7.41) and use that q? = d^ ?"u?, so that 

| Gud > (7 - (a 6 - 2) | 7 ( a) du 
G G 
y 2—8 Ja+ß8—2,,2 
— — Axd d u*dz. 
2B p 
We now take d :— ers, and since 8 > 2 and e is the fundamental solution to Ax 
we have 


] exec 7 wae =0,a>2-— 6, B>2. 
G 


Thus, we obtain 


] > uan 2 -ve 8-2) f EFF (Vere Je Eu? dyu. 
G G 


Taking y = 2-5-*. we obtain (7.40). 


As usual, a Hardy inequality, such as the one in Theorem 7.5.2, implies 
uncertainty principles: 


Corollary 7.5.3 (Uncertainty principles on the complex affine group). Let G be the 
complex affine group and let 8 > 2. Then for all u € Cg? (G) we have 


2 

[N xe Puau [ [Vculdu > (£33) (f IVxer [Ie *im) 
G 

(7.43) 


as well as 


[sl an [ |Vxul?di > (= a (f |u| Mn). ; (7.44) 
G |VxerF |? 


Proof of Corollary 7.5.3. Taking a = 0 in the inequality (7.40) and using Hardy 
inequality in Theorem 7.5.2, we get 


] ver Pupan | Iwxuau 
G G 


ES Vxer?|? 
> (553) [Exe Puan [ EET ug as 
G G £2-B 


_9\2 2 
dic (J IVxe™™Plul2du ) , 
2 G 


which shows (7.43). The proof of (7.44) is similar. 
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7.6 Hardy inequalities for Baouendi-Grushin operators 


In this section, we describe a special case of the Hardy inequalities on homogeneous 
groups, namely, inequalities associated to the Baouendi-Grushin vector fields on 
R”. However, the described methods also work for non-smooth vector fields al- 
lowing a singularity at the origin, so we include such cases in our exposition as 
well. 


Definition 7.6.1 (Baouendi-Grushin operator and vector fields). Let 
Z= (21,..., Sm Vr, Uk) = (5, y) € R™ x R^ 


with k,m > 1, k 4- m =n. Let y > 0. Let us consider the (Baouendi-Grushin) 
vector fields 


ð o 
Xi = —, i . ; 
Ox; 


The corresponding subelliptic gradient, which is the n-dimensional vector field, is 
then defined as 


Vy i= (X3,... Xm, Yis s Ye) = (Va, [2]7Vy)- (7.45) 


The Baouendi-Grushin operator on IR" is defined by 
m k 
Ay = XPE Y? = Ae + lel Ay = Vy Va, (7.46) 
i=1 j=l 


where A, and A, are the Laplace operators in the variables z € R™ and y € R*, 
respectively. 


If y is an even positive integer then the vector fields X;, Y; are smooth, and 
A, is hypoelliptic as a sum of squares of C^? vector fields satisfying Hórmander's 
condition 
rank Lie[X1, ..., Ams Yy,..., Ys] ^ n. 


For any y > 0 the dilation structure on R™+* associated to A, is 
Sa (z, y) = (Ax, Ay) 


for A > 0. Indeed, it is easy to check that this dilation structure makes the vector 
fields homogeneous, 


Xaló) = AóA(X;), Yi(d,) = Ad (Yi), 


and hence also 
Vy o Oy = NO, Vy. 


The homogeneous dimension of R™ x R^ with respect to this dilation is 
g p 


Q-m- (1-4 )k. (7.47) 
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Definition 7.6.2 (Baouendi-Grushin distance). Let p(z) be the distance function, 
for z = (x,y) € R™ x R* defined by 


p = p(z) := (le PE + (1. 5?|y[?) rr. (7.48) 


It is easy to check that it satisfies 
m 
|V,o| = S. (7.49) 


We will formulate a refined version of the Hardy inequality for Baouendi- 
Grushin vector fields, and then in Remark 7.6.4 we will put it in the context of 
the existing rich literature on this subject. 


Theorem 7.6.3 (Refined Hardy inequality for Baouendi-Grushin vector fields). 
Let (z,y) = (21,..., m, yr. Yk) € R” x R? with k,m > 1, k - m =n. Let 
01,02 € R be such that 

Q +aı— 2 » 0 and m+ yaz > 0. 


Then for all complex-valued functions f € C§°(R”\{0}) we have 


d 
p^ |V” aa! 
" | Y | | d|z| 


Q+a +2)" " az IN wal 
> —— p^ |V] a Yap zel |f P dzdy, 
R^ p 


2 
+ cael dxady 
(7.50) 


2 
with sharp constant (2:93) : 
Remark 7.6.4. 


1. First, a Hardy inequality for Grushin operators was obtained by Garofalo 
[Gar93], who has shown the inequality 


1 (Va f + ll? | v, f )dady 


Q-2V* f |x|?" 2 
mop xe xs E dzd 
>( T) Sen P+ (+ ye) l dnd»: 


where z € R”, y € R* with n = m+k, m,k > 1, y > 0, Q = m-- (12-y)k and 
f € CZ (R" x R*\{(0,0)}). Theorem 7.6.3 gives (7.51) when ay = a2 = 0 in 
view of the inequality 


(7.51) 


d 
PU < |Vefl. (7.52) 
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. Weighted L?-versions of (7.51) were investigated by D’Ambrosio in [D'A04a] 


who has obtained the following estimate: Let Q C R” be an open set. Let 
p>1,k,m>1,a,6 € R be such that m+(1+y7)k > a—fandm> yp-— B. 
Then for every f € D1:?(Q, || P9007) we have 


a 9 P B 
[ntele ree daay > (LHE) [irr Bas, (753) 
Q p Q p 


where D};?(Q,w) stands for the closure of C5? (0) in the norm 


Ls IV. fPodzdy) V? tor a weight w € Ll.(Q) with w > 0 a.e. on Q. 


If 0 € Q, then the constant (238-2 in (7.53) is sharp. The inequality 
(7.53) has also been obtained in [Kom15], and in [SJ12] for Q = R” with sharp 
constant. 


In view of (7.52), Theorem 7.6.3 refines (7.53) when p = 2 and Q = R^. 
We also mention that in the case p — 2 inequality (7.53) has been also shown 
in [Kom15] and [SJ12] by different methods. 


. In [SJ12], a Hardy—Rellich type inequality for the Baouendi-Grushin operator 


was obtained in L? with sharp constant: 


Q-a-2 * " = 
CT A |V, f|’ p%dady < : IA, f p**?| V. p| dedy, 


where p > 1, 229 <a < Q - 2, f € Cg*(R" (01). 


. Inequalities of this above types have been also studied for subelliptic operators 


of different types, see, e.g., [Gar93], [GL90], [D'A04b], [D’A04a] and [DGNO06], 
and also with remainder estimates, see, e.g., [DGN10] and references therein. 


. Magnetic Hardy inequalities for the Baouendi-Grushin operators have been 


obtained in [LRY17]. There, the authors also obtained Hardy inequalities for 
the magnetic Landau Hamiltonian. 


Proof of Theorem 7.6.3. For the proof we follow [LRY17]. We denote 


= |z| and F(r,y) := p?! V; p*?. 


Then, using (7.48) and (7.49) we can write 


F(r, y) = p% [Vap]? = ro2v 901-02» = pozo (92050) (1 p yy?|y|?) E. (7.54) 


Let us first calculate the following expression 


2 
+r” 


(v. + aa) f 
p 


LL o2); 


= [ l (lan f. +r% |V, fI) oF (x, y)drdy 
k Jo 


2 
r-1P(r, y)drdy 
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«ef f oy 
Rk JO p 


+ 2aRe | | “bpm Fr, y)8. f - fdrdy 
RE 


+ 2aRe n ra Vu? y 
Rk p 


24 | Vyp 


2 
| |f Pr"! F(r, y)drdy 


Val Fe yy fdrdy 


=: h + cs. (7.55) 
We now calculate the terms J, Iz, I4. Using the expressions 
&p re a Vue (Yt Dy 
a pe "p pma 
p p p p 
we calculate 
2 2 447-2 2 21,2 2 2 
p| par Nue O7 alias D - : UD (7.56) 
p p pure p? 
Thus, we obtain 
oo oo V 2 
In = a? | 1 IV HiFi, y)drdy. (7.57) 
—oo 40 p 


For /5, we integrate by parts to get 


oo 
h=-af f Qe me saggi tomo para 
R^ Jo 
oo 
i «f | (o — azy — 2y — 2) gS etree) f|?drdy. 
R* Jo 
Since F(r, y) = r??*g?1—??* by (7.54), we obtain 


oo p? ptt? 
= 2 et (ay -azy Dy 2 
a n f ( ytm-c yaz) ph (ay a2y Y uu) 


r^! F(r, y)|f|?drdy 


oo p^?Y*2 
= — 2y 4 + yaz + (a a 2 2) —— 
afi. remm mnt) 


x IVa |f|?r m— LF (r, y)drdy. 
p? 


I5 


Similarly, we have for I, that 


L=- a f / div, (Fe y=) prrm- Tr? drdy 
Re JO p 


S aly + nf f divy (Crean) peer arm 1 f drdy 
Re JO 
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2 
Er = _ Q1—02^y—2^— 30 Ut I ly| 
= af f ( (ay — azy — 2y — 2)p a xm 


x po2?1* 2r m— tfi? drdy 
7 J f kp gcn yet ve f|? drdy. 
Rk 
Since sr = Wap! and F(r, y) = r°27p%~°27 by (7.56) and (7.54), respectively, 


we have 
+ 1)?|y|? 
= n= -a f [ ( PN E 2, — 3,0 t D n +h +1) 
Rk 


ec jm- 


r, y)drdy. 


Then, taking into account (7.48) we get 


h+u=-af [ (m azy — 2y — 2 + 2y + m + yaz + k(y + 1)) 
NM 7 F(r, y)drdy. 
Finally, using that Q = m + (1 + y)k we obtain 
Ih =-af f (Q-- 0i — 2) ur |f Pr 71 F(r, y)drdy. (7.58) 


Putting (7.57) and (7.58) in (7.55) we get 


L4 ol) 


p 
- i | (1n fI? +r” |V f) “LE (x, y)drdy 
k Jo 
oo 2 
- ((Q +a - 2)a — o?) | J IP reet res y)drdy. 
Re JO 


By substituting a = — and taking into account (7.54), we obtain (7.50). 
(Sim. 
2 


2 
+r 


2 
r"—1 F(r, y)drdy 


The sharpness of the constant n (7.50) follows from the inequal- 


ities 


] rwr (IVF? + leP lv) dedy 


d 2 
> Q1 V as peas, 


Qta -2 ? a a2 V. pl? 
> (=== p™|V yp Wall rad, 
R^ p 


since it is known that this inequality is sharp in (7.53), see Remark 7.6.4, Part 2. 


+ seu) dady 
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7.7 Weighted L?-inequalities with boundary terms 


In this section, we present a generalization of the weighted L?-Hardy, L?-Caffarelli- 
Kohn-Nirenberg, and L?-Rellich inequalities with respect to the inclusion of 
boundary terms in the setting of stratified Lie groups. The appearing weights 
are controlled by a real-valued function V with the property that LV does not 
change sign. In addition to the inequalities themselves we will also give their re- 
fined versions involving expressions appearing due to the boundary of the domain 
in which these inequalities are derived. As a consequence, one can recover many 
of the Hardy type inequalities and Heisenberg-Pauli-Weyl type uncertainty prin- 
ciples on stratified groups by choosing special cases of the real-valued function 
V and working with functions vanishing at the boundary. The exposition of this 
section follows [RSS18d]. In Section 11.4 we will discuss boundary terms again but 
emphasizing the use of the £-gauge in that discussion. 


Setting of this section 


Thus, throughout this section Q is an admissible domain in the stratified group 
G, and V is a real-valued function in Li (Q) with partial derivatives of order up 
to two in LL.(Q), and such that £V is of one sign. Also, as usual, N denotes the 
dimension of the first stratum of the group G and Vy the horizontal gradient on 
G. Then, as in (1.87), the vector field Vu is defined by 
" N 
Vu i= 5 (Xxyu) Xx. (7.59) 
k=1 


7.7.1 Hardy and Caffarelli-Kohn-Nirenberg inequalities 


We start with Hardy and Caffarelli-Kohn-Nirenberg inequalities with generalized 
weights. 


Theorem 7.7.1 (L?-Hardy inequality with generalized weight and boundary term). 
Let 1 < p « oo. Let V be a real-valued function such that LV < 0 holds a.e. in Q. 
Then for all complex-valued functions u € C?(Q) N C! (Q0) we have the inequality 


p IVa V| p-1 


< ull 
[LV s 


V 
L»(Q) IVau 


1 
|ievi*a 


al: 
levi 
L»(Q) 


- [| ur v. aa) 
[29] 
(7.60) 


L»(Q) 


Proof of Theorem 7.7.1. Let us denote 

ve := (|u? + e — €. 
Then v? € C?(Q) n C! (Q) and using Green's first formula in Theorem 1.4.6 and 
the fact that £V < 0 we get 


[evitan - - | cverar = f vetas - f v? (VV, dz) 
Q Q Q on 
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-| Va -Vavede— | vP (VV, dx) 
Q 0Q 


< f Ivavivaetas - f eov. da) 
Q aa 
=p | (E) jevi r7 Iv nudas- f vP (WV, dz), 
Q ILV| »- aa 
where, as usual, (Vu)v = V gu - V gv. We then have 
Vive = (jul? + )73|u| V alul, 
since 0 € ve € |u|. Thus, we also have 
v? [Vave| < lu? "V alul]. 
On the other hand, let us write 
u(x) = R(x) + il (x), 


where R(x) and I(x) denote the real and imaginary parts of u. We can restrict to 
the set where u Æ 0. Then we have 


(V gu |u|)(z) = GOV) -I(x)Vgl(x)) if u#0. 


Since 
2 


1 
ILL BIVagD| <\Venls (Vell, 


we get that |V g|u]|| € |Vgu| a.e. in 2. Therefore, 


I |EV |ubde < p f IYE V Y aul ) [CVF lutas - f v? (VV, dz) 
Q 2 NI£ZV| 7 aa 


[VaV]? J : E "^ 
«(f (Eri ds f evim DEMENS 


where we have used Holder’s inequality in the last line. Thus, when e > 0, we 
obtain (7.60). 


Remark 7.7.2. 


1. If u vanishes on the boundary 02, then (7.60) extends the Davies and Hinz 
result [DH98] to the following weighted L?-Hardy type inequality on stratified 
groups: 


, l«p«oo. (7.61) 
L»(Q) 
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2. There are a number of other interesting consequences of Theorem 7.7.1 that 
we can record. We now discuss several such statements. First we present a 
horizontal L?-Caffarelli-Kohn-Nirenberg type inequality with the boundary 
term on the stratified group G. Incidentally, this also gives another proof of 
the horizontal L?-Hardy type inequality (such as that in Theorem 6.2.1). 


Corollary 7.7.3 (Horizontal L?-Caffarelli-Kohn-Nirenberg inequality with bound- 
ary term). Let 1 < p < oo and let o, 8 € R. Let Q be an admissible domain in a 
stratified group G with N > 3 being the dimension of the first stratum. Let |- |p be 
the Euclidean norm on RN. Then for all u € C?(QMa' = 03) à CEQ = 0]) 
we have 

p-1l 
[IN — «| Vguu 


p 


u u 


Le (Q) 


1 "OP 
1 cif une", 
p p-1 

LP) v| Le (Q) 2 


ll ub 


(7.62) 


for 2 « y <N with y — o 4- B 4- 1. In particular, if u vanishes on the boundary 
OQ, we have (6.3). 


Proof of Corollary 7.7.3. We will show that (7.62) follows as a special case of 
(7.60). Let us take 
V(x) = |" [s ". 


Then we have 
|\VaV| = |2- llz' [5 ^, ILV] = (2 - YN = 9llz' [g^ 


and observe that LV = (2 — )(N — y)|z'|g? < 0. To use (7.60) we calculate the 
following expressions: 


p 
p 
licvis | =l2@-niv-vi||—a] 
L»(Q) HE 
E L»(Q) 
IVaV| v [p= IV ul 
ae x pot =P ’ 
EVI pem -DW - 007 Me? lio 
p—1 
i Jp-! p-i || u 
jieva =e- yw - 907 || 
L»(Q) a" |? 
E l| p»(Q) 


Thus, (7.60) implies the inequality 


p—1 


Lv = 4 Vguu 


p 


u u 


< 


1 a 
; EA = YP ; c = ~ | lu[P(V |z" |E Ta OE). 
p P 
Iz" |E lr» (o) Iz" |" Neca) Iz" | llre) au 


If we denote a = 2Z? and zu = 1, we obtain (7.62). 
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Another interesting feature of Theorem 7.7.1 is that it also allows one to 
obtain inequalities with the £-gauge d. 

Let us give an example. 
Corollary 7.7.4 (Hardy inequality with C-gauge weights and boundary term). Let 
Q C G be an admissible domain in a stratified group G of homogeneous dimension 


Q > 3, and assume that 0 € OQ. Let2—Q <a < 0. Letu € C! (QN(0)])n C (0 (0]). 
Then we have 


gra 
p 


a«a—2 2 

EX | 7.63 
d'» |Vnud|*u pn (7.63) 
p+ =P 


a 


a-2 2—p 1 =2 2 
= v ud|/7 Vazul] --|a 7 [Vid]? ul 
L»(Q) p 


< |a 


1 a 
| d°—JulP (Fd, de). 
L?(Q) Jag 


Proof of Corollary 7.7.4. First, we can multiply both sides of the inequality (7.60) 


J= 
by | LV ru N e so that we have the inequality 
VaV 1-p E 
ieva] < Kar aeg ei = lievisu | lul? (VV, dz). 
L»(Q) lev se bue Le) Jag 


(7.64) 
Now, let us take V :— d®. Since d = £779 for the fundamental solution € of L, we 
have 


a Q a+Q-2 
Ld* — Vg(Vge3-9) 2 Vg (y 2=Q Vac) 
= a(o + Q— 2) +Q- 2) size IV wel? + 2-0 oot Le. 


(2—Q)? 


Since € is the fundamental solution of £, it follows that 


From this we can observe that £d“ < 0, and also a direct calculation yields the 
identities 


1 i i 
licae iu — a |Q 4 a — 2|» 


a-2 2 
a^ \VndlFul 


L»(Q) L»(Q)' 


a= 


2+p 2—p 
d vas Vira 


Vid" | 


a i-p 
-— =a?|\Qta-2|> 
|£de| v^ 


L»(Q) 


1—p E 
I jul? (Ša, dz) 
0Q 


nul 


L»(Q)' 


i 
jer 


L»(Q) 
a 1- 


d F [Vadu 


=a?|Q+a—2\ 7* 


f diju (Fd, da). 
L»(0) Jan 
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Using (7.64) we arrive at 


_2 HE 
IQ * a - 2| a Vadu] 
p L»(Q) 


pta-2 2-p 1 1— 
d= vga Virul| --| 
Le(Q) p 


a 


—2 Fi 
d“ IV d|*u| 


<| 


J d*7 [u^ (Vd, da), 
LP(Q) Jag 


which implies (7.63). 


The inequality (7.64) implies the following generalized Heisenberg-Pauli- 
Weyl type uncertainty principle on stratified groups. 


Corollary 7.7.5 (Weighted Heisenberg-Pauli- Weyl uncertainty principle with 
boundary term). Let Q C G be an admissible domain in a stratified group G 
and let V € C?(Q) be real-valued. Then for all complex-valued functions u € 
C?(Q) n C1(Q) we have 


IVa V] 


aA [ a 
|£V| F 


nul 


L»(Q) 


L»(Q) (7.65) 


1—p ~ 
| |u|? (VV, dz). 
L?(Q) Jaq 


In particular, if u vanishes on the boundary OQ, then we have 


1 2 1 m T 
> = |lull eo +- | LV ul | LV Pr 
s lula +5 EVI tul evi 


VaV 
Narla 


Di 
: > Lluis. (766) 
ev TM 


L»(Q) 


T 
ieva! 


Le (9) 


By setting V = |z'|* in the inequality (7.66), we recover the Heisenberg- 
Pauli-Weyl type uncertainty principle on stratified groups. 


Proof of Corollary 7.7.5. By using the extended Holder inequality and (7.64) we 
have 


VgV 
evi Fe We iv e| 
Lo) | icy |e tats 
1 zd i 
2 fev bl fev 
p L? (Q) L? (9) 
1 e L 1—p ~ 
+ evia] [evi lul” (V, da), 
p L»(Q) LP(Q) Jag 
> tilalta coy evitar tn 
= u P = PU PU u X). 
=p L?(Q p Le (Q) L»(0) Jag í 
- lula += [iev o eve a f um ova 
= —|lull7, - PU PU u , da), 
p^ wg L»(Q) L»(2) Joo 


proving (7.65). 
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7.7.2 Rellich inequalities 


In this section, we describe weighted Rellich inequalities with boundary terms. We 
consider first the L? and then the L? case. 


Theorem 7.7.6 (L?-Rellich inequality with generalized weight and boundary term). 
Let V € C?(Q) be a real-valued function such that CV (x) < 0 for all x € 0 C G. 
Then for every e > 0 we have 


1 2 
c) levi] 


> 2 v? IVa] - 


Tew 


| WI e 
evi ^ 


ro 


-e | (uf v.a) - V (Čtu, aa), 
[29] 


(7.67) 


for all complex-valued functions u € C?(Q) n C! (Q). In particular, if u vanishes 
on the boundary 0Q, we have 


| WI e 
cvi" 


2 2 
> 2| viva + (1-6) [ievitu| - 


Remark 7.7.7. In the case of R^, an analogous L?-Rellich inequality was proved 
by Schmincke [Sch72] and generalized further by Bennett [Ben89]. In the setting 
of stratified group this and other results of this section were obtained in [RSS18d]. 


Proof of Theorem 7.7.6. Using Green's second identity from Theorem 1.4.6 and 
the condition that £V (x) < 0 in Q, we obtain 


f evim dx =~ f v£ dæ- f (u (VV, dx) — V (V |u|", dz)) 
=-2 f V (Re(u£u) + |Vgu|?) dz- | (Jul? (VV, dz) — V(V |up?, da)). 
Q 0a 


Using the Cauchy-Schwarz inequality this implies 


2 1/2 1/2 
f ILV ||u[? da < 2 € IV ufa) gi [EV iui?) 
a |LV| T 


E vivitar f. (lu (SV, dz) — V&|ul2, dz)) 


vr 
a EV] 


E VIVaufdz - f (Iu (VV, dx) — V(V|ul?, da)), 
Q on 


| ——|Lu|?dx + ef [£V ||u|? da: 


yielding (7.67). 
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We now move to the case of L?-estimates. 


Theorem 7.7.8 (L?-Rellich inequality with generalized weight and boundary term). 
Let 1 < p< oo. Let Q be an admissible domain in a stratified group G. If 


0« V € C(Q), £V «0 and L(V’) <0 
on €) for some o > 1, then for all u € Cg*(Q) we have 
2 


<c— Ë 
Lea) (p—1)o+1 


V 


ieva] — Lu 
[LV F 


(7.68) 


LP(Q) 


Before proving Theorem 7.7.8, let us make some remarks and establish some 
preliminary properties needed for its proof. 


Remark 7.7.9. 


1. Choosing V = lg] 9 in Theorem 7.7.8, with the Euclidean distance 
|- |æ in the first stratum of G, we obtain for any 2 < a < N and all u € 
C$ (GN! = 0}), the inequality 


Jul as < CP EU ie (7.69) 
G la [e = CN, pe) G |a"|2- 7n ; , 


where 
p? 
CIN. p.a) = =O 7.70 
Wine) 7 Na DN Fa — 35 in 
2. Let d — ETT, where & is the fundamental solution of the sub-Laplacian £. 
Assume that Q > 3, a < 2, and Q +a — 4 > 0. Choosing V = d^? in 
Theorem 7.7.8, with d being the £-gauge as above, we obtain 


(Q - a — 4*(Q - o 


de 
a *lul?d «f ——s|Lul?dr. (7.71 
16 i IV ud|^|u|*da < , Waal dx. (7.71) 


Theorem 7.7.8 will be proved as follows: it is a consequence of Lemma 7.7.11, 
by putting C = —— in Lemma 7.7.10. 


Lemma 7.7.10. Let Q be an admissible domain in a stratified group G. If V > 0, 
LV « 0, and there exists a constant C 2 0 such that 


1 p H p-2 2 ||P 
z <plp—1 |v Es , l<p<o, (7.72 
olleviral| S» 0]v*lu Vaat s «po (7.72) 
for all u € Cg* (Q), then we have 
: V 
+C) levia] < p|——À— £u (7.73) 
T) LV) Fray 


for all u € CE (NQ). If p= 1 then the statement holds for C = 0. 
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Proof of Lemma 7.7.10. In view of (2.8) we can assume that u is real-valued. Let 
€ > 0 and set 
ue :— (|u[? + eP — e. 


Then 0 € ue € C° and 


[eV ude = - | (ev )ude = -f VLuedz, 
Q Q Q 


where 


£u, = £ ( (lu? +8)? - P) = Va : (Va (llu? +2) — e) 


2 


= Vu(p(\ul? +°) uV pu) 
= p(p - 2)(uP + &) P u?|V gul? 
+ plul? + 2)" V gul? + plul?  ?) ule. 
Then we have 
/ [CV |ucdx = -f (pv - 2)? (u? + e) 7 + p(u? + eyst) V|V gu|?dz 
Q Q 
-p f Vu(u? + e)*? Ludz. 
Q 
Hence we have the inequality 
| [LV |ue + (pv - 2? (u? + e) T + plu? + ers) V|V gu|?dx 
Q 
<p | Vullu? +e)? |Lulde. 
Q 
When ¢ —> 0, the integrand on the left-hand side is non-negative and tends to 
[CV ful? + pp- 1V lu? =? Varu 


pointwise, only for u 4 0 when p < 2, otherwise for any x. On the other hand, the 
integrand on the right-hand side is bounded by 


V (max |u|? + 1)979/? max |£u| 
and it is integrable because u € C$? (Q0), and so the integral tends to 
f ViulP-2|Lulde 
Q 
by the dominated convergence theorem. It then follows by Fatou’s lemma that 


1 
lievitu| 


i p-z 2 
p(p - 1) |V*1ul Vau? 


< p[V*lul cujè 
P P P 
aj <p u u 


P p p 
L»(Q) L»( LP(Q) 


7.7. Weighted L?-inequalities with boundary terms 371 


By using (7.72), followed by Hélder’s inequality, we obtain 


p p-— p 
Q+oy|icviral | «»ievie-mvspu ^ eve eus 
LP(Q) LP(Q) 
=l 
<plicvitul” | | ML 
L»(Q) [CV | UP L»(Q) 


This implies (7.73). 


Lemma 7.7.11. Let 1 < p < oo. Let Q be an admissible domain in a stratified 
group G. If 
0<VeEC(Q), LV «0 and £V? <0 


on Q for some a > 1, then we have 
(c — » | [LV ||ulPda < p f Viul?-?|Vzul2dx < oo, (7.74) 
Q (xz€Q,u(z)z0) 


for all u € Cg? (Q). 
Proof of Lemma 7.7.11. We shall use that 
0 > L(V") = oV*? ((c - 1) Va V|? -V£V), (7.75) 


and hence 
(c — 1)|Vg V|? < V|£V]. 


First we consider the case p — 2: we use the inequality (7.61) to get 


IVa V}? 
|LV| 


zu V|V guļ dx 
Q 


(e opi ILV||ul2dx < 4(o — 1) Vaa i 
Q 


= af V|V gu[?^dz, (7.76) 
{xEQ;u(x)A0,|V gu| 40} 


the last equality valid since |{x € €;u(r) = 0,|Vgu| Z 0)| = 0. This proves 
Lemma 7.7.11 for p — 2. 
For p # 2, denote 
Ue = (u? + e?)P/4 — ef? 


and let e — 0. Since 
D 
0 € ve € |u]?, 


the left-hand side of (7.76), with u replaced by ve, tends to 


(1) f LV |ulPde 
Q 
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by the dominated convergence theorem. If u Z 0, then 


2 D (2 | 2,254 : 
|V gv V = 3"(u +e) T Vgu| V. 


For e — 0 we obtain : 
[V gul V = Eu IV gru V. 


It follows as in the proof of Lemma 7.7.10, by using Fatou's lemma, that the 
right-hand side of (7.76) tends to 


ef V|u[?7?|V gu|?dz, 
{xEQ;u(x)A0,|V mu|#0} 


and this completes the proof. 
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Chapter 8 A) 


Check for 
updates 


Geometric Hardy Inequalities 
on Stratified Groups 


Given a domain in the space, the ‘geometric’ version of Hardy inequalities usually 
refers to the Hardy type inequalities where the weight is given in terms of the 
distance to the boundary of the domain. In this chapter we discuss L? and L? 
versions of the geometric Hardy inequality on the stratified group G. For the 
clarity of the exposition, we first deal with the half-space domains, and then with 
more general convex domains. 

The results presented in this chapter have been obtained in [RSS18b], and 
our exposition here follows this paper. In particular, we discuss L? and L? versions 
of the (subelliptic) geometric Hardy inequalities in half-spaces and convex domains 
on general stratified groups. As usual, these imply the geometric versions of the 
uncertainty principles. A certain current drawback of the methods in the case of 
convex domains is that the convexity is understood in the Euclidean sense. 


8.1 L?-Hardy inequality on the half-space 


In this section, we discuss an L?-version of the geometric Hardy inequality on the 
half-space of the stratified group G. We start by recalling a few known results and 
by putting the further analysis in perspective. 


Remark 8.1.1. 


1. If Q is a convex open set of the Euclidean space, then the geometric version 
of the Hardy inequality is well understood and given by 


2 
2d o wP 
[iva e o dist(z, AQ)? 


for u € CE (NQ), with the sharp constant 1/4. Nowadays, there are many 
studies related to this subject, here we can mention, for example, [Anc86], 
[D’A04b], [AL10], [AW07], [Dav99] and [OK90]. 
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2. In the setting of the Heisenberg group H, the geometric Hardy inequality on 
the half-space 


Ht := {(x1, £2, £3) € H | X332 0} 


takes the form 


2 2 

+ 
n ERE IRSE ds 
H+ H+ T3 


for all u € Cg? (H+). This inequality was obtained in [LY08], and we can also 
recapture it as a consequence in Corollary 8.1.5. There are further extensions 
to geometric L?-Hardy inequalities as well as to the convex domains of the 
Heisenberg group obtained in [Lar16]. 


The following construction can be traced back to Garofalo [Gar08]. 


Definition 8.1.2 (Half-space and angle function). Let G be a stratified group. In 
this section the half-space of G will be defined by 


Gt :—(z€G:(z,v) > d}, 
where d € R, and v := (14,...,v,) with v; € RN, j 2 1,...,r, is the Riemannian 
outer unit normal to G+. The Euclidean distance to the boundary OG? will be 
denoted by dist(z, OG) and given by the formula 

dist(x, GT) = (x, v) — d. 


The angle function on OGF is defined by 


(8.1) 


In what follows we will be working in the setting of Definition 8.1.2. 


Theorem 8.1.3 (Geometric L?-Hardy inequality on half-space). Let G* be a half- 
space of a stratified group G. 


(1) Let 8 ER and set C1(B) := —(8? + B). Then we have 


W(x)? 
2 > 2 
i IV gu|?dz > C4(8) IN disc og rl dx 


N 
Xi(Xi(2), v), i 
+ ef. 3 dist, 0G*) | dx, 


for all u € C (GH). 
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(2) We have 
| IV gu|?dz > = MN (8.3) 
G+ — 4 Jg» dist(z, G+)? ^" 
for all u € Cg* (G^). 


Remark 8.1.4 (Uncertainty principle and step 2 case). In the step 2 case we have 
the following simplification of Part (1) of Theorem 8.1.3. 


1. Note that for the stratified groups of step 2 it follows from Proposition 1.2.19 
that one can use the following basis of the left invariant vector fields 


0 at a 
Xi= Oat F 5 5 Um im 7 (8.4) 
t s=1m=1 A 
where i = 1,...,N and a>, , are the constants depending on the group. In 
addition, we can also write x = (z', x”) with 
E (Wem, m epu 
and also v = (v/, v^) with 
V —(n ux M (Oc uU.) 


Then the statement of Theorem 8.1.3, Part (1), can be simplified as follows: 
for all u € Cg (G^) and 6 € R we have 


—————— Wia)” juļ?dz 
gt dist(z, 0G*)? 
lup 
gt dist(z, 0G) 
where C1(8) := — (8? + 8) and K(a,v, 8) = Bx m à; Vi. 
2. In the standard way Theorem 8.1.3, Part (2), implies the geometric uncer- 


tainty principle on the half-space G* for general stratified groups G. Indeed, 
(8.3) and the Cauchy-Schwarz inequality imply 


n aras f dist(z, 9G *)?|u|?dz 
Gt Gt 


1 1 
>= ———— 2d dist 0G* 2 2d 
Pu dist, o6 "l ZA ist(x, )^lu|*dz 


2 
i lupus) : 
addu 


That is, we have 


(/ uua) (| disti 86+ ufa) 
G+ Gt 


for all u € C (GH). 


[Wanker > C(e) 
Mt (8.5) 


+ K(a,v, B) da, 


IV 


toe 


1 
>i f ludr 
2d 


376 Chapter 8. Geometric Hardy Inequalities on Stratified Groups 


Proof of Theorem 8.1.3. Proof of Part (1). For the proof we apply the method of 
factorisation. So, for any real-valued W := (W1,..., Wn), Wi € C1(G*), which 
will be chosen later, a direct calculation gives 


o< f Vau BjWufaz = f (Xiu, ..., Xwu) + B(WA,...,Wu)u|?da 
G+ + 


(Xiu + BWyu,...,Xnu+ BWnu)|?dx 


Xiu + BWyul?dx 


iM " 


ll 
= 


[| Xjul? + 2Re6W;uX;u + B?W?|ul?] dz 


I 
be. 
Mz 


ll 
n 


[|Xiu : + BW; X;|ul? + B?W?|ul?] dx 


I 
— 
Mz 


> 
ll 
un 


= | Y lxi - axial e PW? de 


"i=l 


From the above expression we get the inequality 
N 
n IV gu|?dz > I 5 [(8(X;W;) — B?W?)|ul?] dx. (8.6) 
Gt Gt i-i 


Let us now take W; in the form 
(Xile), v) — (Xil), v) 
Wilz) = ————— = ————s, : 
dcc und eg 


where 


X(x) = (0,..., 240,01 @ Deos clan ab "m go), 
and 
y= (V1, v2, ..., Vr), Vj € RN. 


Now W;(x) can be written as 


l = 
Wi(a) = Vii + Dita Enea tins soa) 
mE ye 20 «2 — d ` 


By a direct computation we have 

Xi(Xılx), v) dist (x, 0G^) — (X; (x), v) X;(dist(z, 0G*)) 
dist (x, G+)? 

— Xi(Xi(z),v) — (Xil), v 

~ dist(z,0G+)  dist(z,0G*)?' 


(8.8) 
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where 


N r M 
X;(dist(r, 0G^)) = X; (Y: int S aus — a) 


k=1 l=2 m=1 
T Ni 
= nı; + af) les cag ys 
l=2 m=1 
= QG(x), v) 


Now combining (8.8) with (8.6) we arrive at the inequality 
N 
Xi(z), v)? 
; 2d S. n 2 f ( , , 2d 
[Ranke -+A [3 aget 


N 
Xi(Xi(z) v), i 
— lul d 
De dist(z, e d 
which completes the proof of Part (1). 


Proof of Part (2). Let x :— (z',z(2,..., (0) € G with z' = (z4,..., ay) and 
zU € RN, j = 2,...,v. By taking v :— (7/,0,...,0) with v’ = (v4,..., vA), we 
have that 


mA " 
Xi(x) = (0,...,1,...,0, a) (a^), mo al, (a! 2), sts uy 
so that 
N N 
See? uw 
i=1 i—l1l 
and 


Substituting this in (8.2) we get 


lul? 


— d 
c: dist(z,0G^)2 ^ 


| IVgu|?dz > —(8? + B) 
Gt 


To optimize we differentiate the right-hand side expression with respect to £, that 
is, we put —28 — 1 = 0, or B= -i in this inequality, implying (8.3). 


8.1.1 Examples of Heisenberg and Engel groups 


Let us give examples of the geometric L?-Hardy inequality on half-spaces from 
'Theorem 8.1.3 in the cases of groups of steps 2 and 3. The example of general 
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stratified groups of step 2 was considered in Remark 8.1.4, Part 1, and now we 
look at the special case of the Heisenberg group. In particular, it yields the estimate 
that was given in Remark 8.1.1, Part 2. 


Corollary 8.1.5 (Geometric L?-Hardy inequality on half-space of the Heisenberg 
group). Let H* = {(21,22,23) € H| x3 > 0} be a half-space of the Heisenberg 
group H. Then for all u € Cg* (IH*) we have 


2 2 

+ 
EI EP eal uas. 
H+ H+ T3 


where Vg = (X1, X3). 


Proof of Corollary 8.1.5. Since the left invariant vector fields on the Heisenberg 
group can be given by 


o Ó o Ó 
X, = — + 2t — Xə = — — — 
1 Om TE 0x3" 2 Ox 0x3" 
with the commutator 
Ó 
X4, Xo] = —4— 
[ l; 2] 0x3 , 


choosing v = (0,0, 1) as the unit vector in the direction of 23 and taking d = 0 in 
inequality (8.2), we get 


Xı(x) = (1,0,2229) and Xə(x)= (0,1, —221), 
and 

(Xi(r), v) 22293, and (X2(x),v) = -2m, 

X1(Xi(x),v) 20, and Xo(Xe(x),v) =0, 


where x = (21, £2, %3). Thus, with W(x) as in (8.1), we get 


Wa)? ^ lei? + ea? 
dist(x,0Gt)2 " ` 


Inserting these to (8.2) with 8 = —4 we obtain 


2 2 
+ 
| Vaude > f el + lal ude, 
H+ H+ T3 


completing the proof. 


Next, let us give an example for a class of stratified groups of step r = 3, 
namely, the case of the Engel group. 
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Definition 8.1.6 (Engel group). The Engel group € is the space IR^ with the group 
law given by 


coy = (21+ yi, £2 + yo, £3 + ys + Py £4 + ys + Po), 
where 
1 
A= ripa — $211). 
1 l3 9 
P, = 5 (2143 — £341) + i5 1v — a1yi(22 + y2) + 21). 


The left invariant vector fields of € are generated by (the basis) 


u [2) T2 0 X3 X122 ð E ð X1 ð 
Xie ae a 0) “a> Fe a 

_ oO zı 0 z2 0 | oO 
723—995; * 282 Dom s 77 


The group € is stratified of step 3, with the nonzero commutation relations given by 
[X1, X2] = Xs, [X1, Xa] = Xa. 


So we have 


Corollary 8.1.7 (Geometric L?-Hardy inequality on half-space of the Engel group). 
Let E+ = {x :— (x1, £2, £3, £4) € € | (x, v) > 0) be a half-space of the Engel group 
€. Then for all 8 € R and u € C (£^) we have 


2 GG (x), v? + (Xo(z), v)? , 2 
[a IVeu| dz > eof. —— -disz,8Erg dx 


ES B T2V4 
3 E+ dist(x, E+) 


(8.9) 


lul2der, 


where Ve = (X1, X2), v := (vi, v2, v3, va), and C1(8) = —(8? + B). 


In particular, if we take v4 — 0 in (8.9), then by taking B = —4, we get the 


2: 
following inequality on such E*: 


1 OQ (z), v)? + (Xa(z). v)? 
2 >L ATCAVMETTE O9 Aa eee 2 ; 
f., [Vet da= an dist (x, 0E+)2 uj t 


Proof of Corollary 8.1.7. Using the above basis of the left invariant vector fields, 
we have 
22 (9*3 _ T172 
A) = (1.0, 2? € 12 ): 


zr zt 
Xə(2) = (01.2.3). 
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It is then straightforward to see that 


(Xi) v) =n- As - (2 - 22) a, 


2 2 12 
2 
x x 
(Xo(x),v) = v9 + PEZ + 19 
X» d T2V4 
X(Xi(z),v) = 5t A — 7^, 


Now plugging these in inequality (8.2) we get the desired inequality (8.9). 


8.2 L?-Hardy inequality on the half-space 


Now we discuss an L? version of the geometric Hardy inequality on the half-space 
of G as an extension of the previous L? arguments. We recall that the p-version 
of Garofalo’s angle function from Definition 8.1.2 can be defined by the formula 


N 1/p 
- (>: (ote) , (8.10) 


with W(x) := W2(x), and where N denotes the dimension of the first stratum of 
G. As before let G^ be a half-space of a stratified group G. The L? version of the 
geometric Hardy inequality from Theorem 8.1.3 can be written in the following 
form. 


Theorem 8.2.1 (Geometric L?-Hardy inequality on half-space). Let Gt be a half- 
space of a stratified group G and let 1 < p < oo. Then for all u € Cg? (G+) and 
all B € R we have 


Pda > _ Welz)? p . 
n Ya doc Obs M. xs A lular (8.11) 


N -2 
v) Y XXil) v), p 
Tn Df 3 (m (x m) dist(z, 5g" s 


isl 


where C2(8,p) := —(p — 1)(|8|?* + B). 
Remark 8.2.2. Note that for p > 2, since 


N p/2 vN 
Vu? = » 2) > Y xay, 
i=l 


i=l 
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the proof will also yield the inequality 


W(x)? p 
» Tist, 975; dx (8.12) 


N —2 
KX) | V^ XiQG() 9) p 
sse- f X ee ditum ac) rm 


Proof of Theorem 8.2.1. For W € C** (G*) and f € C!(G*), a direct computation 
with Holder’s inequality gives 


rà INaildz > C2(6,P) 


J civattWyluraz- — | fW-VuluPds=-p | PO values 
G+ Gt Gt 


per 


<p( f \w.vuu)/Par) 7 (f intra) " (8.13) 


For p > 1 and q > 1 with I + z = 1, we will use Young’s inequality 


aP? ba 
ab < — + —, for a>0,b>0, 
p q 


with 


p—1 


1/p (PO 
a: (/ KW, vara) and — b:= (J E) i 
G+ = 


Using this Young inequality in (8.13) and rearranging the terms, we get 
[aora | (divu W- P- DIA) uae. (8.14) 
Gt Gt 


Now choosing W := I;, which has the following form J; = (0,...,1,...,0) and 


settin 
i jx gl) 
dist(z, GTJ T’ 


we calculate 


divu(Wf) = (Va L) f = X: f = BX; (L) | 


_ IG) V? V f. Qi») 

cp dg (RE) A i 

2 G2, V^ (XiQG (m) v) Xile) P? 
=e) — — —— i aoe) 


|(Xi(a), E V7 (Xl Xi(w), v) Xi), v)? 
Bp = p — dist(z, 0G)» 


, 
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and 
[fle = igi pez IG, IP 
dist(z, 0G)» ` 


Moreover, we have 
i 


: ; T 
(W, V gu) = (0,...,1,...,0)- (X1u,..., X;u,..., Xyu) = Xiu. 


Substituting these in (8.14) and summing over i = 1,..., N, we obtain 
N N 
p Kio) DI, 
Xj;uldrz > —(p-1 pot È Pd 8.15 
[Mp -p-d n D geao C18) 


N -2 
(2) | V7 XiOGG) v), 
UP n 3 (imm Am) dist(z, GF) [up 


This completes the proof. 


8.3 L?-Hardy inequality on convex domains 


In this and the following sections we extend the proceeding arguments from half- 
spaces to convex domains in the stratified groups. Here, however, the convex do- 
main is understood in the sense of the Euclidean space. Thus, let €) be a convex 
domain of a stratified group G and let 0€) be its boundary. Here for x € 2 we 
denote by v(x) the unit normal for 0€) at a point € OQ, determined by the 
condition 
dist(z, OQ) = dist(x, 4). 

For the half-space, we have the distance from the boundary dist (x, 0Q) = (x, v)—d. 
As it was already defined in (8.10), we will use the p-version of the angle function 


N 1/p 
Wy(z) = (Diwar) , 


with W(x) := W2(x). We have the following extension of Theorem 8.1.3. 


Theorem 8.3.1 (Geometric L?-Hardy inequality on convex domains). Let Q be a 
conver domain of a stratified group G. Then for all u € Cg? (NQ) and all B < 0 we 
have 


W(x)? N PR CIN 
| Smia f ea ee f. 2; aite omy I d^ 
(8.16) 


where C1(B) := —(8? + B). 


Proof of Theorem 8.3.1. As elsewhere in this chapter, we follow the proof for gen- 
eral stratified groups of [RSS18b], based on the convex polytope approach used by 
Larson [Larl6] in the case of the Heisenberg group. 
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We denote the facets of € by {F;}; and unit normals of these facets by {v;},, 
which are directed inward. So, Q can be viewed as the union of the disjoint sets 
Qj :— {x € Q : dist(z, OQ) = dist(x, F;)}. 


Now we follow the method as in the case of the half-space Gt for each element 
Q; with one exception that not all the boundary values are zero when we use the 
partial integration. As before we calculate 


N 
0< | IV gu + 8Wu|?da = | 5 Xiu + BWiul? dx 
Qj Qj de 
N i» 
= n 5 [| Xiu]? + 2Re8W;uX;u + 8?W?|u[?] dx 
Qj i=1 
N 
= f 5 | Xiu uu 8WiX;|up + B° W? |ul?] dx 
Qj i=1 
N 
=f V [Xiu]? — B(X:Wi)lul? + 82W2|up] dz 
Qj 1 
N 
«af. S WiQGG) n; (2)) luf? dao, (x), 
j i=l 


where n; is the unit normal of 0€); which is directed outward. Since JF; C 0€); we 
have n; — —vj. That is, we have 


N 
L IVqul2de > [»» [(B(X:W;) — 8? W2)ul?] dz 
= (8.17) 


N 
= efo Y Wi(Xi(x), n;(2))|uP doo, (2). 


d qz 


The boundary terms on 02 disappears since u is compactly supported in Q. Thus, 
we only need to deal with the parts of 0€); in Q. Note that for every facet of 00; 
there exists some OQ; which shares this facet. Denote by T; the common facet of 
oer and OC, with nk|rj = —n |r; 

Now we choose W; in the form 
(Xilz) vi) _ (Xlr), vi) 


We) = dist(r,OQ;) — (mvj-d' 


and a direct computation shows that 


Xi (x); vj) (X;(x), v3)? 


A Win) = “Geet Ge, on) — distr 007 


(8.18) 
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Substituting (8.18) into (8.17) we get 


[Wn de 2 — Oh > Aen [dz (8.19) 
i(X), nji) 2 
+e fe viH AUD luf da 1a y een dT ji. 


Now we sum over all partition elements €; and let nj; = ni|r 
normal of Ij; pointing from €); into Q;. Then we have 


ji; 1€. the unit 


N 
(Xi(z), v)? 
J Riso - rm [Yigg 
N Xi(X;(z), v) 
ub» dist(x, OQ) lul d: 
-65 f x T Een) uq 


jzl Ij 1-1 
2 (Xi(a), v)? 2 
== —— 7 dn 
(6 ra fy dist(z, 92 ^ d? 
1-1 
N 
Xi(Xi(x), v), 12 
«ef 3 dist(z, 00) |^ d" 
OG (x), nj), 19 
- ri (Kile), v; 7 w Qtr) nad aar 
2 b: dist(z, F;) E 
Here we have used the fact that (by the definition) L'j; is a set with 
dist(z, Fj) = dist(z, 71). 
From 


Ty = {x : x: vj — dj = zv — di} 


rearranging x: (vj — 4) — dj + di = 0 we see that Tj; is a hyperplane with a 
normal vj — 4. So, vj — v; is parallel to nj; and one only needs to check that 
(vj — ri) +n > 0. Since nj; points out and v; points into jth partition element, 
vj: nj; is non-negative. Similarly, we see that vj- nj; is non-positive. That is, 
(vj — ri): nj; > 0. On the other hand, it is easy to see that 


Ij = nil? = (vj -w): (vj — ri) 22-2vj« vi 


= 2 — 2cos(o;ji), 
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which implies that 
(vj = vi) “Nj = 2—2 cos(a;i), 


where oj; is the angle between v; and nı. So we obtain 
N 
Xi(x),v)? 
2d > _ 2 t ( ? 2d 
[ WvauPar > - (6+ 8) 2 date, ample 
i(Xi(z),V 2 
[x XT  dist(r,0Q) lju i 


), ng)? 
"ES E T A eae y Ia arn. 


j«l i—1 


Here with 8 < 0 and due to the boundary term signs we prove the desired inequal- 
ity for the polytope convex domains. 


Now we are ready to consider the general case, that is, when Q is an arbitrary 
convex domain. For each u € C§°(Q) one can always choose an increasing sequence 
of convex polytopes {Q;}72, such that u € Cg?(Q1), €; C Q and Qj > Q as 
j — co. Assume that vj(r) is the above map v (corresponding to Q5), and then 
we can calculate 


nz = f |V guļ? de 
Q Q; 
(924 2 
2 -(8 af Xu clude +a [ Y lul daz 
— (82. 
TUM "it st iE un 


SQUE a [X eur zh [as o [X SE LAS Du [re 


Now we obtain the desired result by letting j — co. 


8.4 L?-Hardy inequality on convex domains 


The same arguments as in the previous section give the general L?-version of 
Theorem 8.3.1. 


Theorem 8.4.1 (Geometric L?-Hardy inequality on convex domains). Let Q be a 
convex domain of a stratified group G. Then for all u € C (Q) and all B < 0 
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we have 


ie 3 |X,u|Pdx > C2(8,p) la (8.20) 


ecd) Cisco) re 


where Co(B, p) := —(p — 1)(I8|»^1 + 8). 
Remark 8.4.2. Note that for p > 2, since 


N p/2 N 
IV gu|? = (> xap) 2 x 2 ua (8.21) 


i=1 i=1 


instead of (8.20) we have the inequality 


Wy (a)? 
p > ptt hk NN P " 
] vi dx > c». f dist(z, 00)? |u|? da: (8.22) 


N -2 
Xi p Xi Xi , 
1 [E (ELAN (ZEA) pupas 
Q \dist(z, 0€) dist (a, OQ) 
Proof of Theorem 8.4.1. As in the proof of Theorem 8.3.1, let us first assume that 
Q is the convex polytope. Thus, for f € C'(Q;) and W € C™~(Q;), we calculate 


pou Jide] f(W, n; (x) u|? dao; (2) 
Qj 


<o( f KW, Vu) Par)" (L LM +f AAW n)a Padon; (2), 


(8.23) 


where Q; is the partition as in the proof of Theorem 8.3.1. In the last line we have 
used the Hólder inequality. By using Young's inequality in (8.23) and rearranging 
the terms, we get 


UAE f (avcuw)- (p — 1)|f |? ^) lul'dz 


- f(W, n; (2))|u|? dao (2). 
00; 


(8.24) 


Choosing W := J; as a unit vector of the ith component and letting 


_ gl(Xi(x), vi) 
17 P diss FP 


we calculate 


Xin), y 


divc(W f) = Xif = 8X; (um Fj) 
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dist(z, F;) dist (ax, F;)? 


) 
= B(p — 1) (ste) (Xon Ko) 
= &(p- 1) nad (Hite) - rd | 


dist(z, F;) dist(z, F;) dist(z, F;)? 
a \(Xi(w), v)? 
x£), vj 
|f| = |8| r= rox 


Moreover, we have 


tin 
(W, V gu) = (0,...,1,...,0)- (Xyu,..., Xiu,..., Xyu)! = Xyu. 


Substituting these into (8.24) and summing over all i = 1,..., N, we obtain 


LUN p- 1X Na +8) f V P apdr ass 
is if 3 ( — z Quen) |u|P da: 
M » = dist (a Pen ) Xi (x), nj(x))|ul? dD aq, (2). 


Now summing up over Qj, and with the interior boundary terms we get 


[Sovran ~( - (p-1)(\6)7** +8) X, ee Par 
e-»Yf t mE ) IC E 


go» cf. (ont NT oona) 


jzl i=1 


= — (p - 1)(|8| +8) [Eur |u|? da: 
ZI MC 


n (Geely (Xi(x), nj1(x)) 


j«l i=1 
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As in the proof of Theorem 8.3.1, if the boundary term is positive we can discard 
it, so we need to show that 


(ata) æ) nale) = (ee ento) 20. 


Since nj; = ——L— and dist(r, Fj) = dist(x, F1) on jj, we have 


V 2-2 cos(aj1) 


l IG (2) vN j 
mo | GR) woy- 


qe x . Mr 


|(Xi(w), vj)? = OG), v) P7 Qi), n) 
(2 — 2 cos(a;1)) dist(z, .F;)P-1 
—[Gc(z), m) P- (Xia), vj) + XC ile ) mpl 
(2 — 2 cos(o;1)) dist(x, F; )P7 
(2), vs) — Xi); 0D) (X); v)" — 1OGGD), wl) 


_ Q2) val — IG), m) (a), vo P - tn mlt 7) Sg 
(2 — 2 cos(o;j1)) dist(z, J-;)?-! S 


+ 


Here we have used the equality 


(a—b)(a? 1 — bP) = aP — a 1b — te te 


with a = |(X;(x),v;)| and b = |(X;(x),™)|. Thus, for 6 < 0 by discarding the 
above boundary term (integral) we complete the proof. 
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Chapter 9 (f) 


Check for 
updates 


Uncertainty Relations 
on Homogeneous Groups 


In this chapter we discuss relations between main operators of quantum mechanics, 
that is, relations between momentum and position operators as well as Euler and 
Coulomb potential operators on homogeneous groups as well as their consequences. 
Since in most uncertainty relations and in these operators the appearing weights 
are radially symmetric, it turns out that these relations can be extended to also 
hold on general homogeneous groups. In particular, we obtain both isotropic and 
anisotropic uncertainty principles in a refined form, where the radial derivative 
operators are used instead of the elliptic or hypoelliptic differential operators. 


Throughout this book, most of the inequalities imply the corresponding un- 
certainty principles. An example of such an uncertainty principle was given, for 
example, in Corollary 2.1.3 as a consequence of the Hardy inequality, and also 
in Corollary 3.3.5. However, in this chapter we aim at presenting an independent 
treatment of inequalities following from certain identities involving the appearing 
operators. In this respect such uncertainty relations can be sometimes obtained 
independently from Hardy inequalities in alternative ways, see, e.g., also Ciatti, 
Ricci and Sundari [CRS07]. 

In general, the uncertainty principles in different form have attracted a lot of 
attention due to their physical applications. For example, a fundamental element of 
the quantum mechanics is the uncertainty principle of Werner Heisenberg [Hei27]. 
It is worth observing that his original argument, while conceptually enlightening, 
was experiential. 

Then Wolfgang Pauli and Hermann Weyl provided the mathematical aspects 
of uncertainty relations involving position and momentum operators, but the first 
rigorous proof was given by Earle Kennard [Ken27]. Charles Fefferman’s work 
[Fef83] and [FP81] was a starting point of studies to widely present the interpre- 
tation of uncertainty inequalities as spectral properties of differential operators. 
Nowadays there is vast literature on uncertainty relations and their applications. 
Since we do not aim here at presenting a survey of the uncertainty relations on the 
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Euclidean space R”, we only refer to relevant works. In general, we can refer to a 
recent survey [CBTW15] for further discussions and references on this subject in 
the Euclidean setting, as well as to [FS97] for an overview of the history and the 
relevance of this type of inequalities from a purely mathematical point of view. The 
link between the uncertainty principles and the adapted Fourier analysis has been 
explored in [Tha04]. The exposition of the present chapter is based on [RS17f]. 


9.1 Abstract position and momentum operators 


The idea for our presentation is to introduce abstract position and momentum op- 
erators P and M that satisfy certain relations. In particular, the classical position 
and momentum operators of quantum physics satisfy these assumptions. How- 
ever, this abstract point of view allows one to take different versions of position- 
momentum pairs depending on the setting. We will exemplify such a possibility of 
different choices in the case of the Heisenberg group, see Example 9.1.4. 


9.1.1 Definition and assumptions 


Throughout this chapter, the abstract position and momentum operators 7 and 
M will be assumed to satisfy the following properties. 


Definition 9.1.1 (Abstract position and momentum operators) Let P and M 
be linear operators which are densely defined from L?(G) to L?(G), with their 
domains containing C° (G), and such that C§°(G) is an invariant subspace for 
them, that is, 


P(C (G)) c Co (G) and M(Cg (G)) c C$ (G). 


We will say that such operators P and M are abstract position and momentum 
operators if they satisfy the relations 


2Re (PG) = (Po (MIF? = Elf (9.1) 


for all f € C° (G). We will denote by D(P) and D(.M) the domains of operators 
P and Mt, respectively. 


Before giving examples, let us make some remarks concerning the meaning 
of the equalities in (9.1). 


Remark 9.1.2. 


1. The first equality in (9.1) gives a relation between the position and mo- 
mentum operator; it will be clear from Example 9.1.3 that it is satisfied 
by the classical position and momentum operators of the Euclidean quan- 
tum mechanics. T'his condition is instrumental in establishing several further 
properties of these operators. 
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2. The second equality in (9.1) relates to position and momentum operators to 
the Euler operator E on G, which was defined by 


= |2|R, (9.2) 


where œR is the radial derivative operator, see Section 1.3.2 for a discussion 
of its properties. The main characterizing feature of the Euler operator is its 
responsibility for the homogeneity property on G given in Proposition 1.3.1, 
namely, that 


f(r) = A" f(x) for all A > 0 if and only if Ef — vf, 


for any differentiable function f on G. Thus, the assumption (9.1) for the 
abstract position and momentum operators says that they have to give the 
factorisation of the Euler operator E as in the second equality in (9.1). In this 
sense, the second equality in (9.1) relates position and momentum operators 
to the homogeneous structure of the group G. 


3. We can note that already in the anisotropic and even isotropic IR" the results 
of this chapter give some new insights in view of an arbitrary choice of a 
homogeneous quasi-norm |- | and the abstract nature of these operators. 


4. It is rather curious that equalities (9.1) already imply uncertainty relations of 
several types, such as the Heisenberg-Kennard and Heisenberg-Pauli-Weyl 
type uncertainty inequalities. Moreover, the property that the operators 7 
and iM factorise the Euler operator allows one to establish further relations 
between them and other operators such as the radial operator, the dilations 
generating operator, and the Coulomb potential operator, and prove some 
equalities and inequalities among them. Such relations are presented in this 
chapter. 


9.1.2 Examples 


If the group G is the Euclidean R” with isotropic (standard) dilations and the 
usual Abelian structure, then the operators 


P:=a« and M:=-iV, (9.3) 


i.e., the multiplication and the gradient (multiplied by —7), satisfy assumptions 
(9.1). The same will hold on general homogeneous groups, as we show in Example 
9.1.3. Thus, we now give several other examples extending this to general homo- 
geneous groups. In particular, we give an example of a choice of abstract position 
and momentum operators on general homogeneous groups. Furthermore, we show 
that other choices are possible, which we exemplify in the case of the Heisenberg 


group. 
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Example 9.1.3 (Position and momentum on general homogeneous groups). Let G 
be a homogeneous group. Let us define the operators 


P:—z,r€G, and M := -iVg, (9.4) 


o o 
VE = (Eeo) 


is an anisotropic gradient on G consisting of partial derivatives with respect to 
coordinate functions. We understand the operator P as the scalar multiplication 
operator by the coordinates of the variable z, i.e., 


Pv = 1 TjUj, 


where x; are the coordinate functions of x € G, see Section 1.2.4 for a discussion 
of these functions on homogeneous groups. 


where 


These operators P and M are the position and momentum operators in the 
sense of Definition 9.1.1. Indeed, first we observe that by elementary properties of 
derivatives the first equality in the following relations is satisfied: 


2Re(zf.Vgf) 9 z-Vzg|fl = Efl". (9.5) 


The second equality in (9.5) follows if we recall that E is the Euler operator from 
(1.37), that is, we have the relations 


ERIS RTL ERA NE d 


Im — dja’ 


see (1.35). In the notation (9.4) the relations (9.5) can be expressed as 


2 Re (PfTMT) = (P o (iM))|f P = ELF, (9.6) 


showing that (9.1) is satisfied. 


We note that the left invariant gradient V = V x = (Xi,..., Xn) and the 
anisotropic (Euclidean) gradient V g are related and can be expressed in terms of 
each other. For example, we can recall the relations 


o 

a; = X; + z Pik Xk 
1<k<n 
Vj Vk 


for some homogeneous polynomials pj, on G of homogeneous degree v; — v; > 0, 
see Section 1.2.4. 
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Example 9.1.4 (Another choice of position and momentum operators on the Heisen- 
berg group). Let us consider the Heisenberg group H = Ht, topologically equiva- 
lent to R. As for general nilpotent Lie groups (see Proposition 1.1.1), the expo- 
nential map of H is globally invertible and its inverse map is given by the formula 


3 
expg'(r) = elx): Vx = 5 e;(x)X;, (9.7) 


Ó o 
X1 = ə + T2988 
Ó o 
X» m iore 
Ó 
Xs = —4— 
3 ür3 
as well as 
e(x) = (ex(z), ez(x), es()), 
where 
e1(z) = z1, 
€2(x) = T2, 
ea(x) = ~ qt: 


We define the position and momentum operators for this case to be 
P :=e(x), x € G, and M := —iV x. (9.8) 


One can readily see that these operators satisfy the relations (9.6). Now let us 
check the relation (1.37) between the Euler operator Eg :— e(r): Vx and the 
radial operator Ry = ICE 


-i (2 [2) gu m 0 un 2) 


|e] Ori |æ|ðz2 ^ |x| Ova 


d 
= ai = |z|Ru. 
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9.2 Position-momentum relations 


In this section, we show further relations between abstract position P and mo- 
mentum M operators on homogeneous groups. The obtained relations are the 
consequences of the homogeneous group’s structure and the equalities (9.1). 


9.2.1 Further position-momentum identities 


We start with certain further identities involving the abstract position and mo- 
mentum operators as a consequence of equalities (9.1). 


Theorem 9.2.1 (Position-momentum identities). Let G be a homogeneous group of 
homogeneous dimension Q > 2. Then for every f € D(P)(| DM) with Pf #0 
iM f 


and Mf £0, we have the identity 
2 
VN 
|Pfllzze  (Mfllz26) m 


+ IPF +iMfllZ2@)- (9-9) 


IP flat + IMFI) = All) + IP. f£ — IM flee) 


= ||P flira lM FIL) (2 — 


Proof of Theorem 9.2.1. It is enough to show (9.9) for functions f € C° (G). 
Indeed, in this case, because Cg? (G) is dense in L?(G), it is also true on D(P)f) 
D(M) by density. Using the polar decomposition from Proposition 1.2.10, the 
definition (1.30) of the radial operator, and equality (9.1), we calculate 


-2Re | Pfüdfas =- | Pimispar 
-f | 9 Lg f[Pdo(y)dr 
--[ [otros 
=o [> 9-1 f[2do(y)dr 
-Q [ |f [dz 


= QII flle) 


Combining this with the equality 


IPF Bac) + IM IE, = IPF + 4M fle, — 2Re f P fill fdz 
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we obtain the first equality in (9.9). On the other hand, we have 


-2ne | Pfivifus 
G 
iMf 
= |M 2 P 2 2— E RE 
IMflzstol fizo | US 


2 
veal 


9.2.2 Heisenberg-Kennard and Pythagorean inequalities 


Pf 
IIP fll rata) 


yielding the second equality in (9.9). 


Immediately from (9.9) we observe the Heisenberg-Kennard type inequality as its 
consequence. In the Abelian case (see, e.g., [5297] and [WMO08]) it is also sometimes 
called the Kennard uncertainty inequality. 


Corollary 9.2.2 (Heisenberg-Kennard uncertainty principle). We have 


Q 
31flz2e < IP Flo lM z0). (9.10) 
The first equality in (9.9) also implies the following Pythagorean type in- 
equality: 
Corollary 9.2.3 (Pythagorean type inequality). We have 


Iv OF lize) < ||P fllZ2@ + IMFi) (9.11) 


Equalities (9.9) also imply the following conditions for reaching the equalities 
in Heisenberg-Kennard and Pythagorean inequalities: 


Corollary 9.2.4 (Equalities in Heisenberg-Kennard and Pythagorean inequalities). 
Let f € D(P)(] D(M) be such that Pf £0 and Mf £0. 


(i) The equality case in the Heisenberg-Kennard uncertainty inequality (9.10) 
holds, that is, 


Q 
3 fla) = [P flt Mirac) 


if and only if 
IP fl rate M f = IM f |l zaqe)P f- 


(ii) For f € D(P)( D(M) we have the Pythagorean equality 
OF zee) = IPS liz) + IM lz 


if and only if 
Pf=iMf. 
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9.3 Euler—Coulomb relations 


In addition to the Euler operator that was defined by 


if :— |m[Rf, (9.12) 


we also define the Coulomb potential operator as 


1 
F 9.13 


The domains of these operators are given, respectively, by 


CIS 


D(E) = {f € L’(G): Ef e ?(G)) (9.14) 


and 
D(C) = (f € L(G): f e T0). (9.15) 


|z| 


It is also immediate to observe from (1.30) that the composition of the Euler 
operator and Coulomb operators gives the radial derivative operator R: 


R := CE. (9.16) 
Recall that in Theorem 2.1.5 it was shown that for each f € C§°(G\{0}) one has 
the identity 


2 2 


1 ? -2 i 1 -2-3 

jur |e (223-4) Jajo HR Ext , 

|x] L2 (G) 2 |x| L?(G) |x| 2|z| L?(G) 
(9.17) 

for alla € R. If a = 0 from (9.17) we obtain the equality 
egt a p Des Jn 
IRF lic) = (S23) || + nr Sn (9.18) 
|x| L2(G) |x| L2(G) 


As it was already shown before, by dropping the non-negative last term in (9.18) 
we immediately obtain a version of L?-Hardy’s inequality on G: 


f 


2 
|z| 


< IRFII jo Qo (9.19) 
L?(G) Q-2 LENG) 


with the constant being sharp for any quasi-norm | |. 


9.3.1  Heisenberg-Pauli-Weyl uncertainty principle 


An L?-version of the Heisenberg-Pauli-Weyl uncertainty principle was given in 
Corollary 3.3.5 for a particular choice of position and momentum operators. In 
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this section we show its abstract version for abstract position and momentum 
operators, although restricting the consideration, as usual in this chapter, to the 
case of L?-spaces. 


Thus, by a standard argument the inequality (9.19) implies the following 
Heisenberg-Pauli-Weyl type uncertainty principle on homogeneous groups: 


Proposition 9.3.1 (Heisenberg-Pauli-Weyl type uncertainty principle). Let G be 
a homogeneous group of homogeneous dimension Q > 3. Then for each f € 
C§°(G\{0}) and any homogeneous quasi-norm |-| on G we have 


2 
Q-2 


Proof of Corollary 9.3.1. From the inequality (9.19) we get 


1/2 1/2 
( f RFP de) ( T jeP fae) 
G G 


O=2/ PIN Wm Q-2 3 
= (J ar) (| Pura) pe ri n 


where we have used the Holder inequality in the last line. This shows (9.20). 


lle € — 8 RAIL Illelfllna) - (9.20) 


Remark 9.3.2. 


1. In the Abelian case G = (IR", +), we have Q = n, so that (9.20) implies the 
uncertainty principle with any homogeneous quasi-norm |- |: 
de | PIP, 
R^? 


(f. feas) < (25) [. 
(9.21) 


which in turn implies the classical uncertainty principle for G = R” with the 
standard Euclidean distance |x|g: 


(La (Par) Z (24) f NEOP f REP, (9:22) 


which is the classical Heisenberg-Pauli-Weyl uncertainty principle on R”. 
For the improved constant in (9.22) see (9.39). 


2. Different versions of this uncertainty principle have been considered in differ- 
ent settings, for example in those of stratified groups. We can refer to [GL90], 
[CRS07], [CCR15] for some results, and further estimates will be shown in 
Section 12.4. 


2 


V f(x) 


i| 


Moreover, we have the following Pythagorean relation for the Euler operator: 
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Proposition 9.3.3 (Pythagorean relation for Euler operator). Let G be a homoge- 
neous group of homogeneous dimension Q > 3. Then we have 


2 2 
T^ 
er+ Sr 


+ 
L? (G) 


(9.23) 


; Q 
flliz@) = eg 


L?(G) 


for any f € D(E). 


Proof of Proposition 9.3.3. Taking a = —1, from (9.17) we obtain (9.23) for any 
f € C5°(G\{0}). Since D(E) C L?(G) and C§°(G\{0}) is dense in L?(G), this 
implies that (9.23) is also true on D(E) by density. 


Simply by dropping the positive term in the right-hand side, (9.23) implies 


Corollary 9.3.4 (Lower bound for Euler operator). Let G be a homogeneous group 
of homogeneous dimension Q > 3. Then we have 


lies (9.24) 


2 
< 


Il fllz2@e) S Q 


for any f € D(E). 


saa 


9.4 Radial dilations - Coulomb relations 


Using the radial derivative and Coulomb operators we can define the generator of 
dilations operator by 


—1 
R3:——4 (n + oc) (9.25) 
with the domain 

D(R,) = {f € L’ (G): Rf e L?(G), Cf e L?(G)}. (9.26) 
First we record a commutator relation between this generator of dilations operator 
R, and the Coulomb potential operator: 


Lemma 9.4.1 (Commutator relation between generator of dilations and Coulomb 
operators). Let G be a homogeneous group of dimension Q > 1. Then for any 
f € Cg (GN(0)) we have 

[9440] f. = 4€* f, (9.27) 
where [Rg,C] = R4C — CR. 
Proof of Lemma 9.4.1. Denoting r :— |v| we have C — 1, and from (1.30) it follows 


that Ry = —i (4 +S 


) . Thus, a direct calculation shows 


Rg, Ctf =R Cf -CR f 
( 1 id Q-1 id 9) E 
= p —+-—4 f= F 


2r2 rdr 2r2 


establishing (9.27). 
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We now analyse further properties of these operators. 


Lemma 9.4.2 (Operators R, and C are symmetric). Operators Rg andC are sym- 
metric. 


Proof of Lemma 9.4.2. It is a straightforward to see that C is symmetric, that is, 


i (Cf)Fax = ri f(C7)dz 


Now we need to show that 
| (Rss = | f.p (9.28) 
G G 

for any f € C§°(G\{0}). Since D(R,) C L?(G) and C§°(G\{0}) are dense in 


L?(G) it follows that it is enough to show (9.28) on C§°(G\{0}) since it then 
follows also on D(R,) by density. Using the polar decomposition from Proposition 


1.2.10 and the expression Rg = —i (4 + — we can calculate 


] snas = ap [o (Z + zr) ae 
- [soia - ez [ [: o= fao (y)dr 
[ibe !do(y)dr + i(Q c ue ! fao (yir 
Oe pte 
[AE EE ene Lr 


proving that Rg is also symmetric. 


For any symmetric operators A and B in L? with domains D(A) and D(B), 
respectively, a straightforward calculation (see, e.g., [OY17, Theorem 2.1]) shows 
Bf 


the equality 
2 (9.29) 
PNE. HN T 
| lAflz2t) — lBfllze(e) Trz(oy 


-i[ (4, Bina» 

G 
= || Afli) lB fll) 

for f € D(A) A D(B) with Af z 0 and Bf #0, which will be useful in our next 

proof. 
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Theorem 9.4.3 (Identities involving R, Rg, and C). Let G be a homogeneous group 
of homogeneous dimension Q > 3. Then for every f € D(R)M D(C) such that 
f x 0 and R4f #0 we have 


(Q — 1)(Q — 3) 


IRF liz) = WRoflliz@ + 1 


lI Flle) (9.30) 


and 


Rf = €f 
efie = ufo (2- | ee + pe 
Ne Flzate) = | thee ( panee Merle) 


2 
. — (9.31) 
L*(G) 


Proof of Theorem 9.4.3. As in the proof of Theorem 9.2.1 we can calculate 


Il fll (c; 
Q-1 


=|Rf + 
z| 


N 


L? (G) 
2 


a 


= ml. «i-e | RAES — fdz + | 


|x| aa ^ L?(G) 


2 
= |Rf pa +(Q-1)Re | te (+1) fdo(y)ar + | —* 


L?(G) 
= RII pali 272.3 uras(yjar + PT pego. 

2 
= fla, - LEA arr. 971 fast) + O72 je pis, 


Q-Q- (Q-1) 

- IRA - 5 —À [ umo 
1 3 

= fla, - PAP epa 


a 


Qa 


4 
This proves (9.30). Using (9.27) and Lemma 9.4.2, in view of (9.29) we obtain 


2 
no) 


Since C (G) is dense in L?(G), it implies that this equality is also true on 
D(R) n D(C) by density. 


ICFIZa) = —: [ (Ry .Clf Fax 


Raf .— Cf 
= ||RofllzaeyllCfllzac 2- | Rel eie 
af llz2@lICfllz2@) IRofllzac) ICF) 


The equality (9.30) implies the following estimates: 
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Corollary 9.4.4 (Estimates for R, and C). Let G be a homogeneous group of ho- 
mogeneous dimension Q > 3. The generator of dilations and Coulomb potential 
operator are bounded by the radial operator R, that is, we have the estimates 


[Ra flle) < IR I ence); (9.32) 


and 
VI Oi Flys) « IRflze. (9.33) 
for all f € D(R) n D(C). 
The equality (9.31) implies the following bound with an explicit constant, 
independent on the choice of a homogeneous norm on G. 


Corollary 9.4.5 (Bound of Coulomb operator by generator of dilations). Let G be 
a homogeneous group of homogeneous dimension Q > 3. The Coulomb potential 
operator is bounded by the generator of dilations operator with relative bound 2, 
that is, 


IC flln2(@) € 2IlRa f llza(e); (9.34) 
for all f € D(R) n D(C) such that Ry f z 0. 


9.5 Further weighted uncertainty type inequalities 

In this section, we give an overview of a number of further uncertainty type in- 
equalities. 

Theorem 9.5.1. For any quasi-norm |-|, all differentiable | - |-radial functions $, 


allp >1,Q>2 with 4 4 5 — 1, and all f € C(G) we have 


| irpan [grae [ ARIE pra (9.35) 


/ 1/q 
eure «»(f mura) (Eure) s o 


Before proving this theorem, let us point out several of its consequences. 
Remark 9.5.2. 


1. In (9.35) taking ¢ = log|r| in the Euclidean (Abelian) case G = (IR", +), 
n > 2, we have Q = n, and taking p = n > 2, for any quasi-norm |: | on R”, 
it implies the new inequality 


um log |" 
i. L a< | IRI de + (m1) f L^ BI. _ ep 
|x|” R^ R^ |x|” 


and 
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In turn, by using Schwarz’ inequality with the standard Euclidean distance 
jele = yx? +--+ +22, it implies the ‘critical’ Hardy inequality 


n 
n—1 


n log zz 
n fl d< f Iv aem - nf ITE 
R R?” R” 


n |v|z |z| 


|f|” dz, (9.37) 


where V is the standard gradient on R”. It is known that there is no positive 


constant C such that 
IfI? n 
zdr < C IV f|" da 
R” |z|% R” 


for all f € C4 (R”). Therefore, the appearance of a positive additional term 
(the second term) on the right-hand side of (9.37) seems essential. Critical 
inequalities for different versions of critical Hardy-Sobolev type inequalities 
have been investigated in [RS16a]. 


. Note that this type of inequalities (Hardy-Sobolev type inequalities with 


an additional term on the right-hand side) can be applied, for example in 
the Euclidean case, to establish the existence and nonexistence of positive 
exponentially bounded weak solutions to a parabolic type operator perturbed 
by a critical singular potential (see, e.g., [ST18b]). 


. In (9.36), taking ¢ = |z|” in the Euclidean (Abelian) case G = (IR", 4-), 


n > 2, we have Q = n, so for any quasi-norm |: | on R” it implies the 
following uncertainty principle 


p—1 


p E e" EX 
[ims s E Cf iras) (f ter fiae) (9.38) 


In turn, by using Schwarz’ inequality with the standard Euclidean distance 


lz|g = yx} +--+ 22, it implies that 
» 


f mess E Cives) (f egra) o 


where V is the standard gradient on R”. In the case when p = 2 we have 


2 2 
(f utis) <(2) f Wid f buta n22, 04m 


for all f € Cd (R"). Thus, when n = 2 inequality (9.40) gives the critical case 


of the Heisenberg—Pauli-Weyl uncertainty principle (9.22). Moreover, since 
—— > 2. n > 3, inequality (9.40) is an improved version of (9.22). 


Note that equality case in (9.40) holds for the family of functions f — 
C exp(—b|x| g), b > 0. 


. Uncertainty inequalities have been extended to many settings such as more 


general Lie groups and manifolds; see Folland and Sitaram [FS97] for more 
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information about older studies. On the general topic of uncertainty prin- 
ciples on groups and manifolds we can refer to, e.g., [CRS07], [VSCC92], 
[Tao05], among many others. 


Proof of Theorem 9.5.1. By applying the polar decomposition formula in Propo- 
sition 1.2.10, and integration by parts, we obtain 


AEDA PO) aig, 
Fieri raso f f iPS iro tor 


-f [urs 4 snd zw -- [f $r) Pd (yar 


p—2 
=- f OD fies = -pre f SETTE : —— RT. 


|x 


Now by using Young’s inequality for p > 1 and E + E — ], we arrive at 


1 p—2 
[ z (e) P - me f s ane To 


p-1 
CIR s 


a Rieds f ETT gras (9.Al) 


This proves inequality (9.35). Furthermore, from (9.41) by using Holder's inequal- 
ity for p > 1 and E + E = 1, we establish 


/ p—1 
[Lipas p f OUP nas 


1/p 1/q 
co( [mey (f iue)" 


This completes the proof. 
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Function Spaces on Homogeneous Groups 


In this chapter, we describe several function spaces on homogeneous groups. The 
origins of the extensive use of homogeneous groups in analysis go back to the book 
[FS82] of Folland and Stein where Hardy spaces on homogeneous groups have been 
thoroughly analysed. It turns out that several other function spaces can be defined 
on homogeneous groups since their main structural properties essentially depend 
only on the group and dilation structures. Thus, in this chapter we carry out 
such a construction for Morrey and Campanato spaces and analyse their main 
properties. Moreover, we describe a version of Sobolev spaces associated to the 
Euler operator. We call such spaces the Euler-Hilbert-Sobolev spaces. 

The constructions of this chapter are based on the analysis in [RSY18d] and 
[RSY18c]. Since on general homogeneous groups we may not have a (hypoelliptic) 
differential operator to start with for the usual construction of Sobolev spaces, 
we develop a version of Sobolev spaces associated to the Euler operator. The 
development of such spaces is linked to relevant Hardy and Sobolev inequalities 
from Chapter 2 and Chapter 3. Consequently, we can also analyse properties of 
maximal operators and fractional integral operators in the constructed Morrey 
and Campanato spaces on homogeneous groups. 

In Definition 6.5.4 and the subsequent analysis we have already considered a 
collection of (horizontal) weighted Sobolev type on stratified groups, but here we 
will concentrate on general homogeneous groups. Since horizontal gradients are 
not available in such a setting, its action will be replaced by that of the radial 
derivative combined with the corresponding Euler operator. 

'Thus, throughout this chapter G will denote a general homogeneous group 
of homogeneous dimension denoted by Q. 


10.1  Euler-Hilbert-Sobolev spaces 


In this section, we introduce an Euler-Hilbert-Sobolev space on a homogeneous 
group G of homogeneous dimension Q. We start with more general Euler-Sobolev 
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function spaces. The definitions and further analysis are based on the Euler oper- 
ator E discussed in Section 1.3. 


Definition 10.1.1 (Euler-Sobolev function spaces). We define the Euler—Sobolev 
function space on G by 


LP (G) = OF (Gop) "©, ke Z, (10.1) 


i.e., as the completion of Cf°(G\{0}) with respect to the semi-norm 


Ilf lese ey :— IE" lo (e 


Let us recall a special case of inequality (3.87) with a = 0, that is, 


k 
Il fllzsqe) < (5) 


From the definition of the Euler-Sobolev space it follows that this inequality ex- 
tends to all functions f € £^?(G): 


IE fllzs(ey, 1 <p « oo, k € N. (10.2) 


Corollary 10.1.2 (Embeddings of Euler-Sobolev spaces). The semi-normed spaces 


(LEP ||- los»), k € Z, are complete spaces for any 1 < p < oo. The norm of the 
embedding operator v : (€, || - ||ex2) = (LP, || - zz) satisfies 
k 
llel| eso po < (5) 5 k c N, 1 < p < CO, (10.3) 


where the embedding u is an embedding of a semi-normed subspace of DP. 


Based on Lemma 1.3.2 we can use the general theory of fractional powers 
of operators as in [MS01, Chapter 5], to define fractional powers of the operator 
A = EE*, and we denote 


IEP :— A9, BEC. 


For a brief and specific account of the relevant theory of fractional powers that is 
required for this construction we can refer the reader to the open access presen- 
tation in [FR16, Appendix A]. Consequently, we obtain the following fractional 
Hardy inequalities in L?(G). 


Theorem 10.1.3 (Fractional Hardy inequalities in L?(G)). Let G be a homogeneous 
group of homogeneous dimension Q > 1. Let B € Cy and let k > RES be a positive 
integer. Then for all complex-valued functions f € C§°(G\{0}) we have 


B ge B 
llao sce- (S) Er]... (10.4) 
where 
aC C EUST oe (10.5) 


IF(8)T(k — 8)| Re8(k — Reg): 
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Proof of Theorem 10.1.3. By using [MS01, Proposition 7.2.1, p. 176] we have the 
interpolation inequality 


By the equality (1.43) and (3.119) with a = 0 it follows that 


qr 


1— HS k 
pa ECE- 3:9 MI IA Fes: (10.6) 


B k iy T. 
c(- 5.) Mili IA" fle s C — FOU (ax) Ills)» 


B 

2 

8 T 
29m) Meo: 


Definition 10.1.4 (Euler-Hilbert-Sobolev function spaces). For 8 € C+, we define 
the Euler-Hilbert-Sobolev function space on G by 


=C(k— 


which combined with (10.6) implies (10.4). 


H° (G) = Cg (GN(0)) O, (10.7) 


that is, as the completion of C§°(G\{0}) with respect to the semi-norm 


II f lle (ey == Ill |^ fll zs (e)- 


In view of this definition we have inequality (10.4) for all f € H^ (G): 


B 2 Re8 8 
llos ce- (5) |l (10.8) 
where 6 € Cy, k > Bee k € N, and C(k — 2 k) is given by (10.5). We can 


summarize these facts as follows: 


Proposition 10.1.5 (Embeddings of Euler-Hilbert-Sobolev spaces). Let G be a 
homogeneous group of homogeneous dimension Q > 1. For any B € C the semi- 
normed space (H^, || - ||s) is a complete space. Moreover, the norm of the embed- 
ding operator ı : (HÊ, || - lge) > (L2, || - || 2) satisfies 


po aee Re 
lesus <C (&- 5.4) (=) . peCy, k» P kem, (109) 


where we understand the embedding ı as an embedding of a semi-normed sub- 
space of L?. 
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10.1.1 Poincaré type inequality 


Let Q C G be an open set and let £P (Q) be the completion of Cg? (ONV(0]) with 
respect to 


lf lio = Ille) + Efla; 1 «p «oo. 


Then we have the following completion of Hardy inequalities: 


Theorem 10.1.6 (Poincaré type inequality on homogeneous groups). Let Q be a 
bounded open subset of a homogeneous group G of homogeneous dimension Q. If 
l<p<w, fe LP (Q) and Rf = IE Df € L?(Q), then we have 


1 
|z| 


Rp Rp 
If loco < GR flee = Q 


(10.10) 
LP(2) 


where R = sup|v|. 
TEQ 


In order to prove Theorem 10.1.6, we first show the following Hardy inequality 
on open sets. 


Lemma 10.1.7 (Hardy inequality on open sets). Let Q C G be an open set. If 
1<p<oo, f € &V"(Q) and Ef € L?(Q), then we have 


Pio 
IIfllze(ay < g! flz»o- (10.11) 


Proof of Lemma 10.1.7. Let Ç: R —> R be an even smooth function satisfying 


e 0<Ç<1, 
e C(r) =1 if |r| <1, 
e ¢(r) =0 if |r| > 2. 
For \ > 0, we set 
Q(z) := Alal). 
By (3.70) we already have inequality (10.11) for f € C§°(G\{0}). There exists 


A 


some {f}; € CE (QOH such that fe — f in LẸP(Q) as £ — oo. Let A> 0. 
From (3.70) we obtain 


Ca fell» (o) < a (I(ECy) fell reco) + Ila (Efe) Il roc») 


for all £ > 1. It is easy to see that 
lim Qi fe — Gf, 
£—oo 
lim (Ec) fe = (EQ) f, 


£—oo 


n CX (E fr) = (Ef) 
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in L?(Q). These properties imply that 


lle flizec € a KIC) fll ze) + lC (EOM coc) - 


Since 


— 


. sup|Ec|, if A^! < |z| < 2471, 
< 
ww) S I otherwise, 


we obtain (10.11) in the limit as A > 0. 


Proof of Theorem 10.1.6. Since R = sup|v| using Proposition 10.1.7 we obtain 
rca 


Pon Rp Rp} 1 
filme c Ebene SIR tuis m |S , 
Urn S gren S "S UR arem = EET 


which gives (10.10). 


10.2 Sobolev-Lorentz-Zygmund spaces 


In this section, we define several families of Lorentz type spaces and analyse their 
basic properties. 


Definition 10.2.1 (Lorentz, Lorentz-Zygmund, and Sobolev-Lorentz-Zygmund 
spaces). Let G be a homogeneous group of homogeneous dimension Q with a 
homogeneous quasi-norm |- |. We define the Lorentz type spaces on G by 


L.1,Q,p,q(G) = {f = Lis. (G) : WF nsu t < oo}, 0x p,q € oo, 
where 


1 1/q 
Illy oat) = ( I (ll roD ge) 


In the sequel, if the quasi-norm |- | on G is fixed we will often abbreviate the 
notation by writing 


Lpa (G) :— L}.|,Q,p,q(G)- 


Moreover, we define the Lorentz-Zygmund spaces on G by 


Ly, A(G) = {f € Li (G) : PAPA COS < oo}, O<pqs oo, A ER, 


RP q 1 1/q 
lel S) ze) . 


where 


log 


Q 
lf] Esaa (G) “= sup (/ (r p 
R>0 \ JG 
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Furthermore, we define the Sobolev-Lorentz-Zygmund spaces by 


Ll. 
W+ Lp q A(G) := f; € Ly 4,A(G) : i fe paa (@)} f 
endowed with the norm 
1 
Il lwt) = I leaa) + |] SE l 
|z| Ly,q,A(G) 


We also define " 
Wo Lp.g,a(G) = Cg (G) Frere 


as the completion of C§° (G) with respect to || - ||wir, , ,(c)- 
In addition, for Ai, A9 € R we introduce the Lorentz-Zygmund spaces involv- 
ing the double logarithmic weights by 


Lp; (G) = {f € Li (G) : EAEE (G) < oo}, 
where 
R R 
log — log — 


No 1a 1/q 
e T 
Fi eee (G) -~ 25 (/ (r |x| |x| ron) r3 : 


Remark 10.2.2. The space L,,,.5,, A, (G) extends the scale of the spaces Ly, X(G) 
and Lp (G) in the sense that L,,4.X,0(G) = D5,4,4(G) and Lp.q,0,0(G) = Lp, (G). 


M1 
log 


Similarly, we define the Sobolev-Lorentz-Zygmund spaces W!Ly,q,.1,.2(G) by 


1 
|z| 


Wi Lpa a (G) = f; € Lpa (8) : DES € Lpg air ©} ` (10.12) 


endowed with the norm 


1 


Lp,a,à1,à2 (G) 


Las 
| ` lm Ep aaas (G) = | ` lEp,a,1,32() T lel l 

ag Il 
WA Laos da (G) = ORG)! parr ae (10.13) 


Taking into account the special behaviour of functions 


fn(z) :— f (nz) ; 


|z] 
we introduce the Lorentz-Zygmund type spaces £j. by 


£p,q,A (G) = {f € Li (G) : IFs) < oo}, AE R, 
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where 
q 1/q 
Ils, ac = sup { f (1al? [lon £ (oe oe 
R>0 \ JG lel |x ; 
For p = oo we define 
Ifl n RA iy gyi)’ ae) 
= su o ; 
Éoo,q, A (G) Pied g ET la | R a 


Moreover, we define the Lorentz-Zygmund type spaces Lp,9,4,A2(G) by 
Épapa js (G) :— (f € Dis (G) : Ilfllo, uiu) < o0) (10.14) 
where 
TATE 


[^ eR 
— sup (|x| P — 
R»0NJG || 


1/q 
* Gao QU = fal + xoen- fen m) | 


Aa 


At 
log — log |log 
x 


1, LE B(0, eR); 
XB(0,eR) (£) = 0. x ¢ B(0 eR). 


À2 


For p — oo we define 
eR|* eR 
log — log — 


Ule. sm = f (hoe) fests 
1/q 
X (xn(eny (2)|f — frl + XBe(,er)(2)f — fe a) mme) 


log 


We now show several embeddings between the Sobolev-Lorentz-Zygmund 
spaces. 


Theorem 10.2.3 (Embeddings of Sobolev-Lorentz-Zygmund spaces). For all 1 < 
y< co and max(1,»y — 1) < q < oo we have the continuous embedding 


Wo Lo, 2-1 2-3 (G) > £4 1, 3(G). 
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In particular, for all f € Wo Lo, ai 1 (G) and for any R > 0 the following 
inequality holds 


1/q 
i XB(0,er)(£)|f — fri? + xBe(o,er)(Z)If — fesnl* dz 
G log [log g£ || |z| 


1/q 
q 
«(fi 2 


where the embedding constant E is sharp and where we denote f(x) :— fü). 


(10.15) 
q—^Y 1 


|z| 


log — sf 


log iz| 


log - 


Remark 10.2.4. 


1. The function spaces extend with respect to indices some known results for 
spaces in the Abelian case R” analysed in [MOW15b]. Embeddings of such 
Euclidean spaces for some indices were considered in [Wad14], and loga- 
rithmic type Hardy inequalities in Euclidean Sobolev-Zygmund spaces were 
investigated in [MOW13a]. 

2. Despite the fact that the integrand on the right-hand side of (10.15) has 
singularities for |z| = R, |x| = eR and |x| = €?R as it will be clear from the 
proof we do not need to subtract the boundary value of functions on |z| = eR 
on the left-hand side. 


In order to prove Theorem 10.2.3, let us first establish the following estimate. 


Proposition 10.2.5. Let Q € N, 1 < y< oo, and assume that max(1,y — 1] «q« 
oo. Then for all f € C§°(G) and any R > 0 we have the inequality 


1/q 
q 
L Ho La (10.16) 
B(0,eR) log [log 4 Py | log £& En 
- = 1/q 
q gp q 
< a f lz [2-9 ine ' lios log —— —Ef| dx ] 
y= 1 VJ B(o.eR) |z] |z] i| 


Proof of Proposition 10.2.5. Using the polar coordinates as in Proposition 1.2.10 
and integrating by parts in a quasi-ball B(0, R) we have 


f |f — frl? dz 


om [ios [oe f i ow | Pf 


R 
J r(log £E)(log(log £) SE log £E ee /. (ry) — F(Ry)|"do(y)ar 
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= + IC (108 ay / |f(ry) — f aras) E 


r=0 


R 3 -7+ g 
-f (ee F)) g [re - raten 


R = et 
-- | (toe (tox*)) Ref ifen- rar? 
F 0 9 


x (fe) - sry) 0 asy. 
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In the above calculation, since q — ^ 4- 1 > 0, the boundary term at r = R vanishes 


due to inequalities 


log [ lo 2S-"s „beT les 
BACK 1 t log £ ~ dog Ë 


and 
|f(ry) - f(&y)| € C(& - r), 
for 0 « r € R. It follows that 


R 
| (log £E)(log(log £E)) Dow log ££ soe Fore l, If (ry) — f(Ry)|"do(y)dr 
q M 
SEIL lin f(Ry)| 


f 1 1 
EX D RERO Dec ud OR Ga 
ro n q T 4 (log $E) T (log( eR) q 


x [ ven- ry) — f (Ry)? 


By the Holder inequality, we get 


R 
n by rin f (Ry) 1do (y)dr 


zs fal RE e uid 
NI [M 


T. 


df a | ETT 


df (ry) 
dr 


q 1/4 
2) . 


414 Chapter 10. Function Spaces on Homogeneous Groups 


This gives 
1/q 
js lta fal dr (10.17) 
«o cest bo] = 
1/q 
R q-1 4— 6| 1 q 
< H I lz|2- 9 log — log log —— —Ef| dz : 
y= 1 V B(o,R) |z] |z] |z] 


Now we calculate the integrals in (10.16) restricted on B(0, eR)\B(0, R): 


j ENS MN 
B(0,eR)\ B(0,R) ) [log ils “log td 


eR 
= I M UTERE M if (ry) — fGy)ltdo(y)dr 


+= E (v 7 z) ) "ay If (ry) — F(Ry)|*do(y)dr 


Again, in the calculation above, since q — y + 1 > 0, the boundary term at r = R 
vanishes due to inequalities 


oe (àw) ) -f77 2 


and 
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for R< r < eR. This implies 
eR 
“A. ef e/a eR nly f(R Id 
f, r(log ST (log ££ gs J^ |f (ry) (ty)|* do (y)dr 


eR —1 —y+1 
< == 5 | s " p. 
Sx P 


x J ron- rye [E] aotar - — 
y-1 


1 
X i — pedel Well. 5E. gel 
Ie r^ (log E) r^v (log B) 5 


By using the Holder inequality, we get 


eR 
. Toe ome E 
= |f (ry) — f (Ry)? 
TERT (f [sg tn 


C Let ee) 


(q—1)/a 


1/q 
x [df(rv) 
Pd i 
C3 do(y)ar ) 
Thus, we arrive at 
1/q 
Í f= fal? dx 
B(0,eR)\B(0,R) hog log £& El a hog ci la]? 
q-1 q—Y q ifa 
1 
< T 1 lz|4- 9 log = log ioe —Ef| dx : 
*'y — 1 \JB0,eR)\B(0,R) |x| |x| |x| 


This and (10.17) imply (10.16). 


By a similar argument one can prove a dual inequality to (10.16), that is, we 
have 
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Proposition 10.2.6. Let 1 < y < oo and max{1,y— 1} < q < oo. Then for all 
f € CE (G) and for any R > 0 we have 


1/q 
— ferla d 
J ffert NN (10.18) 
Be(0,R) log flog “| log & |z| 
1/q 
R q—1 RIT? |3 q 
< = 1 |a|?-@ toe | log log — —Ef| dz à 
y= 1 V B«(o.R) |x| |x| |x| 


Now we are ready to prove Theorem 10.2.3. 


Proof of Theorem 10.2.3. By using (10.18) with R replaced by eR we have 


1/q 
| |f- ferl? dx (10.19) 
B°(0,eR) hog log £& Pe “log R| |z|2 
— = 1/q 
eR? 1 aria q 
< -— I |a|?-@ log —— log log —— — dx . 
y — 1 \JBe@,er) |x| |x| |x| 


Then from (10.16) and (10.19) we get (10.15) for functions f € C§°(G). 
Let us now show (10.15) for general functions f € WoL Qa, i55, 852 (G). First 


let us verify that (10.16) holds for f € WgL Q,a, zt, az2 (G). Let PA c Cg (G) 
be a sequence such that fm — f in WIL "ERE iG) as m — oo and almost 
everywhere by the definition (10.13). If we define 


ral) vx Lt) fe rg 


I>) 
q 


Bl" llog et Tel 
then { fr.m}men is a Cauchy sequence in 2 orn which is a weighted Lebesgue 


space, since the inequality (10.16) holds for fm — fr € Cg? (G). Consequently, there 
exists gg € L1(G; ie) such that frm — gr in L(G; aa) as m — oo. From the 


inclusion 
[sem (n) =r} 


cU [reso fn (m2) rr) e emos m ren. 


r>0 


it follows that fm (24) >f (Rg), that is, we obtain the equality 
f(e) - JRE) 


y/q PEZ = gr(2) 
| log £& 


hog log £& 


almost everywhere. 
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That is, inequality (10.16) holds for all f € Wo Lo, aci aci (G). In the same 
way we establish the inequality (10.19) for any f € Wo Lo, 2-1 2-3 (G). Since in- 
equalities (10.16) and (10.19) hold for any f € Wo Lo, 2-1 2-3 (G), we get (10.15) 
for f € WoL Qo 174,171 (G). 

Now it remains to show the sharpness of the constant = zi in (10.15). B 
(10.15) for each f € Wd Lo 222, a1 (B (0, R)), we have 


1/q 
| c (10.20) 
B(0,R) log log £& I EU hog fz E 
q-1 q-7 q Mg 
1 
< m | lz|4-9 log = log jg E —Ef| dx à 
y -l VJ B(oR) |z] |x| |x| 


Therefore, it is sufficient to show the sharpness of the constant a in (10.20). As 
in the Abelian case (see [MOW15b, Section 3]), we consider a sequence of functions 
{fe} for large £ € N defined by 


iU 


(lo gülog(feR))) v, when |r| € 


fala) = 4 Qos(log fÈ) 7. 


when 3 < |z| . 
(log(log(2e)))"7 Z(R—|z|), when £< |z| x R. 


It is clear that fe € WJ Lo, 2-1 1-1 (B(0, R)). Letting filr) := felx) with r = 
|x| > 0, we get 

0, when r< T 
—fi(r) = -1 se TDT og £R)-1. when 4 <r< 4, 
a T, when £<r<R. 


Denoting by |o| the Q — 1-dimensional surface measure of the unit sphere with 
respect to the quasi-norm |- |, by a direct calculation we have 


q-1 q-7 q 
1 
f |z|172 log a log ine —Ef| dx 
B(0.R) |x| |x| Pos 
R q-1 q 
R d 
= lol f re? los fog E] Ezo] ar 
0 r 


MEY fw) Qe) 
+ (log(log(2e)) 7: (z) v J NE (os us (108 (os m di 
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- (E) JP a Cee (es (e))) 
+ testos (Z) ia f (2) (oe oat) a 


= =) (log(log(log £eR)) — log(log(log2e))) + lolCyq, ^ (10:21) 


(log (log(2e))) , 
Cs, = 29 logos 29)! | greg, 
0 


The assumption q — y + 1 > 0 implies that Cy,q < +00. Moreover, we have 


f o oe =i f 0 Mer æ 
B(0,R) )Jlog flog 8 | flog £8] al [log ££ jm Jlog [log £E||" flog 2] llog £E| r 


= |pl(log(log(éeR)))"- d P ' (iog 2) 7 (os (os 2) ) e 
4 afe ' (iog a (is (ios BN) ar 


+ |pl(og(tox(2e)) (F 


R -1 = 
x | r 1(R— rv) (os zd (os (os *)) dr 
R r r 


2 


= —— + |p|(log(log(log(feR)) — log(log(log(2e))) -]p|Cn.,,,, (10.22) 


where 


CR xq :— (log(log(2e)))7~* oi 


R =i = 
x | r \(R-r)? (toe 2) (ios (ios *)) dr. 
R r r 


The inequality log(log ££) > L— for all r € R and the assumption q — y > —1 
imply Cr,y,q < 4-oo. Then, by (10.21) and (10.22), we arrive at 
1 
| l| 47 Q 
B(0,R) 


|z| 


q 
dx 


q-7 


log rm | 
=i 
q d —1M? 
J |f(x)| a E (2 ) 
B(0,R) log [log ££ ED hog £& Tr R| |æ] 


q-1 
log log 


as l — oo, which implies that the constant s in (10.20) is sharp. 
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10.3 Generalized Morrey spaces 


In the next sections, we develop the theory of Morrey and Campanato spaces 
on general homogeneous groups. Moreover, we analyse properties of Bessel-Riesz 
operators, maximal operators, and fractional integral operators on these spaces. 

A brief discussion of the general theory of Morrey and Campanato spaces 
was given in the introduction, and we can refer there also for references. 


10.3.1 Bessel-Riesz kernels on homogeneous groups 


The classical Bessel-Riesz operators on the Euclidean space IR" are the operators 
of the form 


ly" 

Lf) | Kane wtyay [fus (102) 

di Re r» (1+ |z — yl)? 

where y > 0 and 0 <a < n. Here, Ia y and K,,, are called a Bessel-Riesz operator 

and a Bessel-Riesz kernel, respectively. The original works on these operators go 

back to Hardy and Littlewood in [HL27, HL32] and Sobolev in [Sob38]. We refer 
to Section 5.3 for the appearance of the related operators. 


Definition 10.3.1 (Bessel-Riesz kernels). A natural analogue of the operators 
(10.23) in the setting of homogeneous groups are operators of the form 


lato) = [ Ks [ PX fs q029 
with the Bessel-Riesz kernels defined by 
|a^- 
Ka,y(Z) = x ip (10.25) 
where |- | is a homogeneous quasi-norm on a homogeneous group G. 


First we calculate the L?-norms of the Bessel-Riesz kernels. 


Theorem 10.3.2 (L?-norms of Bessel-Riesz kernels). Let G be a homogeneous group 
of homogeneous dimension Q with a homogeneous quasi-norm |- |. If0«o« «Q 
and y > 0 then Ka, € L” (G) and 


(2^ n)e-9r.*Q "BR 
22UnemXmm ) oc 


l.Kosll re(o) © ( 
kez 


for og «n < ge 


We will use the following result in some proofs. 
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Lemma 10.3.3 ([GLE15]). If b > a> 0 then for every u > 1 and R » 0 we have 


»» (u* R)* P 
a aa EDIG oo. 
ci (1 4- uFR) 


Proof of Theorem 10.3.2. By using the polar coordinates decomposition from Pro- 
position 1.2.10, for any R > 0 we have 


K Pid la: (67 9: d 
J Foa [ CFE i 
Q)pit+Q-1 
d [5 ENS — — — — do (y)dr 


—Q)pitQ-1 
- lel 37 f 


T, 
keZ kR<r<2k+1R a + ry. 


where |ø] is the Q — 1-dimensional surface measure of the unit sphere. This implies 


1 
Ka, Pı dz < EEEE Eg 
n (x)| dz [253 (14- 2 Ry: ME i 


keZ 
lo|(2(6- 9»: *9 — 1) y (28 R) Q)pi-Q 
|». («—- Qi Q icr (14-25R) ` 
Moreover, we have 
Jel 1 f » x 
Ka (x)?! d (a-Q)p1+Q-1 gq 
[i | nene 2m » (1 + 2# R)”: rd ' 


lo|(2(e7 9*9 — 1) (2* R)(e-Q»i*9 
~ £m ((a - Q)pr +Q) 2 (1+ 2kRym 


Combining these two inequalities, for each R > 0 we have 


Rye Q)pi+Q 


(2* 
K )|P! da ~ —————— 
f |a, vy x)| 2: (1-2*R)m ` 


keZ 


For pı € — a) using Lemma 10.3.3 with u = 2, a = (a — Q)pi + Q and 


b = ypı, we arrive at 
(25 R)(e-Q)pi + 


(1 25 Ry: 


»» 


keZ 


which also implies that Ka, € L” (G). 


< oo, 
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Since 
lead = Ka, f, 
the Young inequality in Proposition 1.2.13 immediately implies 
Corollary 10.3.4 (L?-L* boundedness of Bessel-Riesz operators). Let 0 < a< Q 
1 — ipi Q Q 
andy > 0. Assume that 1 < p,q,pi € oo, zt! - ae and Ur S Pi < oa: 
Then we have 
lass fllzsto) S lale: ll fll cee) 

for all f € L*(G). 

This means that Ia, is bounded from L?(G) to L4(G) and that its operator 
norm can be estimated as 


loss ro (ey r0) € las 6). 


10.3.2 Hardy—Littlewood maximal operator in Morrey spaces 


We now define Morrey and generalized Morrey spaces on homogeneous groups and 
show the boundedness of the Hardy—Littlewood maximal operator in these spaces. 

As usual throughout this section G is a homogeneous group of homogeneous 
dimension Q. 


Definition 10.3.5 (Local Morrey spaces). Let us define the local Morrey spaces 
LM?-4(G) by 


LM?" (G) := (f € L5.) : ll flnup«(s) <œ}, 1<p<q, (10.26) 


loc 


where 
1/p 
Il fll 2M6) = sup r9(/4- 1/7) (/ er) , 
r>0 B(0,r) 


Sometimes these spaces are called central Morrey spaces in the literature. 
Definition 10.3.6 (Generalized local Morrey spaces). Let ó : Rt — Rt and 1 € 
p < oo. We define the generalized local Morrey space LM?:?(G) by 


LM?*(G) := (f € L(G) : |f lire oe) € 09) (10.27) 


loc 


where 


1 1 1/p 
1P: := sup — | — x)|Pdx : 
I/lzue se) = sup cs (3 Jo. O 


Let us first formulate the assumptions for the function @ in the above defi- 
nition. 
Assumptions on @ 


From now on we will assume that ¢ is nonincreasing and t °/? 4(t) is nondecreasing, 
so that @ satisfies the doubling condition, i.e., there exists a constant C1 > 0 such 
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that we have 


r 1 (r) 
ae (sj <C. (10.28) 


Definition 10.3.7 (Hardy-Littlewood maximal operator). For every f € LẸ .(G) 
we define the Hardy-Littlewood maximal operator .Z by 


M f(x) := sup If(y)|dy, (10.29) 


r>0 |B(z,r)| B(x,r) 
where |B(z,r)| denotes the Haar measure of the quasi-ball B(x,r). 
Using the definition (10.26) of local Morrey spaces one can readily obtain the 
following estimate: 


Lemma 10.3.8. For any 1 < pə < pı and Ui <pi< oon we have 


|Ka,yl| roni (G) € [Kal 1-71 (6) = lol ros (6)- (10.30) 


We now prove the boundedness of the Hardy—Littlewood maximal operator 
on generalized local Morrey spaces. 


Theorem 10.3.9 (Hardy—Littlewood maximal operator on generalized local Morrey 
spaces). Let 1 < p < oo. Then there exists some Cp > 0 such that for all f € 
LM?:?(G) we have 

| flr (e) € Coll ln» (10.31) 
Remark 10.3.10. In the Euclidean space R” this was shown by Nakai in [Nak94]. 
On stratified groups (or homogeneous Carnot groups) it was shown in [GAM13, 
Corollary 3.2]. For general homogeneous groups this and other results of this sec- 
tion were shown in [RSY18c]. 


Proof of Theorem 10.3.9. From the definition of the norm of the generalized local 
Morrey space (10.27) it follows that 


1/p 
(/ feras s olr)? [fll ume): (10.32) 
B(0,r) 


for all r > 0. 
On the other hand, using Corollary 2.5 (b) from Folland and Stein [FS82] we 
have the general property of the maximal function 


1/p 1/p 
| | v foras) <C, | | | foras) , (10.33) 
B(0,r) B(0,r) 


Combining (10.32) and (10.33) we arrive at 


1/p 
1 1 
o(r) (> is nites) EMEN 


for all r > 0. But this is exactly (10.31). 
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10.3.3 Bessel—Riesz operators in Morrey spaces 


In this section, we show the boundedness of the Bessel-Riesz operators on the gen- 
eralized local Morrey space from Definition 10.3.6. In the Abelian case G = (R^, +) 
and Q = n with the standard Euclidean distance |v| g = y£} + 1$ 9-:-- 4 z2 the 
results of this section have been obtained in [IGE16]. The exposition of this section 
follows the results obtained in [RSY18c]. 


Theorem 10.3.11 (Boundedness of Bessel-Riesz operators on Morrey spaces, I). 
Let G be a homogeneous group of homogeneous dimension Q with a homogeneous 
quasi-norm |- |. Let y > 0 and 0 < a < Q. Let B < —o, 1 < p < œ, and 
uc < pı < Hu Assume that 0 < ¢(r) < Cr? for allr > 0. Then for all 


f € LMP(G) we have 


Ios fleo (e) S Colas ros conl f llaman ce) (10.34) 


where q = —— and y(r) = (e(r) P/a. 


Proof of Theorem 10.3.11. For every f € LMP?(G), let us write Ia f(x) in the 
form 
Ion f (£) = T(x) + (£), 
where 
T —lja-Q 
uu f, By 
B(s,g (1+ leyt) 
and 
T —1|a—-Q 
h(a) =| |y "| IPM 
Be(a,R) (1+ leyt) 


for some R > 0. 
By using the dyadic decomposition for Jı we obtain 


f Ixy ™ eI) 

! J2kR«|sy-iezeeiR (1+ doy 1|)? 
| 

Z (1+ 2F RY Jarsoy R 


—1 


€ CA fo) V. 


k=—0o 


-1 
Hh (x)] < 

k= — 

—1 


dy 


If (u)|dy 


(2* Rje-Q*Q/n (2k gp)Q/vi 
(14 2 R)» 


From this using Hólder's inequality for T + or = 1 we get 
1 


-1 (gk Ry(a—Q)+Q\ IP f ci D 
noi season ( Y. ML P») | 


k=— k-—-—oo 
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Since 
= 1/ 1/ 
3 (2k g)(o- Qm «QV P EIS: (2k R)(o- Qm «QV ^ 
ui (1+ 25 R)m E — (1 4- 25 R)”: (10.35) 


~ UKasllro: (e; 
we arrive at 


Ih ()] € Claro ey 4 f(e) RE. (10.36) 
For the second term Jz, by using Hólder's inequality for a Z = 1 we obtain that 


Qh A 
hlæ) x» =—— F(y)|dy 
| 2( )l — (1+ 25 R)Y ong sien ( I 


E a 
a—-Q p! p 
< ae EE L dy I lf (y)|* dy 
£— (1 2^ Ry! VJornalsy-1|ca eR 2k R|zy- 1| c2 R 


(2*Rjs-9 


21g de 7d 2 
1 
= da(y f f(y)? 
TT FR -( "EL wr) | MENTO s) 
(OR us i ; [ P 
< ON` c (arg) f(y)dy| . 
me (L2 Ry —À w) 


This implies that 


a (2° RAR ee 
H»(x)| < Cll fln. (e is 


MU ak Ry(2* pyQ/n 
Y egy $0 0 


Since ó(r) < Cr? by assumption, we can estimate 


e (9v Ae Q+Q/p1 
H»(z)] < CIF zme s 


k py) 84-Q/p| 
— —— —(2" R 1, 
= (1+ 2*R)? ) 


Applying Hólder's inequality again we get 


oo 


l/pi / oo 1/pi 
(ae Rye —Q)pit+Q ; 
| I(x) < C] fll LMt) » Aue OR): es . 


[ape and B < —a we have Bpi +Q < 0. By Theorem 
10.3.2, we also have 


oo 1/ 1/ 
y (2* R)(e- Qe *Q pa 2 (2^ R)(e- Q)m+Q pi 
 (1-2*5Rym — = y ENZENEUTZCUHEN £v | Ko sl rox (6) 
k=0 


From the conditions pı < 2- 


k 
keZ b d 
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Using these, we arrive at 
[Z2(2)| € Cl Kalam cel f llam ecc R97:*9. (10.37) 
Combining estimates (10.36) and (10.37) we get 
Hass f(2)| < Cll Kayllz21(G) CAE F(a) RO + || fll rro og RO). 


Assuming that f is not identically 0 and that .Zf is finite everywhere, we can 
choose R > 0 such that RÊ = E T1 MN that is, 
IFI £ mp. (©) 
=ar 143r 
Hanf) < Cll Kaylor oll fll roo cy (Fa), 
for every x € G. Setting q = S. for any r > 0 we get 


1/q 


1/q 
(/ | Ino foras) « C| Kalle elf le eg, (/ | verras) 
sar r|«r 


Then we divide both sides by (ó(r))?/1r 9/4 to get 


/ / 
(fies Hantle) g 


sper A f (x) Pad 
w(r)r 9/a < CS szssasli flt. es (/ I< x z) 


LM?:$(G) (d(r))»/ar Q/a ? 
where y(r) = (¢(r))?/4. Now by taking the supremum over r > 0 we obtain that 


i= 
lay fl rre (G) z Wen a ey lA aey 


which gives (10.34) after applying estimate (10.31). 


Lemma 10.3.8 states, in particular, that the Bessel-Riesz kernel belongs to 
local Morrey spaces. This fact will be used in the following statement refining 
estimate (10.34) in Theorem 10.3.11. 


Theorem 10.3.12 (Boundedness of Bessel-Riesz operators on Morrey spaces, II). 
Let G be a homogeneous group of homogeneous dimension Q with a homogeneous 
quasi-norm |-|. Let y » 0,0 « o « Q and 1 « p « œ. Let B < —a, OPER 
p2 < pı < on and po > 1. Assume that 0 < ¢(r) < Cr? for all r > 0. Then for 
all f € LM”:(G) we have 


los flne < Coo, QlKasll r2 (6) If ll pvo (e); (10.38) 


where q — ui and w(r) = (o(r))?/4. 
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Indeed, this refines Theorem 10.3.11 since by Lemma 10.3.8 we can estimate 


[oss fll rre (o) < Clo sl poor «ell £l raro. (c) 
< C|Ka d roi ell fluo e)- 


Proof of Theorem 10.3.12. Similarly to the proof of Theorem 10.3.11 we write 
Ian f(x) in the form 


Tuy f (x) = T(x) + h(a), 


u Izy [P7 9 f(y) , 
I(x) := = (L3 zy io Y 


|zy 1|*- 9 f (y) 
I = ——— ——— dy, 
iG) = (+ lay)? 


where 
and 


for some R > 0 to be chosen later. 
As before, we estimate the first term Jı by using the dyadic decomposition: 


c jay ! [27 9| (y) 
Ih(z) « V7 E 
2 i 


*Ra|zy-1|e2e:g (1+ |xy 1l)? 
—1 " 
(2ER) S J 
< m d 
< » (14-25 R)* —— 4 € y 
—1 


« CMf(z) > 


k——oo 


(2* R)e-9*Q/»: (Qk R)Q/P2 
(1+ 25 R)* i 


where 1 < pə < pı. From this using Hölder’s inequality for = + » = 1, we get 
=j 1/p2 =j 1/p3 
(2* R)(o-@)p2tQ he 
| (z)] € C f(x) (X + FRY PC R) : 


In view of (10.35) we have 


1/p2 
Ih (2)] € C24 f (2) | | kt ts) ROP: 


< Cl|Ka,ylle mer: (e) A f (n) RO, (10.39) 


<|2|<R 


Now for I5 by using Hólder's inequality for E + y = 1 we have 


oo (ÆR ài " Bi ; 1/p 
la(s) < V^ D (oe py ev i. IF(y)Pdy ) 
2. (1 + 2k R)y 25 R<|vy—1|<2kt+1R 
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that is, 


a x (J ay)” 
2R 2k RX|xy-!|c2**! R 
IIa (2)] € CI flr (e yo EUR ia AU NM 


= i FFR (2k R)Q/p2 
1/p2 
oo po iE (zy-!)dy) 
k k p\Q/p' ( 2k RE|ry-!|c2**1R "ey 
< Cl f|lnare.2(6) 5 (2 R)(2 R) E (2* R)Q/P2-Q/m , 


k=0 
where we have used the inequality 


1/p2 
(Soc) 
AFR ^ UFR (dana aR 


Since we have ó(r) < Cr? by assumption and since 


1/pa 
(eee er K? (xy-!)dy) 
|  QGFRRJE-QM 


(10.40) 


ES |Ka,yl| £ VEM (G) 


for every k = 0,1,2,..., we get 
IIo (2)| € Clas amo cell F llam ote) 9 (2° R)6* 9n. 
k=0 

Using that 8 + Q/p' < 0 we obtain 

Ia(z)| € Clo llamo eM f Maro ec ROTO. (10.41) 
Combining estimates (10.39) and (10.41) we get 

Hass f (2)] € ClIKa s oam oy AIR F0) RO + | fI oro sc) ROTO). 

Assuming that f is not identically 0 and that .Zf is finite everywhere, we can 
choose R > 0 such that RÊ = 7/6) —.. which yields 


25 IFI mp, $e) 


__@ 7 
[7A 1422, 
[Lay f (x)| < Cll Kap llnme271@)llfllaare6)(-4F(2)) m 


Now by using that q = a for every r > 0 we obtain 
1 


1/q 
| i Inflate) 
eer 


1/q 
< CIE armo e flea dc) (/ | aroas) . 
z|«r 
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Then we divide both sides by (¢(r))?/%r@/4 to get 


1/q 
(ge Han f(a) |"a0) 
TOR »" 
aa ater Æ F(a) Pax) 
< C||Ka.l la an 
= oy LMp2-71(G)IlJ Il me (G) (d(r)) P/4r Q/a i 


where y(r) = (ó(r)) ?/?. Taking the supremum over r > 0 and then using (10.31), 
we obtain the desired result 


dic 
|a f ze (e) < Cl nl aaron: cel FII e ll FIL ot 


€ Co glKosll r2 m (oyllfllrw»() 


proving (10.38). 


To refine and extend the obtained boundedness statements we first show 
that the Bessel-Riesz kernel Ka y belongs to the generalized local Morrey space 
LMP”? (G) for some p» > 1 and some function w. 


Lemma 10.3.13 (Bessel-Riesz kernel in generalized local Morrey space). Let G 
be a homogeneous group of homogeneous dimension Q. Let y > 0, p2 > 1 and 


Q- 2 <a « Q. Ifw: R* > R* satisfies w(r) > Cr°-®@ for allr > 0, then 


Ka, € LM? (G). 


Proof of Lemma 10.3.13. It is sufficient to evaluate the following integral around 
zero, and using polar decomposition from Proposition 1.2.10, we have 


a: (67 9)p2 
i KP? (x)dx =| —— —— da: 
rice: a leen (1 + Je]? 


< lgl n ro Q)p2 071g, < CwP2(R)R®. 
<r<R 


By dividing both sides of this inequality by wP?(R)R9 and taking poth-root, we 


obtain 7" 
aS 2, (a jax) 
w(R) Rs 


Then, we take the supremum over R > 0 to get 


1/p2 
eee C: z)dz) 
Ro e(R)RGI»: 


« Cp 


« oo, 


which implies that Ka, € LM” (G). 
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Theorem 10.3.14 (Boundedness of Bessel-Riesz operators on Morrey spaces, III). 
Let G be a homogeneous group of homogeneous dimension Q with a homogeneous 
quasi-norm |:|. Let0 <a « Q, y » 0 and1 « p « oo. Letw : R* +R? satisfy the 
doubling condition (10.28) and assume that 0 < w(r) € Cr-* for allr > 0, so that 
Kay € LM"**(G) for gs < po < gi; and pz > 1. Let 8 < —a < -Q- B 
and assume that 0 < ó(r) € Cr? for allr > 0. Then for all f € LM?:?(G) we 
have 


Io. f lruev(e) < Cpl Earl nmo2 (ll flm». (e); (10.42) 

where q = 31 5— and y(r) = ((r))/*. 
Proof of Theorem 10.3.14. As in the proof of Theorem 10.3.11, we write 

Tay f (x) = h(x) + I(x), 
where 

T —1|oa-Q 
h(a) =l lzy] LU y 
Blær) (1+ ley |)? 

and 


|xy 1|9-9 f (y) 
b= BY I TI UM di. 
iG) Doom (L3 agir A 


for some R > 0 to be chosen later. 
First, we estimate J, by using the dyadic decomposition 


- —1|o—-Q 
neis Y. f by" DL, 
k=—oo 2^ RE|zy 1| 2*1 R (1+ |zy !|)* 
—1 ; 
(2*Rje-9 | 
D (14-2*R) f(v)|dy 
wo, E 2 Ry "E (y)| 
=f ; 
9k pyo- Q*-Q/v2 (9k R\Q/P2 
«CA f() Y ERE en 


(14 2 R)» 


k——oo 


From this using Hólder's inequality for = + A = 1 we get 
2 


= k (a—Q)p2+Q 1/p2 =i 1/p2 
nols cara ( 5 i (X ea) | 


k=— k=—00 


By (10.35) we have 


1/pe2 
VIOES f(a) ( f kt ts) geh 


€ C| Kal rm (ey I f (z)w(R)R®, 


«|z|« R 
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and using that w(r) < Cr-* by assumption, we arrive at 
| (z)| € Cl Ko,qllame2(G) Af (0) R9. (10.43) 
Now let us estimate the second term J as follows 


(2 R)e-9 


boly | 
Mata £— (LF 25RyY Joe <|oy-1]<2k+1R 


If(w)ldy 


oo 


kpa-Q , 1/p 
sc), itd | ] fias) 


1/p2 
(1 E TIL Eo ' 


k RE|zxy-1|«2**1R 


< CIF rw» 
jm 


1/p2 
where we have used that qt) ~ (2* R)9/?*, Using (10.40) 
we obtain 


ES 
oo 


Y EHE M (25 ge ME Rh eu: ctir KE uou dy) x 


I5(z)| € Cll fl nu. (c (FRR (2k R)@/p2 


k=0 


Taking into account that ¢(r) < Cr? and w(r) < Cr-^? for all r > 0 we have 


1 


(eee. KR (zy-!)dy) E 


k p\Q-a+8 
|I2(x)| < CII FIlm 52 R) w(2* R)(2* R)Q/P2 


k=0 
Since we have 
1/pa 
Cee re KR (zy-!)dy) & || Kool 
SER OFR)OT RS Melam 
for every k = 0,1,2,..., it follows that 
|L2(a)| € Cla orm ce f lloro te) 9 (2^ R)8 ^*^. 
k=0 
Since Q — a + B < 0, it implies that 
Io(a)| € Cla s ramo e f ll oam c) R97 77^. (10.44) 
Combining estimates (10.43) and (10.44) we get 


Hos f (2)| < Cll Ka,yl| rama qe) ( A F(x) R? ^ + LL fll arme) R7 ^*^). 
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Assuming that f is not identically 0 ‘an that í f is finite everywhere, we can 
B — f i 
choose R > 0 such that R = wie that is 


orf (a)| € Cla slam nl Meat (F(a) (79/5. 


Since q = for all r > 0 we get 


Bp 
B+Q—a? 


1/q 
(/ In-Stat) 
|x|«r is 
€ C| Kall rp2 (6 JM flle n verras) l 
z|«r 


Then we divide both sides by (ó(r))?/*r 9/4 to get 


1 
(fies s f Gd) 
EE UOTE 
1/q 


(eter fe) Paz) 


1 
€ Cll Kay||tue24(G pee G) — (nara 


where y(r) = (o(r))?/?. Finally, taking the supremum over r > 0 and using 
(10.31), we obtain the desired result 


1— 
lass Flare e) € CllKa arro enl Flare oe) Meaty. o (ey 


s Cy,4,Q\| Ka. LM?P2” (G) Il fl LMP? (G) 


which gives (10.42). 


Remark 10.3.15. We can make the following comparison between the obtained 
estimates, similarly to the Euclidean case [IGE16, Section 3], namely, that also in 
the case of general homogeneous groups, Theorem 10.3.14 gives the best estimate 
among the three. Indeed, if we take 


w(R) := (1 + RE/%) R-@/P1 
for some qı > pı, then 
I. Ka, sl r2 (6) < || Kayl L Mr221(6)- 
By Theorem 10.3.14 and Lemma 10.3.8 we then obtain 


Heyf lemes < Cll Kanllemre lflms) 
< C||Kanll emer (llf Ilme) 
€ Cl|Ka,y|| rox (ll flr ()- 
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10.3.4 Generalized Bessel—Riesz operators 


In this section we investigate properties of some generalizations of Bessel—Riesz 
operators. 


Definition 10.3.16 (Generalized Bessel-Riesz operators). We define the generalized 
Bessel-Riesz operator Iz, by 


py) 
Iy.f(x i —— ———F— f(y)dy, 10.45 
psy ( ) G (1 + |zy-1|)* ( ) ( ) 
where y > 0, p : R* — R*, p satisfies the doubling condition (10.28) and the 
condition 
* t) 
0 
We denote its kernel by 
_ 7p) — E02 
51 7 T 


We recover the usual Bessel-Riesz kernels from Definition 10.3.1 by taking 
p(t) = t*-9 for 0 < a < Q, in which case we have 


|^? 


Kz,(z)-— Ka,7(2) = acd 


Theorem 10.3.17 (Boundedness of generalized Bessel-Riesz operators on Morrey 
spaces). Let G be a homogeneous group of homogeneous dimension Q with a ho- 
mogeneous quasi-norm |- |. Let y > 0. Let p and à satisfy the doubling condition 
(10.28). Assume that ¢ is surjective and for some 1 < p < q < co satisfies 


| (OP a < Ci (¢(r))?, (10.47) 
and 
"_plt) © plt)o(t) pia 
«nf ond I on dt € Co(d(r))?/4, (10.48) 


for allr 2 0. Then we have 
Iz. f lp rao (gy S Cral Flle meea). (10.49) 
Proof of Theorem 10.3.17. For every R > 0, let us write Iz f(x) in the form 
Tr f (2) = Ni p(@) + Lala), 


where 


E Brut) 
hate m f, refer ipo O 
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and 


"m Bl"! 
t= fo Crp Ow 


For J 5(x), we have 


Puzy |) 
I sf d 
| Wat yl<R ae ooo FY) | y 

Pleyt) 

15 0 (y) dy 
D |ry 1| 
ply |) 
= m |f (y)|dy. 
© a |zy- 1? Tey ip FI 


k=— 


In view of (10.28) we can estimate 


p(2* R) 
d 
Ihale) < C = Wu ZEN y 
—1 25 
p(2* R) 
seMfG) P, R T 


QTR 
<OMf(x pU. 2 MU dt 


R ~ 
= CM f(z) n -2 Oat 


where we have used the fact that 


2^tigp ~ k 9k 
f pt) >c PPR) ox -R>O ^ L 
2k R p-o QIRI TET (2ER) 


Now, using (10.48) we obtain 
[Lg(a)| < CM f (£) (6(R))(- 9/2. 


For I2 g(x) can estimate 


" Bru!) 
CES MN ESSET 


Py 1l) 
d 
Ju 1>R Ta t Fo)! ý 


oo —1 

Ty 
5 i eu - Py Dry )|dy. 
io 4 2 RX|xy- 1| 251 R Jay" 
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(10.50) 


(10.51) 


434 Chapter 10. Function Spaces on Homogeneous Groups 
Applying (10.28), we get 


— p(2* R) 
pi <C |f (y) |dy. 
aple 2 RY (2^ R)Y |zxy-1|«2**1 R 


From this using the Holder inequality, we obtain 


ZR) 1—1/p 1/p 
Inala) € C "S dy / |fG)ldy 
apes > EE (RV (Jay-R |ry7t|<21+1 R 
1/p 
<6 J KOL 
Ne mm y= — 2s( |zy-!|c2*H R 


(2**! R)ġ (gem 
< Cll fln» X — 


oo gktlp ~ 
p(t)d(t 
<Cllf ien f. AO dt 
k-o72^R 


- OM Maso [ POE) 


t7-Q+1 
where we have used the fact that 


aktlR ~ ~fok+1 k+1 ~fok+1 k+1 
p(t)o(t) p(2*** R)p(2*** R) p(2*** R)o(2^*1 R) 
f tY-Q41 dt> C (21 R) Q+ 2R > CERO 


ER 


Now, using (10.48) we obtain 


|B.z(2)| < Cll fllu) (600) "/*. (10.52) 
Combining estimates (10.51) and (10.52) we get 


Hz. f(x) < CM fX) (00R)) 979^ + [fll ms (G(R) 9). 


Assuming that f is not identically 0 and that 7 f is finite everywhere and then 
using the fact that $ is surjective, we can choose R > 0 such that 


&(R) = M F(a) V fllius: 
Thus, for every z € G, we have 
Us f GE < CM FG) LII y 
It follows that 


1/q 1/q T 
(/ ira) <C (/ Lara) IFI reo ey: 
B(0,r) B(0,r) 
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Now dividing both sides by (ó(r))"/*r 9/4 we get 


1/q 
1 1 " 
on (> f, MIS 


1/q 
1 1 ICA 
Seg (i fu, ror) ana, 


Taking the supremum over r > 0 and using the boundedness of the maximal 
operator ./ on LMP'?(G) from (10.31), we obtain 


lleno) S Consol luno. 
This gives (10.49). 


10.3.5 Olsen type inequalities for Bessel-Riesz operator 


In this section, we show the Olsen type inequalities for the generalized Bessel- 
Riesz operator lj. Another type of this inequality will be shown in Theorem 
10.3.22. 


Theorem 10.3.18 (Olsen type inequalities for generalized Bessel-Riesz operators). 
Let G be a homogeneous group of homogeneous dimension Q with a homogeneous 
quasi-norm |- |. Let y > 0. Let p and @ satisfy the doubling condition (10.28). 
Assume that à is surjective and satisfies (10.47) and (10.48). Then we have 


|W I5. f || ram. (a) < C»,o,QllW lt yos enr COLERE COE (10.53) 


provided that 1 < p < pa < oo and W € LM?" (G). 


Proof of Theorem 10.3.18. By using Hólder's inequality, we have 


7J, 
— W (a)15 -, f ()|? dx 
sg fo VOC) 


1 p/p2 1 (p2—p)/p2 
c(a wora) (Sf usos 
(> = re B(0,r) ai 


Now let us take the pth roots and then divide both sides by ¢(r), so that 


1/p 
1 1 Pdr 
ar) (5 f... eels | 
1/pa 
1 1 P2dr 
BEC (> = nu | 


1 1 (p2—p)/pp2 
ees Ds L T , 
“Oy s Jas Prot a) 
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By taking the supremum over r > 0 and using the inequality (10.49), we get 


|W I. fl rv c) s C»,o.QllW ll ypp.0?/P2 (earl pp. "m 


L?2- (G) 


Taking into account that 1 < p< uum < oo and putting q = 
obtain (10.53). 


n (10.49), we 


Pe 


10.3.6 Fractional integral operators in Morrey spaces 


In this section we extend the previous results to more general fractional inte- 
gral operators, in particular establishing their boundedness and the Olsen type 
inequality on generalized Morrey spaces on homogeneous groups. 


Definition 10.3.19 (Generalized fractional integral operator). We define the gen- 
eralized fractional integral operator T, by 


T fa) = [ 83:7 raya, (10.54) 


where p : R* — R* satisfies the doubling condition (10.28) and the condition 


[ BID tae (10.55) 
0 t 


As in the standard Euclidean case, taking p(t) = t* with 0 < a < Q, we have 
the classical Riesz transform 


1 


P lay ipa 7 (dy 


Theorem 10.3.20 (Fractional integral operators on Morrey spaces). Let G be a 
homogeneous group of homogeneous dimension Q with a homogeneous quasi-norm 
|-|. Let p and $ satisfy the doubling condition (10.28). Assume that ġ is surjective 
and for some 1 « p « q « oo satisfies the inequalities 


[ HY t € Ca(6(r))?, (10.56) 


and 


o(r) [Paf PIRE a < C2(o(r))?/4, (10.57) 


r 


for allr > 0. Then we have 


[Tof] p nga o n/a (G) s Cp.a.o.9ll fl eMe) (10.58) 
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Proof of Theorem 10.3.20. For every R > 0, let us write T, f(x) in the form 
T, f(x) = Ti(@) + T(x), 


where 


= alley 7l) 
Tı (£) := ls (lx tot way 


- alley") 
noy f, c Gea paf 


and 


For Ti(x), we have 


mols f EU Erle 


zy-i1|«R lay 
—1 


plc l) 
= d . 
P» epee —ÀÁ |zy- 1|9 Toye V G0 
By view of (10.28) we can estimate 


Im ise Y d v ye | KOL 
Wi 


zy i|c«2*t!R 


k——oo 
e 92km (t) 
«cate Y, f PW) ay 
k=—0o 2*R 
R 
t 
= catio) f| PC) 
0 t 
Here we have used the fact that 
akti R p(t) 2kt+1R 
i : ud > con) | , zdt = Cp(2* R) In 2. (10.59) 
2k 2k 
Now, using (10.57), we obtain 
|Ti(x)| € CA FAR) e. (10.60) 


For T»(x) we estimate it as 


POETE E 


- i EU ro). 
k= 


k RX|ry-!| x21 R lay 
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Applying (10.28) we get 
T: <C ———— dy. 
| »(x)| ES 2* R)Q ley 11e2R FAC y 


From this using Hólder's inequality we obtain 


o -1/i / 
In) « cy £279 f a J edly) 
mu = (25 R)@ jcy-1|<2k+1R |jxy-1|<2k+1R 


0 
oo 1/p 
cos LER) i 
< 2. ROm Janan tO y 


€ CII fruc) 5 p(2*** R)b(2**" R) 


k=0 

oo p2kt1R 

t)olt 

E Ss [T7 

k=0 72^ R 

^? p(t)o(t 
-C|f ue f a 

R 


where we have used the fact that 


RFLP 2k+1R 
t 
7 paye y > Cp(2**! R)o(2**! R) J Iq 
2kR t 2kR t 
= Cp(2F*! R)o(2**! R) In2. 

Now, in view of (10.57) we obtain 

|T2(x)| < Clfllzao qe (6(R)) ^7. (10.61) 
Combining estimates (10.60) and (10.61) we get 

[T^f ()| < C(A f (2) (602) 979^ + || flle me) (6(R)) 9). 


Assuming that f is not identically 0 and that .Z f is finite everywhere and then 
using the fact that $ is surjective, we can choose R > 0 such that 


$(R) = AK f() - Mlle qe: 


Thus, for every z € G we have 


ITF) € CA FG) FII ugs y 
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It follows that 


1/q 1/q I 
(I. mr) Ed CL. eror) ieee 


Dividing both sides by (¢(r))?/4r 9/? we obtain 


1/q 
1 1 ü 
(d(r))»/« (> I. IT f (x)| 


1/q 
1 1 = 
cea (= f a") llle: 


Taking the supremum over r > 0 and using the boundedness of the maximal 
operator .@ on LM?:?(G) shown in (10.31), we obtain 


Parliam S Cons eM lare ece- 


This gives (10.58). 


10.3.7 Olsen type inequalities for fractional integral operators 

We now show Olsen type inequalities for the generalized fractional integral op- 
erator T, and the Bessel-Riesz operator Ia. This continues the analysis from 
Section 10.3.5. 


Theorem 10.3.21 (Olsen type inequalities for fractional integral operators). Let G 
be a homogeneous group of homogeneous dimension Q with a homogeneous quasi- 
norm |-|. Let p and @ satisfy the doubling condition (10.28). Assume that d is 
surjective and satisfies (10.56) and (10.57). Then we have 


IW T, flare (e) < Co. gllW]l ; ros arva (c lla e): (10.62) 
provided that 1 < p < p» < œ and W € LM?» (G). 


Proof of Theorem 10.3.21. By using Hólder's inequality, we have 


B(0,r) 


1 (p2—p)/p2 
Dp2 

= IT, f (2)| 2-5 da 

(3 = í 
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Now let us take the pth roots and then divide both sides by $(r) to obtain 


1/p 
it 1 ü 
PI (> fron YORO ae) 
1/p2 
1 1 P dg 
< Gym (> f o ora ) 


1 1 (p2—p)/pp2 
a (>) fear) 
(6(r)) » XT" JB, 


By taking the supremum over r > 0 and using the inequality (10.58) we get 


IW T, fll rv.e (c) < C»,o,QlIW |l, Voi enr CLEA m Pom 


P2 
LP2-P’ (G) 


Taking into account that 1 < p < 25 < œ and putting q = s in (10.58) 
we obtain (10.62). 


Theorem 10.3.22 (Olsen type inequalities for Bessel-Riesz operators). Let G be a 
homogeneous group of homogeneous dimension Q with a homogeneous quasi-norm 
|- |. Det 1 « p « oo, 0 « oa « Q and y » 0. Let w : R* > R* satisfy the 
doubling condition and assume that 0 < w(r) € Cr-? for every r > 0, so that 
Koy € LM??»"(G) for Dii < po < oa and po > 1, where q = at. 
Assume that 0 < (r) < Cr? for allr > 0, where 8 < —a < —Q — B. Then we 
have 


|W Lay fl rav. (c) < Cp,o,QllW lt yia inr «ell laum qe; (10.63) 


provided that W € L Mr"? (G), where + = 


i-i 
p2 p q’ 


Proof of Theorem 10.3.22. As in Theorem 10.3.21, by using Hölder’s inequality 
for atte 2: we have 


rQ: IW Ces s f (£)? dx 


1 p/p2 1 p/qd 
<(3f/ wora) (5f fore). 
(= I. re B(0,r) i 
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Now we take the pth roots and then divide both sides by ó(r) to get 


1 (1 a 
$0) (> Jon o eue 
1 1 p2 x£ 
Ss (za hio Or 


1/q 
1 1 
CO) a (> = Ha, fois 


By taking the supremum over r > 0 we have 


1/p2 


|W Z^ fll EM-t) < CWI, Vs oor œl Herf ll zarara (G)' 


Putting y(r) = (ó(r)) /? and using Theorem 10.3.14 we obtain (10.63). 


10.3.8 Summary of results 


Let us now briefly summarize and collect the main results shown in this section, 
for a clearer overview of the statements. 


Corollary 10.3.23. Let G be a homogeneous group of homogeneous dimension Q 
with a homogeneous quasi-norm |- |. Then we have the following properties: 
1. Let Ka 4 (x) :— — If0<a<Q andy > 0, then Kay € L” (G) for 


gi << oe and 


(2k Rye- Qni QV ^ 
(1 + RP 


[Kallt (6) ~ (Y: 
kez 
for any R> 0. 
2. For any f € LM”-*(G) and 1 < p < oo, we have 


[4 flrme) < Cpllfllzase.oe); 


where generalized local Morrey space LM?:?(G) and the Hardy-Littlewood 
maximal operator M are defined in (10.27) and (10.29), respectively. 

3. Let In,y be a Bessel-Riesz operator om a homogeneous group defined in 
(10.24). Let y > 0 and 0 <a < Q. If 0 < (r) € Cr? for every r > 0, 
B « —a, 1 «€ p «€ oo, and <pi< ETT then for all f € LM?-?(G) 
we have 


Q 
Q-vy-a 


Ios flne vt) < Croll Ealla. 


where q = apt and (r) = (o(r))?/4. 
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. Lety>0,1<p<oand0<a<@Q. If 0 < ó(r) € Cr? for all r > 0, 


B«-a 


< p2 < pı < s and p» > 1, then for all f € LM?:?(G) 
we have 


Qro 
> Qc vy-o 


|o. flare (e) € Cr.o. glos rao2 0 (ell Fl rano (e): 


where q = gis and y(r) = (9(7))"/*. 


. Let 1 « p « oc. Let w : R^ — R* satisfy the doubling condition and assume 


that 0 < w(r) € Cr~® for allr > 0, so that Ka,y € LM??*(G) for o> < 
po < Uu and pz > 1, where 0 < a < Q and y » 0. If 0 < ó(r) € Cr? for 
allr » 0, where 8 < —a < —Q — B, then for all f € LM?:?(G) we have 


Io. flr ue v(e) < Cp ogl Karlle mell fln. (c); 


where q — —E and (r) = (é(r))?/«. 


. Let Ip,» be the generalized Bessel-Riesz operator defined in (10.45). Let y 0 


and let p and $ satisfy the doubling condition (10.28). Let 1 < p < q < oo. 
Assume that @ is surjective and satisfies 


[ Pa awo., 


tY-Qi ty- Q1 


é(r) ra ont [ DES C» (ó(r))"/*, 


for allr 2 0. Then we have 


|o fll p nro n! (c) S Cy,a.¢.Qll fll w»9()- 


. Let p and @ satisfy the doubling condition (10.28). Let y > 0 and assume 


that ó is surjective and satisfies (10.47) and (10.48). Then we have 


[WI f| LMG) < Cp,.o. QW | p npro.0?/P2 CLAIRE l «p < p2 < oo, 


provided that W € LM» (G). 


. Let T, be the generalized fractional integral operator defined in (10.54). Let 


p and @ satisfy the doubling condition (10.28). Let 1 < p < q < oo. Assume 
that $ is surjective and satisfies 


[ Pa < comp. 


oe) f ac [^ ROED a < coton 
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for allr > 0. Then we have 
[Tof] para. na (G) = Cp.a.o.Qll fll ru». (ey- 


9. Let p and à satisfy the doubling condition (10.28). Assume that $ is surjective 
and satisfies (10.56) and (10.57). Then we have 


WT, flrme) < Coo. 9lW , yppo.02/P2 COLERE 1< p< p2 < œ, 


provided that W € LMP”? (G). 


10. Letw:R* — R* satisfy the doubling condition and assume that 0 < w(r) < 


Cr * for allr > 0, so that Kay € LM??“(G) for o < po < Pu 
and p; > 1, where 0 <a < Q, 1< p< oo, q — gi and y > 0. If 


0 < ó(r) < Cr? for allr » 0, where B < —a < —Q — B, then we have 


IW Zo,» fll rm. (a) < Cp.eQllW |l, yos enr COLERE 


provided that W € LM?2:9"? (G), where m = I — 2 


11. Let the generalized local Campanato space LMP” (G) and operator T be 
defined in (10.67) and (10.70), respectively. Let p satisfy (10.55), (10.28), 
(10.68), (10.69), and let ¢ satisfy the doubling condition (10.28) and 


v €(9 dt < oo. If 
/ 29g | LUPE / OOO dt < Cy(r) for all r > 0, 


then we have 


ITo f lle (e) < Crell fleme 1< p< oo. 


10.4 Besov type space: 
Gagliardo-Nirenberg inequalities 
Now we discuss a family of Gagliardo-Nirenberg type inequalities on homogeneous 


groups. The formulation is based on the Besov type space B*(IR x o), which we 
define as the space of all tempered distributions f on R x g with the norm 


2 
IIgll pe qux) = sup(t ^^ | Fe“ F^ flexo) < oo. (10.64) 


where the operators F and A are defined in Section 1.3.4, and g is the quasi-sphere 
from the polar decomposition in Proposition 1.2.10. 
Now we state the Gagliardo-Nirenberg type inequalities: 
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Theorem 10.4.1 (Gagliardo—Nirenberg type inequalities with Besov norms). Let G 
be a homogeneous group of homogeneous dimension Q. Let 1 < p< q < oo. Then 
there exists a positive constant C = C(p,q) > 0 such that we have 


= 
Flatter C RAM P cen (10.65) 


for all f € B?/(»-9 (R x o) such that Rf € L?(R x p). 
The following one-dimensional result will be useful for the proof: 


Theorem 10.4.2 ([Led03, Theorem 1]). Let 1 € p < q < oo. Then for every 
function f € LA (R") there exists a positive constant C = C(p,q,n) > 0 such that 


Ifl < CIVI Ie (10.66) 


where 


fae teca i 


1 
a n) i= port Lm 
Illes, ca) = sp [C ros f 


>0, zcR" 


Proof of Theorem 10.4.1. Using Theorem 10.4.2 with n = 1 and Theorem 1.3.5, 
we obtain 


af(r,y)|? 


T 


dr 


Í f(r, y) [dr < c 
R R 


/49 f(s, y)ds 


q—p 
x| sup t?/Q(«-») a ) 
( s. v Amt 


q—p 
E ej IRF (r, y)|Pdr ( sup t9/ (ap) rtp 
R t>0,reR 


q-p 
< ej IR (r,y)|Pdr (sup pp/(2(q-P)) |re* rty| ) 
i t>0 ia 
-c f IR (rs 9) Parl N eae 


for any y € p, in view of (10.64). One obtains (10.65) after integrating the above 
inequality with respect to y over g. 
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10.5 Generalized Campanato spaces 


In this section we show the boundedness of the extended version of fractional 
integral operators in Campanato spaces on homogeneous groups. 

As before, throughout this section G is a homogeneous group of homogeneous 
dimension Q with a homogeneous quasi-norm |: |. 


Definition 10.5.1 (Generalized local Campanato spaces). Assume that the function 
e(r) 
T 


is nonincreasing. Denote 


1 
fe = fso) :— 2 adv, 


where B(0,r) := (x € G : |z| < r}. We define the generalized local Campanato 
space by 
£M"*(G) := (f € EPG) : llle o) < 0}; (10.67) 


loc 


where 


1/p 
1 1 
lf lem (ey = Sup dr) (> UNE |f (x) — falaz) . 


Sometimes these spaces are called central Camponato spaces in the literature. 


Definition 10.5.2 (Modified generalized fractional integral operators). Let p : R* > 
Rt satisfy (10.55), (10.28) and the following conditions: 


f € 26) Gavan S (10.68) 
7 T. 
lor p(r)  p(s) p(s) 


We define the modified version of the generalized fractional integral operator T, by 


Tf (x) x (ee B p(ly|) — enm) Kod. (10.70) 


|xy-!|* ly|? 
where (0,1) is the characteristic function of B(0, 1). 


For instance, the function p(r) = r* satisfies (10.55), (10.28) and (10.69) for 
0 «€ a « Q, and also satisfies (10.68) for 0 < o < 1. 


Theorem 10.5.3 (Fractional integral operators on Camponato spaces). Let G be a 
homogeneous group of homogeneous dimension Q with a homogeneous quasi-norm 
|-|. Let p satisfy (10.55), (10.28), (10.68), (10.69), and let ọ satisfy the doubling 
condition (10.28) and fP $0 q « oo. If 

p(t) p(t)o(t) 


f a f Pater [ ay dt €OCsb(r) for allr» 0, (10.71) 
T 0 T 
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then we have 
Zo f lleva (G) < Cy.e.Ql flle: (e); l<p<o. (10.72) 


Proof of Theorem 10.5.3. For every x € B(0,r) and f € LM?:*(G), let us write 
T5f in the form 


Tf (x) = Ta 0,r)(2) er CB(o,r) ME C$ o,:) 
= Thor) (£) + Thor) (x)  Cb(o;) + Cho, 


where 
T py D a i= ,2r 
— ^ aux ^ edF NUM 
zy | 1— , 
BOr)? = | tso, 2r) (£ D LÀ dy, 


T =i 
bert. , 00 ooa ERE ay 


, d 
T$ sy (©) =f s Oea) (t) n DY ay, 


Since 
wwe —XB(o2r(V)) Plu) — xBo,y(y)) | 


|y|? |y|? 
2 0, |y| < min(1, 2r) or |y| > max(1, 2r); 
E —- — const, otherwise, 


we have that Cl is finite. 


B(0,r) 
Now let us show that Cho rj is finite. For this it is enough to prove that the 
following integral is finite: 


! (eu — Pu. — xa 2) di 


|zy-1|@ |y|2 
—1 
=j (ae D ^0) a. Zu 
c \ Izy | ly| B(0,1) [yl 


Gg LER e) 


For large R > 0, we write A in the form 
A = A4 + A» + As, 


~ 


Let us denote 
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T —1 
A= | plev- Da- f Pu ay, 
B(z,R) |y 1| B(0,R) [yl 


f ey Pay- f p(lyl) , 
B(x,R+r)\B(x,R) |zy—1|@ B(x,R+r)\ B(0,R) lyl@ 


—1 
A e (m D) - a 
5 Jean Tey? We” 


Since we have [5 “dt < +00, it follows that 


where 


A= 


Ty Tp e € Eo) 


and hence A, = 0. 
For Az, we have 


-1 
"y (ater D , aed a 
B(x,R+r)\B(«2,R-r) lay | [yl 
" 9. (R nPE pidu 
((R+r) (R—r)*) Ro = RO 
In view of conditions (10.28) and (10.68) we have that 
|Aa| < or) +0 as R-+ oc. 


y (10.69) we have 


orc f |All 
Be(a,R+r) |zy—1|@ ly|@ 


= ply) 
<C llzy™*]— lll d 
Be(z,R+r) [eyte 


p(xu- M) — pul) | d 


By using the triangle inequality from Proposition 1.2.4 and the symmetric property 
of homogeneous quasi-norms, we get 


A scia tlt ll ff fuos eer f PO. 
R+r Jo t R+r t 


The inequality (10.68) implies that the last integral is integrable and |A3| — 0 as 
R => +œ. 

Summarizing these properties of A1, A», A3 we have that A > 0 as R — +00, 
so that A = 0 and hence 


exu ^D — ellyl)A — xBe.)(y)) = PUD a uo 
he me ) y= NE. ile 7 <> 


which implies that Cho " is finite. 
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Now before estimating 110 sj let us denote 


feg- fB(0,2r))XB(0,2r) and o(r) = | 9€ y. 
Then we have 
" -1 
Tonos | oi Day 


y = 
B(0,2r) |zy-1|9 
0 


p(Ixv |), y 
7 dy. 
p». v— — [zy-1|9 "eg MU )ldy 
By using (10.28) and (10.59) we get 


IP sy (2) I (y)ldy 
peu |zy-!|«2*5t1r 
m 0 N 0 
€ CA F(x) M5 r) € CAL f(x) M, ptr) 
k——oo k——oo 


= t 
kia 2k lp 


0 Qk rp r 
« Cat fin) Y | PY) vL CMF (a) f Mi 


Now using (10.71) we have 


Fone) < om P 


Using (10.33) we have 


1 " 1/p 
Loy E p 
AT un pee) 2 < Ora anc 


By the Minkowski inequality, we have 


1 ~ 1 
Brae = 3rd fB(0,2r))XB(0,2r) lL» (G) 


C= 
<O- 


where o(f) = im fa(0,r): 


o(f JHusmos ||» (e) + (2r) Q/P| f b(o.ar) = o(f)]). 
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Moreover, we obtain the following inequalities exactly in the same way as in 
the standard Euclidean case (see [EN04, Section 6]): 


\| f = eC) proi (e) s CA llf lle Man); 
and 
[feor — 0€ (£)] € Call fleer (o) $(7)- 


Finally, using these inequalities we get the estimate for Tl B(0,r) 8 


I (2)| € Cll flee): (10.73) 
Now let us estimate ENT By (10.28) and (10.69) we have 
7 psy) — pllyl)| , 
onl sf MG) - f “le e 
a B*(0,2r) o2 Teyi ^ dy 
solo o rao di 


By using the triangle inequality from Pionaeitiut 1.2.4 and symmetric property 
of homogeneous quasi-norms we get 


T. = y 
Bol s clle eol f 00 — oan ay 
|y| 22r ly| 
- E eu. 
< Clz| |f (y) Ioan Eig y 
ee 
Plu) — Faron) 
= Cia i PNEU a 
» k-Ip<|y|<2kr |yje t: 


By using (10.28) and Holder’s inequality we obtain 


IT2 (o,r) € Is eel carr f. , | (y) — fB(o,2r)|dy 
y|«2*r 


55 1/p 
p(2*r) 1 f 
< — S — M" = p 
A C|x| > kp (2kr)@ lue |f (y) fB(0,2r)| dy t 


As in the Abelian case ([ENO4]) we have 


1 m gr A(s) 

E 
TAG = »)|^d < p, — ds, 
— Tone |f (y) — f5(o,27)] J < Cll flleme-+(c) a . ds 


for every k > 2. The inequality (10.59) implies that 


gkt1 gi 


ra Lr EU gs Ge): 
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By using the last two inequalities we get 


Ton € Clazlll flle june (e Y 6» f $9, 
k=2 2r 
oo gk+1, i 
Clellllesae O ( f Aa) a 
< allene fy, 2 n s: s t 
oo t 
oo oo t 
= Olr flesso f (/ eat) Oa. 


Using (10.68) and then (10.71), it implies that 


IT.) < Crise sc, f p(s)ó(s) 


2r s? 


ds € Cw(r)||f lex». (c)- 


Finally, it follows that 


1/p 
1 1 ~ 
do) (> Ja LT € Cll fl eve (o) (10.74) 


Combining estimates (10.73) and (10.74) we obtain (10.72). 
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Elements of Potential Theory 
on Stratified Groups 


In this chapter, we discuss elements of the potential theory and the theory of 
boundary layer operators in the setting of stratified groups. The main tools for this 
analysis are the fundamental solution for the sub-Laplacian and Green’s identities 
established in Section 1.4.4. 

From a different perspective than ours, comparable problems have been 
considered by Folland and Stein [FS74], Geller [Gel90], Jerison [Jer81], Romero 
[Rom91], Capogna, Garofalo and Nhieu [CGN08], Bonfiglioli, Lanconelli and Uguz- 
zoni [BLU07] and a number of other people. A general setting of degenerate elliptic 
operators was considered by Bony [Bon69]. However, it seems that the potential 
theory on stratified group based on the layer potentials is an ingredient missing in 
the literature, and here our presentation follows the development of such a theory 
in [RS17c] on general stratified groups and in [RS16c] on the Heisenberg group. 

Elements of the developed potential theory and the constructed layer poten- 
tials are then used in this chapter to discuss several applications. In particular, 
we describe new well-posed (i.e., solvable in the classical sense) boundary value 
problems in addition to using it in solving the known problems such as Dirichlet 
and Neumann problems for the sub-Laplacian. Furthermore, the developed po- 
tential theory is used to derive trace formulae for the Newton potential of the 
sub-Laplacian to piecewise smooth surfaces, and using these conditions to con- 
struct the analogue of Kac's boundary value problem in the setting of stratified 
groups which is related to Kac’s “principle of not feeling the boundary” for the 
sub-Laplacian. 

In this section G will be a stratified group of homogeneous dimension Q > 3. 
Since our analysis is based on the fundamental solution for the sub-Laplacian we 
will be restricting our discussion to the case of Q > 3. This is not restrictive since 
it effectively rules out only the spaces IR and R? where the fundamental solution 
assumes a different form and where most things presented in this chapter are 
already known. 
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11.1 Boundary value problems on stratified groups 


In this section, we show how Green’s identities established in Theorem 1.4.6 can 
be used to provide simple proofs for the well-posedness for a number of boundary 
value problems. In particular, we provide examples of different boundary condi- 
tions, such as Dirichlet, Neumann, Robin, mixed Dirichlet and Robin, or different 
types of conditions on different parts of the boundary. For simplicity we restrict 
the considerations in this section to zero boundary conditions only, otherwise these 
problems may become very delicate due to the presence of characteristic points, 
and we can refer to [DGNO06] for a thorough analysis in this direction, and to 
Remark 11.1.7 for some discussion. 

We also note that in the subsequently considered boundary value problems, 
we can assume without loss of generality (in the proofs) that functions are real- 
valued since otherwise we can always take real and imaginary parts which would 
then satisfy the same equations. 


In this section Q is always an admissible domain as given in Definition 1.4.4. 


The following result is known by other methods but given Green’s first for- 
mula in Theorem 1.4.6 its proof becomes elementary. 


Proposition 11.1.1 (Dirichlet boundary value problem for sub-Laplacian). Let Q 
be an admissible domain in a stratified group G. Then the Dirichlet boundary value 
problem 


Lu(r)—-0, EQ, (11.1) 
u(r)—0, x € OO, (11.2) 


has the unique trivial solution u = 0 in the class of functions C?(Q) N C! (Q1). 


Proof of Proposition 11.1.1. Setting v — u in (1.86), by (11.1) and (11.2) we get 


f Vuudv = / (Vuu + u£u) dv — | u(Vu, dv) =0. 
Q Q on 


Therefore 
Ni 
f 5 |Xzu| dv = 0, 
Q k=1 
that is, X,u = 0, k = 1,..., N,. Since any element of a Jacobian basis of G is 
represented by Lie brackets of ( X1,..., Xy, }, we obtain that u is a constant, so 


u = 0 on Q by (11.2). 


This result has the following simple extension to stationary Schrödinger op- 
erators: 
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Proposition 11.1.2 (Dirichlet boundary value problem for Schródinger operator). 
Let Q be an admissible domain in a stratified group G. Let q : Q — R be a non- 
negative bounded function: q € L®(Q) and q(x) > 0 for all x € Q. Then the 
Dirichlet boundary value problem for the Schródinger equation 


—£u(x) + q(zx)u(z) 20, EQ, (11.3) 
u(x)-—0, x € OQ, (11.4 


has the unique trivial solution u = 0 in the class of functions C?(Q) N C (Q). 


Proof of Proposition 11.1.2. Using Green's formula (1.86), from (11.3) and (11.4) 
we obtain 


[ to | (Sue uti) av— [ tutae 
= [to - | aouo) Par 


— I aly) u(y) Pav. 
O 


Therefore, we have 


Nı 
os f5 Xua =- f ath) <o, 
1 Q 


that is, we must have u = 0 because of (11.4). 


Similarly, we can treat von Neumann type boundary conditions. 


Proposition 11.1.3 (Neumann boundary value problem for sub-Laplacian). Let Q 
be an admissible domain in a stratified group G. Then the boundary value problem 


Lu(z)=0, rE NCG, (11.5) 
Ni 
Y Xju(X;, dv) =0 on OQ, (11.6) 
j=l 


has only constant solutions u = const in the class of functions C?(Q0) (| C1 (0). 


Remark 11.1.4. Note that von Neumann type boundary value problems for the 
sub-Laplacian have been known and studied, see, e.g., [DGN06]. However, Propo- 
sition 11.1.3 provides a new measure type condition for the von Neumann type 
boundary value problem. 
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Proof of Proposition 11.1.3. Set v = u in (1.86), then by (11.5) and (11.6) we get 


s Vuudv = f (Vuu + u£u) dv 


= Laat a dv) 


j=l 
=0. 
Therefore 
Ni 
f 5 |Xku|’ dv = 0, 
2 k=1 


that is, X,u=0, k = 1,...,Nı. Since all vector fields in g are represented by Lie 
brackets of {X1,..., Xn, }, we obtain that u is a constant. 


Similarly, the Robin type boundary conditions can be also considered. 


Proposition 11.1.5 (Robin boundary value problem for sub-Laplacian). Let Q be 
an admissible domain in a stratified group G. Let ay : OQ > R, k = 1,..., Nı, be 
bounded functions such that the measure 


X a;(Xj, dv) > 0 (11.7) 


is non-negative on OQ. Then the boundary value problem 


Lu(z) =0, rE NCG, (11.8) 
Ni 
X (aju + Xju)(X;, dv) =0 on OQ, (11.9) 
j=l 


has only constant solutions u = const in the class of functions C?(Q0) (| C1 (0). 


Moreover, if the integral of the measure (11.7) is positive, i.e., if 


Jp Eo dv) > 0, (11.10) 
0a. 


then the boundary value problem (11.8)-(11.9) has the unique trivial solution u = 0 
in the class of functions C?(Q)()C1(Q). 
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Proof of Proposition 11.1.5. Set v — u in (1.86), then by (11.8) and (11.9) we get 


] ww = f (Suu + ulu) dv 
Q Q 
= u(Vu, dv) 
OQ 
Ni 
= u X;u(X;,dv 
Dx 


j=l 
Ni 
=- | u? V aj(X;, dv). 
Bic Y 


This means that 


Ny Ni 
| Soxa =- f u? V^ a;(X;, dv). 
Q k=1 [2/9] j=l 


Therefore, we must have 


Ni Ni 
f X |Xxul?dv = 0 and | u? V aj(X;, dv) =0. 
9 k=1 90 jz 
As before the first equality implies that u is a constant and the first part of 
Proposition 11.1.5 is proved. 
On the other hand, by the assumption (11.10) the second equality implies 
that u = 0 on OQ, and this implies that u = 0 on 2. 


The problems where Dirichlet or Robin conditions are imposed on different 
parts of the boundary can be also considered: 
Proposition 11.1.6 (Dirichlet and Robin boundary value problem for sub-Lapla- 
cian). Let Q be an admissible domain in a stratified group G. Let aj : OQ > R, 
k= 1,..., Nı, be bounded functions such that the measure 
Ni 
Y a;(Xj,dv) > 0 (11.11) 
j=l 
is non-negative on OQ. Let 00, C AQ, 004 Æ (01 and 095 := OO\OQ,. Then the 
boundary value problem 


Lu(z) 20,re€0cG, (11.12) 
u=0 on ON, (11.13) 
Ni 
X (aju + Xju)(X;,dv) =0 on 005, (11.14) 
j=l 


has the unique trivial solution u = 0 in the class of functions C?(Q)()C1(Q). 
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Proposition 11.1.6 can be proved in the same way as Proposition 11.1.5. 


Remark 11.1.7 (More general boundary value problems). In principle, one is cer- 
tainly also interested in boundary value problems for non-zero boundary data or, 
more generally, for example in the Dirichlet case, for an admissible domain 2, in 


oe in Q, 


11.15 
u=@ on 0N. ( ) 


In the Euclidean case, when £ is the Laplacian, which is elliptic, the boundary 
value problem (11.15) has a classical solution in C?(Q)rnC! (Q) for reasonably good 
functions f,¢, for example, for f € C*^(Q) with a > 0, and ¢ € C(0Q). 

However, in general, this fact fails completely for the hypoelliptic boundary 
value problem (11.15). Thus, already on the Heisenberg group H”, even if the 
domain Q and the boundary datum ¢ are real analytic and f = 0, D. Jerison 
[Jer81] gave an example when the solution of the Dirichlet problem (11.15) is not 
better than Hólder continuous near a characteristic boundary point, that is, the 
solution is not classical. 

We recall that the characteristic set of Q (related to vector fields (.X1, ..., 
Xy, } giving the first stratum of a stratified group G) is the set 


[re 00: X,(x) E T, (OQ), k 2 1,..., Ni}, 


with T,(0€)) being the tangent space to Q at the point x. We refer to Section 
11.2 more discussions on characteristic points, and also to [CGNO08, Section 4] 
for an extensive discussion on boundary value problems and additional conditions 
allowing one to partially handle the appearing characteristic points. 

'The appearance of characteristic points is hard to avoid, see the next section. 


11.2 Layer potentials of the sub-Laplacian 


Let D C R^ be an open set with boundary 0D. Let D be a domain of class C}, 
that is, a domain such that for every zo € OD there exist a neighbourhood U;, of 
zo, and a function $4, € C1(U,,), with 


IVós| >a >0 
in Uzo, where V is the standard gradient in R^, such that 


DN Uzr, = iz € Uz, | bao (2) < 0j, 
ODN Uz, = (zx € Uz, | és, (r) = OF. 


A point ro € OD is called characteristic with respect to vector fields ( X1, ..., 
Xn, }, if for Uzo, dx, as above we have 


Xi Gao (zo) = 0, a X Ni Pro (xo) =0. 
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Usually, bounded domains have a non-empty collection of characteristic points. 
For instance, any bounded domain of class C! in the Heisenberg group H” with 
the boundary homeomorphic to the 2n-dimensional sphere S?”, has a non-empty 
characteristic set, see, e.g., [DGNO6]. 


11.2.1 Single layer potentials 


We start by defining single layer potentials for the sub-Laplacian and then analyse 
their basic properties. 


Definition 11.2.1 (Single layer potentials). Let the function &(y,x) = e(x,y) be 
the fundamental solution of the sub-Laplacian as in (1.89). We define single layer 
potentials for an admissible domain 2 as the functionals 


Syula) = f uleta) Xy d). iode (11.16) 
where (X;, dv) is the canonical pairing between vector fields and differential forms, 


and N4 is the dimension of the first stratum of G. 


Remark 11.2.2. In [Jer81] Jerison used the single layer potential defined by 


Syu(z) = f _ Gne, asy) 


However, it is not integrable over characteristic points of Q, see [Rom91] for 
examples. On the contrary, as we will show in Lemma 11.2.3, the single layer 
potentials (11.16) are integrable over the whole boundary OQ including the set of 
characteristic points. 


We recall from (1.89) that 
e(z, y) = [dua = dis P v, (11.17) 


with d being the £-gauge as in (1.75). 


Lemma 11.2.3 (Single layer potentials are well defined). Let ƏN be the boundary of 
an admissible domain Q in a stratified group G of homogeneous dimension Q > 3. 
Then 


f EEEn) 

oQ 

is a convergent integral for any x € G such that x d OO. 

Proof of Lemma 11.2.3. Let Bg := (y : d(x,y) < R} be a ball such that Q C Br. 


In view of (11.17) we can estimate 


f [d(æ, y)? 9 (X;, dv(y)) = l X;[d(z, y)? dv(y) 
(ele) Q 


458 Chapter 11. Elements of Potential Theory on Stratified Groups 
< f Axis o7? Lave) < f | Xde? | avt) 
Q Br 
R 
= cf ri @,@-ldp < oO, 
0 


where we have used the polar decomposition from Proposition 1.2.10 with respect 
to the £-gauge d. This proves Lemma 11.2.3. 


We now establish the main basic properties of the single layer potentials. 


Theorem 11.2.4 (Continuity of single layer potentials). Let OQ be the boundary of 
an admissible domain Q in a stratified group G of homogeneous dimension Q > 3. 
Let u be bounded on OQ, that is, u € L® (ƏN). Then the single layer potential Sju 
is continuous on G for all j = 1,..., Nı. 


Proof of Theorem 11.2.4. Let first xo € G be such that xo Z OQ. Then 


jus) — Ss] = | ur — 
< sup luly " siecle Dedi y. 


This means that 
lim Sju(x) = S;u(xo), 


T> 
that is, the single layer potential Sju is continuous on GV OQ. 
Now let zo € G be such that zo € OQ. Let us denote 


Qe :— (y € Q : d(zo, y) < e). 


Then we have 


Sate) Sy] = | f Nea) - eu, G6 dvi) 


T | [ ewa- ely, zo) X. dot) 


ycono 
zog hub | f Xie - e(useo))avu) 
yeon 
< sup luly )| lim C X;(e(y, x) — ely, xo))dv(y) 


«f, xit. - elu, zo) dr) ) 
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where the first term tends to zero when x — zo. Now what is left is to show that 
the second term tends to zero. This follows since 


e—0 


lim ; X;(e(y, x) — ely, xo))dv(y) 


= lim (f, X;je(y, x)dv(y) — f, D) 


e—0 


: imc f pr 9: 9-1gp) = C lime = 0, 
0 «0 


e>0 


This completes the proof. 


11.2.2 Double layer potential 


In this section, we discuss double layer potentials and establish Plemelj type jump 
relations for them. 


Definition 11.2.5 (Double layer potential). We define the double layer potential as 
the operator 


Du(x) := Dr u(y)(Ve(y, x), dv(y)), (11.18) 
where N 
Ve = 3 (Xe) Xr, 
k=1 


with vector fileds X; acting on the y-variable. 


We now describe the Plemelj type jump relations for the double layer poten- 
tial D. 


Theorem 11.2.6 (Plemelj jump relations for double layer potential). Let Q C G be 
an admissible domain in a stratified group G of homogeneous dimension Q > 3. 


Let u € C! (Q)(|C(0). For xo € OQ define 
D'u(zo) := j _ elu) Ply. ao), duy) 


Dtu(eo) = lim | ulu) (Čelu, 2), dv(y)), 
[219 


r—ro,ccQ 


and 


D u(xo):— lim A u(y)(Ve(y, x), dv(y)). 


rao, rén 


Then D*u(xo),D- u(zo) and D?u(xo) exist and verify the following jump rela- 
tions: 


D*u(zo) — D^ u(zo) = u(zxo), 
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D°u(xo) — D-u(zo) = J (zo)u(zo), 
D'*u(zo) — D°u(xo) = (1 — J (zo))u(xo). 


where the jump value J (xo) is given by the formula 


J(z)- | (elv, ao), dut) 


in the sense of the (Cauchy) principal value, and where 


In order to prove Theorem 11.2.6 we will need the following property. 


Lemma 11.2.7. Let Q C G be an admissible domain with the boundary OX) and let 
xo € OQ. Let u € C! (Q)(]C(0)). Then 


Jim f (uly) — eus n) av) = | u(y) - uses 20), dot) 
°JAaQ [29] 


Proof of Lemma 11.2.7. 'To simplify the notation in this proof we will use the 
following Einstein type convention: if the index k is repeated in an integrand, it 
means that it is a sum over k from 1 to Ny. For example, we abbreviate it as 
follows: 


Ni 
n luly) — u(2)] Xxe(y, 2) (Xx dv(y)) : Y f Bug) — u(2)] Xie (ys x) Xn» dv(y)}. 
k=1 799 


lim Xy (ug) — (x) Xee(y, a)) dv(g) = 0. 
€7U Jda(æ,y)<e 


By using the divergence formula in Theorem 1.4.5, we can estimate 


lim 


| a X UO) = Get, 2) de) 


< C; lim |Xxe(y, z)|dv(y) 
«0 d(x,y)<e 


+ lim f [(u(y) — u(z)) Xx Xxe(y, x)|dv(y) 
d(x,y)<e 


e—0 


€ 


< C lim dr — 0. 


e—0 0 
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Therefore, we have 


Q 
= | Xy {[u(y) — u(2)]Xxe(y, 2)) dv(y) 
+ tim Xr { (u(y) — u(2)) Xee(y, 2)) dv(y). 
en d(x,y)<e 


If we take Qe = (y € G : d(x, y) < €}, then by the divergence formula in Theorem 
1.4.5 we have 


lim [u(y) — u(x)|Xpe(y, 2) (Xi, dv(y)) 


r—70 Jag 
= Jim f p Diet ek dot 
= jim imd be Fe) = ue) Xela. a} du) 
+f bnt) = «type 2) dr ) 


- [xu ) — u(zo)LXxe (y, 20)] dv(y)- 
That is, we have 
lim f [u(y) — u(z)]Xse(y, 2) X, dv(y)) 
" f Xy ([u(y) — u(wo)] Xxe(y, 20)) dv(y) 
= f iu) — w20))Xne(u.0)(Xe dvo) 


Recalling the summation convention over the repeated index k, we get 


lim / [u(y) — u(z))(Ve(y, £), dv(y)) = CO — u(xo)|(Ve(y, zo), dv(y)). 


LX aa 


This proves the statement of Lemma 11.2.7. 


Proof of Theorem 11.2.6. We have 


lim. u(y)(Ve(y, x), dv(y)) 
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Choosing u = € and v = 1 in Green's first formula (1.86) we get 


S etu x). dv = 1, z€Q, 
[Seo - [y 258 


see Corollary 1.4.9. Therefore, using Lemma 11.2.7 we obtain 
D* u(ro) Er [u(y) — u(zo)](Ve(y. zo), dw(y)) + u(zo) (11.19) 
[29 


and 
D' u(ro) = NCC — u(zo)](Ve(y, zo), dv(y)). (11.20) 
'This gives the first jump relation 
D*u(xo) — D7 u(zo) = u(zo). 


We also have 


9 
o 
E. 
8 
j=) 
wa 
I 


| w(y)(Ve(y, ao), dv(y)) 
o0 
S f [u(y) — u(zo)] e(y, zo), dv(y)) 
o0 
+ u(zo) i (elu, zo), duy) 
= f tui) — uleo)] (Fely, zo), arly) + I(æo)ulzo); 
o0 
So we obtain 


DPu(zo) = | fu) — ulzo)] (Fely, zo). dv)  JGmo)u(mo). (11.21) 


Now we get the second jump relation by subtracting (11.20) from (11.21), and 
subtracting (11.21) from (11.19) we obtain the third one. 


11.3 Traces and Kac's problem for the sub-Laplacian 


Let Q C R4, d > 2, be a bounded domain. Then it is well known that the solution 
to the Poisson equation in €), 


Au(z) = f(z), «EQ, (11.22) 


is given by the Green formula (or the Newton potential formula) 


u(x) = f calx — y) f (y)dy, ZER, (11.23) 
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for appropriate functions f supported in Q. Here eq is the fundamental solution 
to A in IR given by 


Goa Ea d>3, 
ea(z—y)— 4 (11.24) 
z,logir—-y,  d-2, 


d 
where sq = Ry is the surface area of the unit sphere in IR7. A question related 


to the so-called Kac's boundary value problem in Q is 


what boundary condition can be put on u on the (piecewise smooth) boundary 
ƏN so that equation (11.22) complemented by this boundary condition would 
have the solution in Q still given by the same formula (11.23), with the same 
kernel £4 given by (11.24)? 


This question is equivalent to finding the trace of the Newton potential (11.23) on 
the boundary surface OQ. 

It turns out that the answer to these questions is the integral boundary 
condition 


TORS OOD) a -f eal was, =0 z € 00, (11.25) 
2 an m H 


where z= is the outer normal derivative at a point y on 0€). Thus, the trace of the 
Newton potential (11.23) on the boundary surface 0€) is determined by (11.25). 

The boundary condition (11.25) and the subsequent spectral analysis are 
often called “the principle of not feeling the boundary" and it has originally ap- 
peared in M. Kac's work [Kac51], with further extensions in Kac’s book [Kac80]. 
Such an analysis has several applications to the spectral theory and the asymp- 
totics of Weyl’s eigenvalue counting function. Spectral problems related to the 
boundary value problem (11.22), (11.25) were considered in the papers [K509], 
[KS11], [RS16b] and [RRS16]. In general, the boundary value problem (11.22), 
(11.25) has several interesting properties and applications, for example discussed 
by Kac [Kac51, Kac80] and Saito [Sai08]. 


11.3.1 Traces of Newton potential for the sub-Laplacian 


The analysis of the trace of the Newton potential or of related Kac’s boundary 
value problems will be relying to certain results of Folland and Stein established 
in the setting of anisotropic Hélder spaces. We now define these spaces following 
[FS74] and [Fol75]. 


Definition 11.3.1 (Hólder spaces on stratified groups). Let 0 < o < 1. Define the 
anisotropic Holder spaces l';(Q) on Q C G by 


y [cup POO 
Ta(Q) = (f:92 C: v [d(z, y)" 
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For k € N and 0 < o < 1, one defines T,44(Q) as the space of all f : Q —> C 
such that all derivatives of f of order k belong to Il'4(9). A bounded function f is 
called a-Hólder continuous in Q C G if f € L'4(Q). 


We now define the analogue of the Newton potential in the setting of stratified 
groups. Here and in the sequel we adopt all the notations of Section 1.4.3 and of 
the subsequent sections. 


Definition 11.3.2 (Newton potential for sub-Laplacian). Let Q C G be an admis- 
sible domain in a stratified group G in the sense of Definition 1.4.4. The sub- 
Laplacian Newton potential is defined by 


= | Fou adva), 220, feb) (11.26) 


where 
e(y, x) = e(x, y) = e(y ‘x, 0) = e(y 1x) 


is the fundamental solution (1.89) of the sub-Laplacian £, i.e., 


e(z, y) = [d(x,y)P-°, 
where d(x,y) = d(y~'z) is the L-gauge on G. 


Remark 11.3.3. It was shown by Folland in [Fol75] that if f € Ta(Q) for a > 0 
then u defined by (11.26) is twice differentiable and satisfies the equation 


Lu=f. 


The following theorem describes the trace of the integral operator in (11.26) 
on OQ. This is equivalent to finding a boundary condition for u such that the 
equation Zu — f has a unique solution in C?(Q) and this solution is the Newton 
potential (11.26). 


Theorem 11.3.4 (Trace of Newton potential and Kac's boundary value problem). 
Let Q C G be an admissible domain in a stratified group G of homogeneous di- 
mension Q > 3. Let e(y,x) = e(y !x) be the fundamental solution to L, so that 


£e—ó  onG. (11.27) 
Then for all f € F4(0), O< a E 1, suppf C Q, the Newton potential (11.26) is 
the unique solution in C?(Q) ^ CA of the equation 
Lu=f ingQ, (11.28) 
with the boundary condition 
a- z) f uy eus 2). duty) 
OM (11.29) 
- fete) lus dpud Nord 
o0 
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where the jump value is given by the formula 


J(e) = / (Bela). det) (11.30) 


with V — v defined by 
Ni 


Vg = 3 Gg) Xs. 
k=1 


Proof of Theorem 11.3.4. Since the Newton potential (11.26) is a solution of 
(11.28) it follows from Remark 11.3.3 that u is locally in Ta42(Q, loc) and that it 
is twice differentiable in Q. In particular, it follows that u € C?(Q)M C! (Q). 


We will use the following representation formula for functions u € C?(Q)N 
C1(Q) shown in Corollary 1.4.10, Part 1, for all x € Q: 


uitis [ rens aav) «f. u(y)(Ve(y, x), dv(y)) (1131) 


as | e(y, «)(Puly), dv(y)). 
o0 


Since u given by the Newton potential formula (11.26) is a solution of (11.28), 
using it in (11.31) we get, for all x € Q, 


| uly)(Vely, 2), dv(y)) — f e(y, 2) (S'u(y), dv(y)) = 0. (11.32) 
o0 


[29 


When x € Q approaches the boundary 02 from the interior we can use Theorem 
11.2.4 and Theorem 11.2.6 yielding the identity 


(1 — J(z))u(z) + D u(y)(Ve(y, x), dv(y)) 
(11.33) 


-f e(y,x)(Vu(y),dv(y)) 20 for any x € AQ. 
oQ 


It follows from (11.26) that u is then a solution of the boundary value problem 
(11.28) with the boundary condition (11.29). 


Let us now prove its uniqueness. Assuming that u and u4 are two solutions 
of the boundary value problem (11.28) and (11.29), their difference 


w:-u-u;yeC*(0)nc!(q) 
satisfies the homogeneous equation 


Lw=0 inf, (11.34) 
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and the boundary condition (11.29), i.e., 


(1 — J (z))w(z) + I. w(y)(Ve(y, x), dv(y)) 
(11.35) 


-f ato atio 0; en, 
o0 


The representation formula from Corollary 1.4.10, Part 2, yields the formula 
for w as 


w(a) =f wead) f se) t) — 136) 
8n 8n 

for any x € Q. As above, when x € Q approaches the boundary 9€) from the 
interior we can use Theorem 11.2.4 and Theorem 11.2.6 by using the properties 
of the double and single layer potentials as x — OQ from interior, formula (11.36) 
implies that for every z € 0 we have 


wla) = à - F(e)w(e) + | 


0a 


wi) (ety. 2). det) - f e(y,2)(Vw, dv(y)). 


o0 


Comparing this with (11.35) we obtain that w has to satisfy 
w(x) =0, x € AQ. (11.37) 


By Proposition 11.1.1 the boundary value problem (11.28) with the boundary 
condition (11.34) has a unique trivial solution w = 0 in C?(Q)NC1(Q) which shows 
that u = u1 in Q. 


11.3.2 Powers of the sub-Laplacian 


We now extend the analysis of Section 11.3.1 to traces and boundary value prob- 
lems for powers of the sub-Laplacian on stratified groups. Here we naturally un- 
derstand the powers by 


wg (11.38) 
for all m € N. 

Let Q C G be an admissible domain in a stratified group G of homogeneous 
dimension Q > 3. Then for m = 1,2,..., for a given f € l'4(Q), we consider the 
equations 

L”ulx) = f(x), t EQ, (11.39) 


Definition 11.3.5 (Generalized Newton potentials). Let &(y, x) = e(y7tx) be the 
fundamental solution of the sub-Laplacian £ as in (1.89). We define the generalized 
Newton potentials by 


ula) =f Ges s zv) (11.40) 
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where €,,(y, x) is the fundamental solution of (11.39) such that 
place, m=1,2,.... 


Namely, with a proper distributional interpretation for m — 2,3,..., we take 


Em(y, x) i= J emi OE 2a. y,x EQ, (11.41) 


with 
e1(y, x) = ely, x). 

We note that in general higher-order hypoelliptic operators on stratified 
groups may not have unique fundamental solutions, see Geller [Gel83], or [FR16, 
Section 3.2.7] for a detailed discussion. However, in the case of the iterated sub- 
Laplacian £™ we have uniqueness in the sense of the next theorem and of the 
uniqueness argument in its proof. 


Theorem 11.3.6 (Traces of generalized Newton potentials and Kac's boundary 
value problem). Let Q C G be an admissible domain in a stratified group G of 
homogeneous dimension Q > 3. For any f € Ta(Q),0<a <1, suppf C Q, the 
generalized Newton potential (11.40) is a unique solution of the equation (11.39) 
in C? (9) N C?™-1(Q) with m boundary conditions 


A-I Yo f OHUN es uerde) —— Qnam 
j=0 
- E f cr Mien(y,c\(FLiuly)duly)) =0, zen, 
j-o 409 


for all à = 0,1,...,m — 1, where V is given by 

~ Ni 

Vg =X (Xg) Xe 

k=1 

and J (x) is the jump function given by the formula (11.30). 
Remark 11.3.7. From Theorem 11.3.6 we have that the kernel (11.41), which is a 
fundamental solution of the equation (11.39), is the Green function of the boundary 
value problem (11.39), (11.42) in Q. This presents an example of an explicitly 
solvable boundary value problem for the iterated sub-Laplacian in any (admissible) 
domain 2, which can be regarded as the higher order version of the original Kac’s 
boundary value problem. 


Proof of Theorem 11.3.6. For each z € Q, applying Green's second formula from 
Theorem 1.4.6 we obtain 


»- f fe) Em(y, x)dv(y )= f cm y)Em(y, x)dv(y) 
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= | cru) cem(y,2)de(y) - £™*uly) (Vem y, £), dv(y)) 


0a. 


«f ev (y, 2) S £77 Huy), dv(y)) 
=f £m uly) Cen(ysz)dr(y) — | Luly) £e us) dv) 
+ f tes yen uly a-f. £77! (y) (Ve, (y, 2), dv(y)) 


[29 


n [. em(y,2)(VL"-*u(y), dv(y)) 


= ula) -S f CEE enla) det) 
+ 2. L L™- Je, (y, 2) (VLiu(y),dv(y)), «EQ. 


This implies the identity 


m-—1 


£/u(y)(V £" 17e, (y, x), dv(y)) 
(11.43) 
E y Lie nly, 2) (V Luly), dv(y)) =0, LER. 


We note that the first term of the first summand, i.e., the term with j = 0 given by 


| u(y)e(y, 2), dv(y)) 
o0 


is the double layer potential analysed in Theorem 11.2.6. The other terms in the 
above sum are single layer type potentials. In particular, by Theorem 11.2.4 they 
are continuous functions on G. By using the properties of the double and single 
layer potentials as x approaches the boundary 0€) from the interior, from (11.43) 
we obtain the equality 


(1 ) + 2 XViE "71 6), a), dv(y)) 


u 5 pn 3 stu. x) (VLi u(y), dv(y)) =0, we on. 
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From this relation we obtain the first boundary conditions for (11.40). The re- 
maining boundary conditions can be derived by writing 


gni meg. i —0,1,...,m— 1, mi 1,2... (11.44) 


and carrying out similar arguments as above. Indeed, we have 
»)- f f) f) £ies (y, 2)dv(y) = [ L7 pehuy) E es (y, x)dv(y) 
2 a £771 Liu(y) LL em (y,@)dv(y) 
— I. L Ciuly)(VLiem(y, x), dv(y)) 
" f , Cen 2) S£ 7 Luly), dv) 
_ f £77? Piu) L2L eaaa) 
" | . L” pit) N Cien (y, x), dv(y)) 
d I. LLiem(y, x) (VL? Luly), dv(y)) 
— | £r-*leiu(y)(VLiem(y, x), dv(y)) 


[79 


+| L'emly, £o) (VL Luly), dv(y)) 
AQ 


[sentes s) 


m—i-1 

-5 f Lİ Luly (VLEI Lien (y, £), dv(y)) 
j=0 0a. 

m—i-1 


=: ] £e sz) CIC), de) 


m—i-1 
= L'u(z) — » LI u(y) (VL 15 hs £), dv(y)) 
j-0 dQ 
m—i-1 


€) LET emu @(VLI uly), dv(y), ce. 
j=0 


where L'e,,, is a fundamental solution of the equation (11.44), that is, 


L Liem = ô, i —0,1,...,m-— 1. 


470 Chapter 11. Elements of Potential Theory on Stratified Groups 


From the previous relations, for all x € Q and i = 0,1,...,m — 1, we get the 
identities 
m-i—1 M = 
Yo | Cuye Fem (y, 2), dv(y)) 
i-o 400 
m-i—1 . m 
- M | £n-)e,y,z) (V £3 u(y), dvly)) = 0. 
i-o 400 


By using the properties of the double and single layer potentials in Theorem 11.2.6 
and Theorem 11.2.4 as x approaches the boundary OQ from the interior of Q, we 
find that 


(1- J(a))Liu(a) + Y [£P uly Em Fem Qa) de) 
j=0 
= D L™- Je, (y, 2) (VLIt* u(y), dv(y)) =0, rcOQ, 


áo 400 


are all the boundary conditions of (11.40) for each i = 0,1,...,m — 1. 


Let us now show the uniqueness: if a function w € C?"(Q) n C?m-1(Q) 


satisfies the equation L™w = f and the boundary conditions (11.42), then it must 
coincide with the solution (11.40). Indeed, the function 


v:—u-— we C?"^(0)nc?m-tY(0), 


where u is the generalized Newton potential (11.40), satisfies the homogeneous 
equation 
L™v =0 (11.45) 


and the boundary conditions (11.42), i.e., 


m-i—1 


L(v)z) = (1- J(z)£v(z)- YE Es £A u(y) (VL! e, (y, 2), dv(y)) 


- Y | entua uy), av) = 0 
j=0 
í i=0,1,...,m— 1, 


for x € 00. By applying the Green formula from Theorem 1.4.6 to the function 
v € C?" (Q) n C?"-1(€?) and by following the lines of the previous calculation we 
obtain 


0= f cro(e)cienlua)drtu) = | eere tet) 
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= | cr o(e)ce'em(y,2)de(y) - £7 Vo(z)(V £'es (y, x), dv(y)) 


[29 


+ I. Liem(y, 2) (VL™ v(x), dv(y)) 
=f £7 ?v(z) £e (y, x)dv(y) — "un u(x) (VL es (y, x), dv(y)) 


+ | tex) env D- £7 V(z)(V £ieg (y, x), dv(y)) 
[29] 


+f L'emly, 2) (V E" v(z), dv(y) 
[29 


m-i—1 


-£x9- M [crea Benen s a), de) 


+ x ta emn s) (VLt vy), duy), i =0,1,...,m— 1. 
j=0 


By passing to the limit as x — OQ from interior, we obtain the relations 
L'u(2) |zean= L(v)(z) |xeop- 0, $—0,1,...,m— 1. (11.46) 
We claim that the boundary value problem 


L™v — 0, 


i (11.47) 
Liv |ana=0, $-20,L...,m-— 1, 


has uniqueness trivial solution v = 0 in C?" (0) N C?™-1(Q). 


Assuming this claim for the moment we get that v = u— w = 0, for all x € Q, 
i.e., w coincides with u in Q. Thus (11.40) is the unique solution of the boundary 
value problem (11.39), (11.42) in 2. 


Let us now show the above claim, that is, that the boundary value problem 
(11.47) has a unique solution in C?" (Q) 9 C?"-1 (0). Denoting 


the claim follows by induction from the uniqueness in C?(0)C! (0) of the bound- 
ary value problem 


ù lao = 


'The proof of Theorem 11.3.6 is complete. 
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11.3.3 Extended Kohn Laplacians on the Heisenberg group 


In this section we describe more explicit formulae for the traces of the Newton 
potential presented in Section 11.3.1 in the setting of the Heisenberg group. In this 
analysis we adapt the complex description of the Heisenberg group as described 
in Section 1.4.8, so we follow all the notation introduced there. The presentation 
in this and the following sections follows [RS16c]. 

In particular, we will use the coordinates on the Heisenberg group H” given 
by variables z = (Å, t), so that a basis for the complex tangent space of H” at the 
point z is given by the left invariant vector fields 


Denoting their conjugates by 


- o o 
X- := Xj = — ze 
AI Be '^9p 
we will be dealing with the extended Kohn Laplacian 
Lap =X (aX;X; bX;X; a+b=n. (11.48) 
j=l 
As described in Section 1.4.8, this operator has a fundamental solution given by 
a constant multiple of (1.110). Moreover, in [FS74], Folland and Stein defined 


the Newton potential (volume potential) for a function f with compact support 
contained in a set Q C Hp by 


u(z) = , Bee 2a«6) (11.49) 


with dv being the volume element: this is given by the Haar measure on H, which 
in turn coincides with the Lebesgue measure on C" x IR. More precisely, they 
proved that 
£a pu = Ca,b f; 

where the constant Ca» is zero if a and b = —1, —2,... n,n + 1,..., and ca, £0 
if a or b zZ —1,—2,...,n,n + L,..., given by (1.112) for a ¢ Z. For different 
approaches to the fundamental solutions of La, we can also refer to Greiner and 
Stein [GS77]. 

With the notation for €a, = € as in (1.110) the distribution de is the 
fundamental solution of La», while £ satisfies the equation 


Lape = Ca, bÔ. (11.50) 


In order to make our presentation compatible with the accepted ones in [FS74] 
and [Rom91], in this section we will also work with the function € although there 
is a constant Ca, appearing in the identity (11.50). 
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Therefore, throughout this and next sections we assume that cq, 4 0, which 
means that a and b satisfy the condition 


a and b Z —1,—2,...,n,n-F 1,.... 
In addition, without loss of generality we may also assume that a, b > 0. 


We recall the anisotropic Hélder space l'4(Q) from Definition 11.3.1. Since 
all homogeneous quasi-norms on homogeneous groups are equivalent for such a 
definition we can also use an explicitly defined distance on H” given by 


|z| == (I¢l* + Ie?) ^. 


Thus, for 0 < a < 1, the anisotropic Hélder spaces [4 (Q) from Definition 11.3.1 
can be also described by 


DP,(Q)—4f:Q0—C: sup — 
z1,Z2EQ [25 
zizz2 
Remark 11.3.8. In addition to Remark 11.3.3, in the setting of the Heisenberg 
groups we have that if f € Ta(Q) for a > 0 then u defined by (12.43) is twice 
differentiable in the complex directions and satisfies the equation 


Lana = Cab f. 


There are several different approaches to show this result by Folland and Stein 
[FS74], Greiner and Stein [GS77], and Romero [Rom91]. Moreover, Folland and 
Stein have shown that if f € '4(0,1oc) and La pu = Ca bf, then f € Ta+2(Q, loc), 
for naturally defined localisations l'4(Q,1oc) of the anisotropic Holder spaces 
T4(Q). 


We will be using the single layer potentials introduced in Definition 11.2.1, 
namely, the operators 


Sjg(z) = f OEE 0X5. d(O), 


where (X, dv) is the canonical pairing between vector fields and differential forms, 
which are well defined by Theorem 11.2.3. Moreover, specifically in the setting of 
the Heisenberg group, it was shown in [Rom91, Theorem 2.3] that if the density 
of g(£)(X;, dv) in the operator $; is bounded then Sg € l4 (Hi) for all a < 1. 

The double layer potentials have been introduced in Definition 11.2.5 on 
general stratified groups. However, it will be now convenient to adapt its defini- 
tion slightly to the extended Kohn Laplacians £,,,. Thus, for every differentiable 
function g we define the vector field 


n=l 
Veg = X (aXjgXz + bX79X;). (11.51) 


j=1 
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Consequently, we will be working with the double layer potential 
Wale) = | UEV el, 2), dO). (11.52) 
Q 
Let us now record the Plemelj jump relations for double layer potential which 


follow from Theorem 11.2.6. 
Corollary 11.3.9. The double layer potential Wu in (11.52) has two limits 


Wtu(z) = lim u(£)(V*"e(£, zo), dw(£)) 
OQ 


and 


W-u(z) = Jim, f ule(veelé, zo), ar), 
zogQ [29 


and the principal value 


W°u(z) = p.v. Wu(z) = lim ult) (Votet, z), dv(€)). 
2" JOON {|E-12| <5} 


For u € U',(Q) and z € 0€ the above limits exist and satisfy the jump relations 

) - W^ u(z) = casu(z), 

(z) - W-u(z) = H.R.(z)u(z), (11.53) 
W*u(z) — W°u(z) = (cap — H.R.(z))u(z), 


W*u(z 
Wu 


where H.R(z) is the so-called half-residue given by the formula 


H.R(z) = lim (V%e(€, z), dv(£)). (11.54) 
80 Jae (1£-12«8) 


The first two jump relations in (11.53) follow by an adaptation of the argu- 
ment in Theorem 11.2.6 keeping in mind the appearing constant c,». The third 
jump relation in (11.53) follows by subtraction of the first two. The statement of 
Corollary 11.3.9 was shown in [Rom91, Theorem 2.4]. 


Then we have the following analogue of Theorem 11.3.4. 
Theorem 11.3.10 (Trace of Newton potential and Kac's boundary value problem 
for La»). Let e(€,z) = e(€~1z) be the rescaled fundamental solution to La», so 
that 
La bE = Cab Oon Hi. (11.55) 


For any f ETa(Q), 0< a « 1, suppf C Q, the Newton potential (12.43) is the 
unique solution in C?(Q0) N C! (Q) of the equation 


Lapu = Catf (11.56) 
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with the boundary condition 


(cab — H.R(z))u(z) + lim ——— u(£)(V*^ e(£, z), dv(£)) (11.57) 


-f elE, z)(V5*u(£), dv(£)) — 0, for z € OQ, 
AQ 


where H.R(z) is the so-called half-residue given by (11.54). 
Proof of Theorem 11.3.10. Since the Newton potential 


u(z) = f f(e(&, z)dw£) (11.58) 


is a solution of (11.56), from Remark 11.3.8 it follows that u is locally in 
Ta42(Q, loc) and that it is twice complex differentiable in Q. In particular, it 
follows that u € C?(Q)N C1(Q). 

From Green’s second formula in Theorem 1.4.6, similarly to Corollary 1.4.10, 
Part 1, by taking into account constants ca, for every u € C?(0) n C! (Q) and 
every z € Q we have the representation formula 


m = cap f f(£)e(£, zjdvlé) + f w(£)(V*^e(£, z), dv(£)) 
7 en (11.59) 


= | e(£, 2) (V^*u(£), dv(£)). 
(ele) 


Since u(z) given by (11.58) is a solution of (11.56), using it in (11.59), for every 
z € Q we have 


Je.) - f seo e.a) =0. — Q6) 
dQ dQ 

The fundamental solution £(z) is homogeneous of degree 2 — Q = —2n; this is 
a general fact (see, e.g., [FR16, Theorem 3.2.40]), or can be seen directly from 
formula (1.110) since 


&(Az)-A- *— "Ey = A7 e(z) for any À 0, 


since a+b = n. It follows that £ and its first-order complex derivatives are locally 
integrable. Since &(£, z) = £(£^!z), we obtain that as z approaches the boundary, 
we can pass to the limit in the second term in (11.60). 

By using this and the relation (11.53) as z € Q approaches the boundary 0 
from the interior, by passing to the limit, for every z € Q we get 


(ca; — H.R(z))u(z) + lim —€— ul) (Velt, z), dv(£)) 


(11.61) 
2 | e(£, 2) (V^^u(£), dw(£)) = 0. 
[2/9] 
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This shows that (11.58) is a solution of the boundary value problem (11.56) 
with the boundary condition (11.57). 


Now let us show the uniqueness which can be done similarly to the proof of 
the uniqueness in Theorem 11.3.4. If the boundary value problem (11.56)—(11.57) 
has two solutions u and u4 then the function w := u— u1 € C?(Q)NC1(Q) satisfies 
the homogeneous equation 

Lapw=0 nQ, (11.62) 


and the boundary condition (11.57), that is, 


(ca; — H.R(z))w(z) + lim ener w(E)(V2"e(E, z), dv(£)) 


(11.63) 
" | e(£, 2(V>*w(é), dw(£)) = 0, 
o0 


for all z € ðQ. 
Using the representation formula (11.59) for solutions with f = 0 we have 
the following representation formula for w: 


ea) = | WET e 2), dv) f ECE, (Y^ wE), E) 
onQ o0 
for all z € Q. As in the existence proof, by using the properties of the double and 
single layer potentials as z > 0€), we obtain that 


Ca,bw(z) = (cap — H-R(z))w(2) + lim — w(£)(V*"e(£, z), dv(£)) 


: f e(£, 2) (V^*w, dw(£)) 
[219 


for all z € OQ. Comparing this with (11.63) we see that w must satisfy 
w(z) —0, z € AQ. (11.64) 


By an argument similar to that in Proposition 11.1.1, the homogeneous equation 
(11.62) with the Dirichlet boundary condition (11.64) has a unique trivial solution 
w = 0 in Q. Therefore, we must have u = u, in Q. This completes the proof of 
'Theorem 11.3.10. 


11.3.4 Powers of the Kohn Laplacian 


In this section, we carry out the analysis similar to that in Section 11.3.2 for the 
powers of the extended Kohn Laplacian La,» 
As before, let Q be an admissible domain in H”. For m € N, we denote 


To m-—1 
Lab p= La bab . 
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Then for m € N, we consider the equation 
Lo pulz) = cap f(z), z € €. (11.65) 


Let e(€, z) = e(€~!z) be the rescaled fundamental solution of the Kohn Lapla- 
cian as in (11.55). Let us now define the Newton potential for the operator £7”, by 


z [ f(OQém(E, z)dv(£), (11.66) 


where €,,(&, z) is a rescaled fundamental solution of (11.65) satisfying 
B Ok —€. 


With a suitable distributional interpretation, for m = 2,3,..., we can write 


ene i em, Oel zdl), zeg, (11.67) 


with 

eile; z) = ia z). 
Theorem 11.3.11 (Traces and Kac’s boundary value problem for powers of Kohn 
Laplacians La p). For any f € Te(Q), 0 < a < 1, suppf C Q, the generalized 
Newton potential (11.66) is a unique solution of the equation (11.65) in C?" (D) 
C?™-1(Q) with m boundary conditions 


(Ca,b — H.R(z)) Li, yu(z) 
m-—i—1l 
j E m Er UEV LT e E z), ar) 
29 J8oN([£-12|«6] (11.68) 


m-—i—1 


ES [car tese x eiua) = 0, 2 € 00, 


fori=0,1,...,m—1, where H.R(z) is the half-residue given by (11.54). 


Proof of Theorem 11.3.11. Applying Green's second formula from Theorem 1.4.6 
for each z € Q, similarly to (11.59) we get 


OR f f(@em(é, z)dw(£) 
z f LT yu(E)em(E, z)dw(£) = | £7 ulE)La Em (E, 2)dv(£) 
Q Q 
= f £z u(£)(V*^e,,(£, 2), dv(£)) + f Em (€, (VP £z u(£), dv(£)) 
o0 o0 
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= f CEOL semé JE) | £m UEV LapemlE, 2), dE) 
Q o0 

+f £sae (6 AVLI 2u(6),av(e)) - f £m (0 (6,2), d) 
[29 


(eke) 


+ | em(E, 2) (V^ £^ u(£), dw(£) == 
[2/9] 


m—1 
_ E NM abpm-l-i. (e z) dy 
= e pti(2) 2 f Fiat ers  emlE 2) dve) 


m-—1 


+ x £o, en (5 2) (V LÀ su(E)dw(£), zeQ. 
It follows that 


Y [aO ems 56,2) dt) 
j-0 
iP (11.69) 
E f C O =0, se. 
j-0 


By using the continuity of the single layer potential and Corollary 11.3.9 for the 
double layer potential as z approaches the boundary OQ from the interior, from 
(11.69) we obtain 


(cab — H.R(z))u(z) + x lim LÍ U(E (VELE os (Ea dure) 


90N([&7 1 2| <9} 


x f. £7: 1-)e, (E, 2) (V £] ,ulé), dv(£)) — 0, z € 80. 


j= 


This relation is one of the boundary conditions (11.68). Let us now derive the 
remaining boundary conditions. For this, we will rewrite the equation as 


Lop Libu = teat, i=0,1,.. m-l, m=1,2,..., (11.70) 


and then use a similar argument. Thus, 


sao) = cao | POLi teml DWE = | LE L Ei senle E 
= | £m 9-105 pulé) La Li seme, z)dv(é) 
- [£i Ma Ese) dE) 
+ [Caen (P OO) 
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- n LM ei (CL? ALi, es (E, z)dv(£) 
= | : Ent p ub Lee li senile, z), (E) 
+ f Lali sem(G, Uren; £L (E) (6) 
o0 
z | Lai ME gue L semé, 2), dE) 


+ | Li vem (E, 2) (V £957 Eb vu(£), dv(£)) 
o0 


- " £i vu) £T Li ves (E, 2)dv(€) 


n 25 Ja LF ENN os ES sem(E, 2), dv(£) 
j=0 
m-—i—1 


PY i £713 pi ies (E 2) (VÀ LE pulé), dv(€)) 
jeg «99 


m—i-1 


= capli pule) X | " LIUEN (vote 173. (E. 2), du(£) 


= 
m-i-1 1 


P > f EE tes 6s ATE O, d), zed 


where we used that £7 €m is a rescaled fundamental solution of L% * as in (11.70). 
This implies the identities . 
m—i-1 
Y. [ euo ens es (62). de) 
áco Jon 


m-i—1 


-5 f bab Lem z) (VP La ule), du(£) = 0, 
j-0 


for all z € Q and à = 0,1,..., m-— 1. As before, by using the continuity of the single 
layer potential and Corollary 11.3.9 for the double layer potential as z approaches 
the boundary 0€) from the interior, we find that for all z € 0) we have 


(Ca, — H.R(z)) C, yu(z) 


m-—i—1 
4 lim LIT ue) vob pm-1-3e. (E, z), dv(£)) 
2. 579 Jaqee 7" 


=y f Eob Em(E 2 (VP Lae ule), dw) = 0, 


which are the boundary conditions (11.68) for all i = 0,1,...,m — I. 
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Let us now show the uniqueness, that is, if a function w € C?"(Q)nC?m-1 (0) 
satisfies the equation £7',w = f and the boundary conditions (11.68), then it must 
be given by (11.66). Indeed, with u given by (11.66), the function 


v:— u— we C?"^(Q)nc?n-1(0), 


satisfies the homogeneous equation 


Lant =0 
and the boundary conditions for all i = 0,1,...,m — 1, 
I(v)(z) := (€a,b — H.R(z)) £i, yv(z) 
m-—i—1 
* lim £s EV Cos! em (£, z), dv(£) 
> 940 Jon tie-re|<sy 7S n 
m-—i—1 
m-—1—j b,a pj+i — 
- Y f C em€ AVE, ave) =0, 
So 400 


for z € OQ. Applying - the Green formula from Theorem 1.4.6 to the function 
v € C?" (0) n C?"-1(Q) we obtain 


LEOL sem (E, z) o= LP LE v2) £l se (E, z)dw(£) 
£2 

- Í £97 V w(2) La, sem (E, z)dw(£) — | £z v(2) (V^ £i ess (E, 2), du(£)) 
Q o0 


+f LapemlE, 2( V E, v(z), dv(€)) 
[29 


X 


= taal uo E £I (EV LS em (E, z), dw(£)) 


m—i-1 


+ 2. : £o. emilee iV PL, ae) dae). i=0,1,... m- 1. 


By passing to the limit as z > OQ, we obtain the additional relations 
L$ polz) |-can= Li(v)(z) |zecean=0, i=0,1,...,m— 1. 
We claim that the boundary value problem 


m = 
Laot = 0, 


l (11.71) 
Laat loo=0, i=0,1,...,m-— 1, 
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has a unique trivial solution. Assuming this for a moment, we would get that 
v = u — w = 0, which means that w coincides with u in Q, so that (11.66) is the 
unique solution of the boundary value problem (11.65), (11.68) in Q. 

To show that the boundary value problem (11.71) has a unique solution in 
C?" (Q) N C?™-1(Q), we denote 9 :— £7"; ^v, and then the statement follows by 


induction from the uniqueness in C?(Q) N C1 (Q0) of the problem 


Lapt —0, Ù lan=0. 


'The proof of Theorem 11.3.11 is complete. 


11.4 Hardy inequalities with boundary terms 
on stratified groups 


In this section we demonstrate how the developed potential theory for the sub- 
Laplacian can be used to derive a refinement to Hardy inequalities. The basic 
inequality that we are referring to here is inequality (7.4) which says that on a 
stratified group G of homogeneous dimension Q > 3, for all u € C° (G\{0}) and 
a >2—Q we have 


n (= 2] | 75 lul? dv (11.72) 
G 


Q+a—2 ? 
2 


and the constant is sharp. We refer to Remark 7.1.2 for a historic 


discussion of this and other related inequalities. 

We will now derive a version of (11.72) over domains in G in such a way 
that the boundary term appears as well, in the case the function does not vanish 
on the boundary. Certainly, the following inequality implies (11.72) if we take the 
domain €) in such a way that it contains the support of a compactly supported 
function u. As before, d stands for the £-gauge and we also write 


Vg = (Xi,..., Xu) 


for the horizontal gradient. A discussion from a point of view of more general 
weights was also done in Section 7.7. 


Theorem 11.4.1 (Hardy inequality with boundary term). Let Q C G be an admis- 
sible domain in a stratified group of homogeneous dimension Q > 3 with 0 g OQ. 
Let o € R and a » 2— Q. Letu € C! (Q)(] C(Q). Then we have 


_9\? 2 
[euei (2) [ e EE aan 
Q 2 (11.73) 


So | eas c pn. 
fp BROT [| qere jud, dy). 
2(Q — 2) Jao ral ) 
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Remark 11.4.2. 


1. If u = 0 on OQ then (11.73) reduces to (11.72). 

2. The boundary term in (11.73) sometimes can be of different sign. To show 
this, take u = e^ $4 for R > 0. Green's first formula in Theorem 1.4.6 allows 
us to calculate 


| qe RENT Guo. dv) 
ə 


Q 
~ 1 
= ni V (dete ePi)? = dy + — I gesta pg dv 
Q Pa Jo 


= [| (tro te npa 

Q 
Ni 

=> 7 Xy (dete 2e— R4) x, q?-9qy 
ki "9 


Ni 
=. l ((Q +a — 2)d9 te=? ePi X d — RACHE X,d) 
k=1 "9 


x (2— Q)d?- 9^! X,ddv. 
Let a = 0, Q = 3, and OQ) Bz = {Ø}, where By = {z € G: d(z) < $} 


Then we get 
~ Nu 
| de“®4(Vd-', dv) = M | (Rd-! — d-?)\e—®4(X,d)? dv > 0 
aa. ha & 


is positive. On the other hand, if u :— C = const, then we get 


| dere C2 Ve -9_ dv) 
dQ 


Ni 
= C? >| ((Q +a- g)gete-2-1 X,d) (a= Q)d?-9-! X.ddv 
kzi79 


Ni 
=-C7(Q+a—2)(Q 27> | d°-?(X,d)2dv < 0, 
k=1" 2 


which shows that the boundary term can also be negative. 


2 
3. Since it is known that the constant (==) in (11.73) (or rather in (11.72)) 
is sharp, the local inequality (11.73) gives a refinement to (11.72), and even 
more so if the boundary term is positive. 
4. Note that in comparison to (11.72), we do not assume in Theorem 11.4.1 that 
0 is not in the support of the function u since for a > 2 — Q all the integrals 
in (11.73) are convergent. 
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5. Even if 0 € ØQ, the statement of Theorem 11.4.1 remains true if 0 Z ðQ N 
supp u. 


6. Without the second (boundary) term inequality (11.73) was studied on the 
Heisenberg group in [GL90] for a particular choice of d(x), or on Carnot 
groups [GK08] for £-gauges d(x). We can refer to these papers as well as to 
[GZ01] for other references on this subject. From the point of view of the 
boundary term the inequality (11.73) can be thought of as a refinement of 
the usual Hardy because, also as it was pointed out in Part 2 of this Remark, 
this boundary term in (11.73) can be positive. We call these inequalities local 
due to the presence of a contribution from the boundary. 


Proof of Theorem 11.4.1. By an argument similar to that in Remark 2.6, Part 3, 
without loss of generality we can assume that u is real-valued. In this case, recalling 


that 
Ni 


(Vu)u = 3 (Xpu)Xpu = |Vyul’, 
k=1 
the estimate (11.73) reduces to 


nse Qpe=3\"? f (vdd 
fa (Vu)udv > (==) n we u? dv 


| Q--a-2, 2 72- 

qp [deve vg 9 duy, 

2(Q—2) Jan 

which we will now prove. Let us set u = d?q for some y Æ 0 to be chosen later. 
Then we can calculate 


(11.74) 


Ni 
(Vu)u = (Vd"g)d?q = X` Xx (dq) Xx (dq) 
k=1 
Ni Ny Ni 
= Pd? V'xidy!g? + 29d 19 V ^ Xd Xxq +d” 3 (Xka? 
k=1 k=1 k=1 


= y?d?? ((Va)a)g? + 29d? 1q(Vd)q + d^ (Vq)g. 


Multiplying both sides of this equality by d^ and applying Green's first formula 
from Theorem 1.4.6, we get 


| d*(Vu)udv = vf qe*?1-?((V d)d) g?dv + 
Q Q 


J q? (a+, dv) 
OQ 


EC ] eee | d**?"(Vq)gdv 
Q Q 


y 
a+ 2y 


a+2y 


> ] oce aa Pav + n (Vd t, dv) 
Q aa 


Y a+27\ 2 
— d^ *Y)g*dv. 11. 
EXT nc )q*dv (11.75) 


?Y 
a+ 2y 
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On the other hand, it can be readily checked that we have 


pde n 2 — gyde*r-?(9qyq — 1 qere9-2ega-Q. 
US (a+ 27+ Q —2) (Vd) 2-9 


Since q? = d~?7u?, substituting this into (11.75) we obtain 


“(TV u)udv 2 a4 a CDd ag, 
[Guo > C - e 9 - 2) [ e Sa 


V | (di-9yqo* 9u?ds + 


Y —2^, 275 Ja+2 
———— d “Tu (VaT dv). 
2—Q Ja ix]. ( 


Recalling that for Q > 3, € = Byd?-@ is the fundamental solution of the sub- 
Laplacian £, we have 


] £e eres =0,a>2-Q, 
Q 


independent of whether 0 belongs to Q or not, since £d?- 9 = zo in G. It follows 
that 


f d° (Vu)udv 


Vd)d y dh 
> (72 — = al 2 2y,,2 a+2y . 
> (= =a D) fa E ETT Nu u? (V de?» dy) 


: 2—Q— " 
Taking y — Q 2 we obtain (11.74). 
As usual, a Hardy inequality implies several uncertainty principles. 


Corollary 11.4.3 (Local uncertainty principle with boundary terms). Let Q C G 
be an admissible domain in a stratified group G of homogeneous dimension Q > 3, 


with 0 ¢ ƏN. Then for all u € C! (Q)] C(Q) we have 


([ PN naua) (f vt) 
> (8:3) ([Ivntuta). (11.76) 


T = 
+i) d~? |u|? (Vde, dv) (/ @|Vndl|uPav 
2 Jan 2 
and 


@ wage av) ( Var ^u») (11.77) 
= (275) "T ; [OPTE a (f eae). 
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Proof of Corollary 11.4.3. Again, assuming u is real-valued, and taking o = 0 in 
the inequality (11.74) we get 


(f| (Gua) (f ouv) 
> (853) (fewaaura) [Sua 
*a]. q9-?|u S 2-9, qv) (| evita) 


> (8:3) (J (Eada) 


+i) d9-?lul? (V d?-9, dv) (| PIV ndula), 
2 Jan 2 


where we have used the Hölder inequality in the last line. This shows (11.76). The 
proof of (11.77) is similar. 


11.5 Green functions on H-type groups 


In this section we discuss applications of the described potential theory to the 
construction of solutions of boundary value problems. We restrict our attention 
to the prototype H-type groups discussed in Section 1.4.10. The examples of the 
prototype H-type groups are the Abelian group (R4; +) and the Heisenberg group 
H?. The fact that will be important for our purposes in this section is that the 
fundamental solution to the sub-Laplacian in this setting is explicitly known, see 
Theorem 1.4.20. Our presentation in this section follows [GRS17]. 

Thus, in this section, let G ^ IR" x R" be a prototype H-type group and 
let £ be the sub-Laplacian on G as defined in (1.119). We consider an open set 
Q C G with piecewise smooth boundary 0€ and study the Dirichlet problem for 
the sub-Laplacian 


(11.78) 


Lu=f inQ, 
u=¢ġ ondQ. 


As discussed in Remark 11.1.7, there are several difficulties in solving such bound- 
ary problems in view of the usually present characteristic points. 

However, it turns out that there are still a number of cases of interest when 
the Dirichlet boundary value problem (11.78) can be solved in the classical sense. 
This is achieved by constructing a well-behaved Green function for the problem 
(11.78). In view of Jerison's example discussed in Remark 11.1.7 one wants to 
avoid the characteristic points which is not always possible, since even ball-like 
bounded domains on (non-Abelian) H-type groups have non-empty collection of 
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characteristic points. However, domains that are unbounded may have no char- 
acteristic points. Thus, in this section we present such an analysis for so-called 
l-wedge and [-strip domains. This includes domains such as half-spaces, quadrant- 
spaces and so on. 

An important tool for this analysis will be the fundamental solution for the 
sub-Laplacian £. More precisely, recalling Theorem 1.4.20, the function 


T(E :— e (la|* + 16/42) € 9^ (11.79) 
is the fundamental solution of the sub-Laplacian, that is, 
Lre = —À, (11.80) 


where '-(€) 2 F(C^! o £) and à is the Dirac distribution at ¢ = (y, 7) € G. 


Definition 11.5.1 (Green function for Dirichlet sub-Laplacian). We define the 
Green function for the Dirichlet sub-Laplacian in Q by the formula 


Gal€, ¢) = VE (ae Q £) m hetE), 
where hc(£) is a harmonic function, that is, 
£h;(£) 20 ing, (11.81) 


having the same boundary values on 0€? as the fundamental solution Il'; with pole 
at CED. 
In particular, we have 


Go(6, C) -0, € € dQ. (11.82) 


11.5.1 Green functions and Dirichlet problem in wedge domains 


We first define the class of domains that we will be working in. 


Definition 11.5.2 (L-wedge domains). Let 1 < | < m and let G* be the l-wedge 
space 
Gt := {E = (21,...,2m,t1,...,;tn): esos 21 > 0]. 


Let the point € = (y, T) = (yi, Y2,---;Ym;T1;---+;Tn) lie in this [-wedge space, so 
that yj > 0,..., yi > 0. The point Çr, defined by 
on = (Yt ys 7 Jin so Vm Ts s Tn) 


is said to be symmetric for the point ¢ with respect to the hyperplane xy = O0. 
Consecutively, the point 


Gri. = (Vig assy ei zs ere Ur ry ee Tn) 


is said to be symmetric for the point ¢,, with respect to the hyperplane z, = 0, 
and this process can be continued further. 


11.5. Green functions on H-type groups 487 


It is clear that the symmetry indices are invariant under permutations. We 
will also use the notation 


T((&5) | o£) for j € I, 


meaning that we take the sum of the functions (rca o£), j € l, over 


all possible combinations of the symmetry arguments zy, «+: zy: here in order to 
reduce the number of subindices we write (C51) | o£ for bon <x, 96. For example, 
J 


if l= 3, j = 2, then 
T((C(2,8)) | o£) =T (lerra) 0 E) +T (Cerra) 0 E) +E, eesea) | 0 E), 
and if l = 3, j = 3, then 
T'((Ga,3)) 0 €) =T((Gereaxs) | 0 €). 


In this notation the Green function for the Dirichlet sub-Laplacian in wedge 
domains takes the following form, for any 1 < L< m. 


Proposition 11.5.3 (Green function for Dirichlet sub-Laplacian in wedge domains). 
Let G* be an l-wedge domain for 1 <1< m. Then the function 


l 
Ger(E,¢) 2 T(C 1 o €) + 2? ODT) o£) (11.83) 


is the Green function for the Dirichlet sub-Laplacian in GÈ. 


Proof of Proposition 11.5.3. Since any symmetric point Çj) is not in Gi, for any 
j=1,...,1, it follows from (11.80) that 


LT (yy) o E) = —&,,, = 0 in GF, 
for any € € Gt and j = 1,...,1. Thus, the function 
l . 
» (CW/T(GGa)"* e£) 
j= 


satisfies condition (11.81), i.e., it is harmonic in G^. Now let us verify boundary 
condition for the domain G, that is, the function Gg: should become zero at 
x, = 0 and at infinity. Recall that 


d(£ C): (EC! o£) =? 


is an actual distance on G defining a norm (and not only a quasi-norm, see, 
e.g., [Cyg81]). Now it is easy to see that the d-distance from any point of the 
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hyperplane x; = 0 to the points ¢ and Çs, is the same, that is, Gc: satisfies the 
Dirichlet condition at the hyperplanes zı = 0,...,2; = 0 and it is also clear (by 
the construction) that the function Gg: is zero at the infinity. It proves that 


Ger(E,¢)=0, €€ AGF, 


that is, Gg: is a Green function according to Definition 11.5.1. 


In the next theorem we will use the anisotropic Holder space I'4 from Defi- 
nition 11.3.1. We consider the Dirichlet problem for the sub-Laplacian 


pe in Gt, 


u=o ondGi. as 


Theorem 11.5.4 (Dirichlet problem for sub-Laplacian in wedge domain). Let f € 
l4(G?) for 0 < a < 1, and assume that supp f C G}, and that ó € C?* (QG*). Then 
the boundary value problem (11.84) has a unique solution u € C?(G*) n C! (G1) 
and it can be represented by the formula 


D= Ga (6, Of @- fo é(O Ges (6,0), dw), € € GF, (11.85) 


where 
m 


VGer = M (Go) X 


k=1 


Proof of Theorem 11.5.4. Let us take u € C?(G*) n C!(G#) and assume that u 
tends to zero at infinity. By Remark 1.4.7, Part 2, we can apply Green's identities 
in G}. Thus, Green's second formula (1.88) applied to the functions u and v(¢) = 
Ge: (£, C) yields 


9 - f CENOWO- f (65 (6.0. dO). 
Here by using the properties of the Green function, we have 
Ger (E,¢) 20, ¢ € OG, 
and, by construction the function Gg: is symmetric, that is, 


Ga: (6,6) = Ge: (6,8) 


in Gt, so 
L£cGgt (£, ¢) = —de, 
where ôg is the Dirac distribution at € € Gi. 
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Let us now show that the function defined by (11.85) belongs to C?(G*) N 
C!(Gi). Since f € P4(G*) and supp f C GË}, the volume potential (i.e., the first 
term of the right-hand side in (11.85)) belongs to C?(G?) by Folland's theorem 
(see [Fol75, Theorem 6.1], see also [FS74]). Hórmander's hypoellipticity theorem 
(see [H6r67]) guarantees that every harmonic function is C^?, hence the Dirichlet 
double layer potential (the second term of the right-hand side in (11.85)) is in 
C?(G*). On the other hand, since ¢ € C? (8G), suppó C (z1 = 0,...,2; = 0] 
and the boundary hyperplanes {zı = 0},..., {xı = 0} have no characteristic 
points, that is, recalling that the characteristic set of G* is the set 


{x € OG! : X;,(x) € T,(OG*), k= 1,...,m), 


with T,,(0G*) being the tangent space to OG? at the point x, so we see that 
Xx(zo) € T,{OG*} for all zo € (z1 = O},..., {ay = 0) 

(see [GV00, Section 8] for more discussions on the non-characteristic hy- 
perplanes in G). Thus, the Dirichlet double layer potential is continuous on the 
boundary by the Kohn-Nirenberg theorem (see [CGNO08, Theorem 3.12], which is 
a consequence of [KN65, Theorem 4], see also [Der71]-[Der72]). 


Remark 11.5.5. Let us point out some special cases and extensions of Theorem 
11.5.4 and Proposition 11.5.3. 


1. Let Gt be the half-space. 
T Ee ne dmssetghsp0) 
Let the point ¢ = (y, T) = (y1, Y2,---;Ym;T1,--+;7n) lie in this half-space, so 
that yı > 0. The point 
C* = (y*, 7) :5 (yu Yo, +++ Vm Tis - 70) 


is said to be symmetric for the point Ç with respect to the hyperplane x; = 0. 
As a direct consequence of Proposition 11.5.3 we have that the function 


Ger (£, C) 2 T(C o £) - I((C) ^ o £) 


is the Green function for the Dirichlet sub-Laplacian in G*. 


Let now f € l'4(G*), 0 < a < 1, with supp f C G^, and let à € 
C^* (GT) with supp @ C {x1 = 0}, and consider the Dirichlet sub-Laplacian 
problem 


— f£ nat 
pm apod. (11.86) 


u=@ onÓG*. 


As a consequence of Theorem 11.5.4 we get that the boundary value problem 
(11.86) has a unique solution u € C?(G*)NC1(G*) and it can be represented 
by the formula 


9-[. Ceti 9- fo HOEGE, dw), £eG*. 
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2. Let us point out another consequence for the quadrant-space in G. Let G® 


be the quadrant-space 
GV := {E = (£1, eusSuiües: SU, z2 > 0}. 


Let the point = (y, T) = (y1,Y2,---;Ym;T1;---;T7n) lie in this quadrant- 
space, so that yı > 0, y2 > 0. Denote by 


C = (y*,T) = (Yis Uayt Um Tis a Tn) 
and 


¢ = (g,T) = (y1, —Y2, e Ym, Ti; aTa) 
the symmetric points for ¢ with respect to the hyperplanes x, = 0 and z2 = 0, 
respectively. The point 


¢ = 7) = (Wiss os Um C ce Tu) 


is the symmetric point for ¢* with respect to the hyperplane r9 = 0 and 
the symmetric point for Ç with respect to the hyperplane xı = 0. Then as a 
direct consequence of Proposition 11.5.3 we have that the function 


Gee (£, C) 2 T(C * o£) KT ((C) o €) -T((C*) 1 0 €) - T((C) 1 o£) 


is the Green function for the Dirichlet sub-Laplacian in G9. 


Furthermore, if f € T4(G9), 0 < a < 1, with supp f C G9, and 
$ € C** (0G) with supp o C (z1 = 0}, then the boundary value problem 


Lu=f inG®, 
u=¢ ondG®, 


has a unique solution u € C?(G9) n C! (G9) and it can be represented by 
the formula 


u(£) | Gse(&, Of(C)dw(c) — e(Q(VGee(&, C), WO), €€ G®. 


G® aGe 


The statements of Theorem 11.5.4 and Proposition 11.5.3 can be extended in 
a straightforward way to shifted l-wedge like spaces, for any a = (a1,...,aj) € 
IR! defined by 


Gi t= {f= (@1,.-., 0m, t1)-+2; tn) : 21 > apers a7 > a}. 


In this space the Green function Gg: has the same formula as in (11.83) if 
we choose the symmetry points now with respect to the hyperplanes {21 = 
ai},...,{@ = a}. In this case Theorem 11.5.4 remains true and can be 
obtained by the same argument. 
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11.5.2 Green functions and Dirichlet problem in strip domains 


Similarly to wedge domain we can carry out a similar analysis in strip domains. 
Definition 11.5.6 (I-strip domains). Let 1 < | < m. We define GF to be the [-strip 
space if it is given by 
GF = IE "(Bien yng tise Se ybn) a > ep > Of 

Let the point ¢ = (y, T) = (Y1,---;Ym;T1;-+-;Tn) lie in this l-strip space, so that 
a > yı > 0. We will use the notations 

Ces = (y1,- -~ YT 2aj, Umi Ti; dts 
and 

Co, = (Vices t 205... Vm TI Tn) 
for all j 20,1,2,.... 


'The Green function for the Dirichlet sub-Laplacian in the strip domains takes 
the following form, where compared to Proposition 11.5.3 in wedge domains, the 
formula is now given by an infinite series. 


Proposition 11.5.7 (Green function for Dirichlet sub-Laplacian in strip domains). 
Let G* be an l-strip domain for 1 X I X m. The function 


oo 


Gelé, O = M (Ge) - r(c-5o8) (11.87) 


j—-—oo 
is the Green function for the Dirichlet sub-Laplacian in GF. 


Proof of Proposition 11.5.7. The formula (11.87) consists in the j = 0 term, i.e., 
the term (ee o €), which corresponds to the fundamental solution, and all the 
other terms which are subharmonic functions in GF. Let us check that traces of 
(11.87) vanish on hyperplanes x; = 0 and z; = a. If x; = 0, then (11.87) gives 


Gg- (£, 6)», 0 


25 (er-u)? ++ Ca 223 + | (Lm Ym) yr l 16|t qp 


j=-00 


— (((@1— ys)? +-+ (yr 7 223 +--+ (Em Y 161 — 7?) 6 9^ ) = 0. 


If z; =a, then (11.87) gives 


Gor (E,0) a n 
—c 5 (a =y) ++ (a— y+ 2aj)? ++ (Em — ym)?)? +16|¢— 7|2) 97 9/4 
j=—co 


— (((zx =n)? +--+ (ai — 205)? +--+ (am = y)? + 16|t= 7/7) OO") 
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=e n n (a-m + 2a)? + emt) ld Py ^ 
j=0 
=ò (inscia acd gi - Dal ae (rg c P clo) o ^ 
j=l 
n3 (((zi —31)? (a7 yt 2aj)? ++ (à — ym)? +16|t 7 pye-o^ 
j--1 
-e (n n e 2af)? Grm s tap p) OY 
=0. U 


Here the first term (j — 0 term) of the first sum is cancelled with the first term 
(j — 1 term) of the second sum and the second terms of the first sum is cancelled 
with the second term of the second sum and so on, that is, the first two sums give 
zero. Similarly, the first term of the third sum is cancelled with the first term of 
the last sum and the second term of the third sum is cancelled with the second 
term of the last sum and so on, that is, the last two sums also give zero. As a 
result, the trace vanishes at x; = a. 


For f € T'4(G-), 0 < a < 1, with supp f C GF, and for à € C**(0GF) 
with supp ¢ C (x; = 0} U(xi = a}, we now consider the Dirichlet problem for the 
sub-Laplacian 


u= in GF 
[< 7 mens (11.88) 


u=¢ ondGF. 


Theorem 11.5.8 (Dirichlet problem for sub-Laplacian in strip domain). Let f € 
T4(GF), 0 « a < 1, with supp f C GF, and let à € C*(OGF) with supp C 
(zx; = 0} U{ai = a}. Then the boundary value problem (11.88) has a unique 
solution u € C?(G-) n C! (GF) and it can be represented by the formula 


u(é) = I Geli OLOO- | eO Gg- lEt), wO), EEGE, 
GE aGE 


where 
m 


VGee = M (XeGge) Xs. 


k=1 


Proof of Theorem 11.5.8. The proof is almost the same as the proof of Theorem 
11.5.4, so we omit it. 
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11.6 p-sub-Laplacian Picone’s inequality 
and consequences 
In this section, we present Picone’s identities for the p-sub-Laplacian on strati- 
fied Lie groups, which implies a generalized Díaz-Saá inequality for the p-sub- 
Laplacian on stratified Lie groups. As consequences, a comparison principle and 
uniqueness of a positive solution to nonlinear p-sub-Laplacian equations are de- 
rived. The presentation of this section follows the results of [RS17a]. 
First let us introduce the functional spaces S'P(Q). 


o 1,p 
Definition 11.6.1 (Functional spaces S+? (Q) and S (Q)). We define 
S»P(Q) := {u: Q >R; u, |V gu] e L?(O)}. 


1/p 
dut IVirul?ae ; 


then we define the functional class s "(Q) to be the completion of Cj(Q) in the 
norm generated by Jp (see, e.g., [CDG93]). 


Consider the functional 


In an admissible domain Q C G with smooth boundary 02 we study the 
p-sub-Laplacian Dirichlet problem: 


—Lpu = F(rz,u) inQ, (11.89) 
u = 0, on OQ. 


Here we assume that 


(a) The function F : Q x R > R is a positive, bounded and measurable, and 
there exists a positive constant C > 0 such that 


F(z, p) € C(e? + 1) 


holds for a.e. x € Q. 
(b) The function 
F(x, p) 
pi 
is strictly decreasing on (0,00) for a.e. x € Q. 
o 1,p 


As usual, if a function u c S (Q) n L®(Q) satisfies 
J [Vau]? (Vu)ódv = i F(z, u)ódv 
Q Q 


for all $ € Cg? (Q), then it is called a weak solution of (11.89). 
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Keeping in mind the stratified group discussions in previous sections for any 
set Q C G we denote, for any 1 < p < oo, 


|up-? 
f) 


d P 
L(u,v) = |V gu]? — p “Y yu: Vgv|Vgv["-? + PO Nan. (11.90) 


We also denote 
|u|? 


f(v) 


a.c. in Q. Here f : Rt — R* is a locally Lipschitz function such that 


R(u,v) := |Vgu|? — Vg (HE ) |Vgv P Viv, 1<p<o, (11.91) 


P- DOI < f'(t) (11.92) 


holds a.e. in R*. Then we have the following Picone identity on a stratified Lie 
group G. 


Lemma 11.6.2 (Picone identity). Under the above assumptions we have 
L(u,v) = R(u,v) 20 


a.e. in Q, where u and v are differentiable real-valued functions and Q C G is 
any set. 


Proof of Lemma 11.6.2. We have the equality 


Va ( ur) _ pf (v) ul? uV gru — foul? V gv 
f() PC) 
pup ?uVuu f'(w)lulPVare 


fv) f) 


It implies that 


|ul? 


R(u,v) = |Vgu|? — Vg Go 


) |V gv|? V gv 


f'(v)|u|" 


P IV gv[?- ^V gu - Vav + A CIV gw? 


*(v) 


plu|?- 


f(v) 


= |Vaul? - 
= L(u,v). 


Now it remains to show the non-negativity of R(u,v) (that is, alternatively, of 
L(u, v)). Since 


pul?! 


fœ) 


plul??u 
f(v) 


IV gv|? ? V gu: V gv < IV gv|? 1 |V gu], 
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by applying the Young inequality to the right-hand side of this inequality we obtain 


p-2 PIV povl? 

plu ud wp 2V gu Vg < |V guļ? + (p— peer. 

f) fr (v) 
Thus, we have 
'(v)|u|?|V pul? ulP|V pul? 
Ju PL | -(p-1)l PIVa | < R(u,v). 
v prp) 
p-2 


By assumption (11.92) we have (p — 1)|f(t)|v-: € f'(t), which means that 0 < 
R(u, v), completing the proof. 


Lemma 11.6.3. Let 1 < p < oo and let f : IR* > R* be a locally Lipschitz function 
such that = 
(p - DIOE < f'(t 
olp 

holds a.e. in Rt. Let Q C G be a bounded open set and let v € S (Q) be such 
that v > € » 0. Then for any u € Cg? (Q) we have 

ful (Hc v)dx < f |V gu|P dz. (11.93) 

o fo) 7 JQ 


o Lp 
Proof of Lemma 11.6.3. Let v € S (Q) be such as in the assumptions, that is, 
v > € > 0. Then by the density argument we can choose vy € CE(Q), k — 1,2,..., 
such that uy > $ in Q and vy > v a.e. in Q. By using Lemma 11.6.2 we have 


0< f Rt. ood. 
Q 


for each k. That is, 


|u|? f 
ZUM i < Pdz. 
2 f Lv )dz < Na dx 


ol.p i 
Since £p is a continuous operator from S (Q) to S71? (Q), p = zz, we have 


Lyvp — Lpv in S-1P'(Q) and f(v) > f(v) pointwise since f is a locally Lipschitz 
continuous function on (0,00). Thus, by the Lebesque dominated convergence 
theorem and using the fact that f is an increasing function on (0,00), for any 
u € Cg? (Q) we arrive at the inequality 


|u|? T 
——(-—£pv)dz € | |Vgu["dz, 
o f(v) Q 


proving (11.93). 
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As a consequence of the Harnack inequality for the general hypoelliptic oper- 
ator (see [CDG93, Theorem 3.1]) one has the following strong maximum principle 
for the p-sub-Laplacian. 


Lemma 11.6.4 (Strong maximum principle for the p-sub-Laplacian). Let 1 < p < 
Q, let Q C G be a bounded open set and let F : Qx R — R be a measurable 
function such that 


|F(z, p)| < C(t +1) 


o 1,p 
for allp>0. Letu€ S (Q) be a non-negative solution of 


—Lpu = F(r,u) ing, 
u=0, ondQ. 


Then u = 0 or u » 0 in €). 


ol,p 
Proof of Lemma 11.6.4. Since u € S (Q) by using the Harnack inequality 
[CDG93, Theorem 3.1] for 1 < p € Q there exists a constant Cpr such that 


esssup u < Cress inf u 
B(a,R) B(z,R) 


holds for any x € Q and quasi-ball B(0, R). This means that u = 0 or u > 0 
in Q. 


Combining Lemma 11.6.3 and Lemma 11.6.4 one has the following general- 
ized Picone inequality on G, which is a key ingredient for proofs of both a compar- 
ison principle and uniqueness of a positive solution to nonlinear p-sub-Laplacian 
equations. 


Lemma 11.6.5 (Generalized Picone inequality). Let Q C G be a bounded open set 
and let g: Q x R —> R be positive, bounded and measurable function such that 


g(x,p) € C(p?* +1) 

for all p > 0. Then we have 
Jul? 
a f(v) 


o 1,p 


for allv, u € S (Q) and v(z 0) 2 0 a.e. Q € G such that 


(—£pv)dz < f |Vgu|”dr, 1< p< o, (11.94) 
Q 


—Lyv = g(a, v). 


Proof of Lemma 11.6.5. By Lemma 11.6.4 we have v > 0 in Q. Let 


1 
vy(x) = v(z) + x; I2 12,5: 
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Then we have Lyvg = Lpv in STIP (Q), v — v ae. in Q and also f(vk) > f(v) 
Lp 


pointwise in Q. Let up € CS (Q0) be such that ug — uin S l (Q). For the functions 
uj and vy Lemma 11.6.3 gives 


[ux]? 
o f(vx) 


Now since f(vk) + f(v) pointwise, by the Fatou lemma we arrive at 


(—£pvx)dx <f |V gius [P da. 
Q 


[u]? " 
—~(-Lpv)dx € | |Vgu["dz. 
o f(v) Q 


This completes the proof. 
Lemma 11.6.5 implies the following comparison type principle: 


Theorem 11.6.6 (Comparison principle for p-sub-Laplacian). Let Q C G be an 
admissible domain. Let 0 < q < p — 1 and let F be a non-negative function such 


that F Z 0. Letu,ve S l (Q) be real-valued functions such that 


(11.95) 


—Lpu > F(r)?", u>0 mQ, 
—Lyv € F(xv*, v»0 nQ. 


Then we have v < u a.e. in Q. 


Proof of Theorem 11.6.6. Tt follows from (11.95) that 


q q m 
re iv )s £yu | Lv 


yp-t yPp-1 yp-t yp-1t 


Multiplying both sides by w = (v? — u”), and integrating over Q we have 


q q q q 
[Fo (= =) wd = f F(a) P - =) udi 
[ou] uP-— vP Q yP- yP— 


Moreover, we have 
—Lyu |, Lyv 
[ ( el + 2) wdx 
ee 
Q up-1 


= p-2 w 
[iw Vgv VH (=) dx 


498 Chapter 11. Elements of Potential Theory on Stratified Groups 


—2 uP — uP 

= |V pul? Vau: VH as dx 

OQn[v»u] uP 

D _ uP 
A omnes 
OQn[v»u] 
p 

«f (Iun -VH (=) = Vao’) dx 

OQN[v>u] uP 


p 
«f " (Viel vao: Vn (=) = vau) dz 
N|v>u 
= l + I, 


where 


P 
h = f (Varu n -VH ( Z) — Viel) dx 
OQn[v»u] uP 


p 
l := | (waa -VH ( =) — vau") da. 
QN[v>u] uP 
We notice that 
m 
lh =| |\Virul??V gu- Vg (=) dx -f |V xu? da 
QN[v>u] uP OQn[v»u] 


p 
== D Lpudr — |V gv|?dz < 0. 
p-1'P 
Qn[v»u] Y On[vu] 


In the last line we have used Green's first identity (1.90) and the Picone inequality 
(11.94). Similarly, we see that Iz < 0. Thus, we obtain 


—Lyu , Lyv 
f ( E + A wdx < 0. 


Consequently, (11.96) implies that 


F d deca eT or ea 
; —— — <0: 
— e) (c Y zz) P i in 


On the other hand, we have 


os ra) ( er uu) 


uP- 


and 


on the set [v > u]. This means that |[v > u]| = 0. 


As another consequence of Lemma 11.6.5 we have the following Díaz-Saá 
inequality on stratified Lie groups. 
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Lemma 11.6.7 (Díaz-Saá inequality). Let Q be an admissible domain. Let functions 


olp 
gi and go satisfy the assumption of Theorem 11.6.5. If functions u1, ug € S (Q) 
with u1, uo(zÉ 0) > 0 ae. Q € G are such that 


—Lpu = gi(z,uj) and — Lpuz = go(x, ua), 


-L ui L u» 
0s i [= + em) (uj — u$)dz. 
1 2 


Proof of Lemma 11.6.7. Let functions u; and uz satisfy the assumptions. Then by 
the inequality (11.94) with f(u) = u?-! as well as for u; and uz we have 


then we have 


[ui]? 


p—1 
Q Ua 


(—Lpu2)dz < | [V gus |? da. 
o 


Using Green's first identity (1.90) we get 
—L L£ 
o< f (me. 2 ul dz. (11.97) 
QV u ub 


Again, by the inequality (11.94) we have 


Lu " 
p—1 (- pu )dx < |V gua] da. 
Q Uy Q 
As above, this implies 
L L 
0< J | P - = ubdz. (11.98) 
a Vu u5 


Now the combination of (11.97) and (11.98) completes the proof. 


The established properties allow one to show the uniqueness of a positive 
solution for the equation 


| —Lpu = F(z,u) inQ, (11.99) 


u = 0, on ðN, 
where Q is an admissible domain. For convenience, we recall once again the as- 
sumptions on F(x, u): 


(a) The function F : Q x R > R is a positive, bounded and measurable function 
and there exists a positive constant C > 0 such that 


F(a, p) < C(p?* +1) 


holds for a.e. x € Q. 
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(b) The function 


is strictly decreasing on (0,00) for a.e. x € Q. 


Theorem 11.6.8 (Uniqueness of positive solutions). There exists at most one pos- 
itive weak solution to (11.99) for 1 « p € Q. 


Proof of Theorem 11.6.8. First, assuming that uj and ug are two different (u; Æ 
u2) non-negative solutions of (11.99) and using Lemma 11.6.4 for these functions 
we conclude that u; > 0 and u2 > 0 in Q. Then Lemma 11.6.7 implies that 


Moreover, from the assumption (b) it follows that 


F(z,ui) = F(x, uz) u? — u?)dax 
[ (Fe =a (uj — ub)dx < 0. 


uU Ug 


On the other hand, we have 


—Lyu Lou F(x,u F(x,u 
f | r4 2 (uj — u$)dx E |l - few!) (uj — u$)dz, 
QV u [A Q u [A 


and this contradicts that both u; and uz (ui Æ u2) are non-negative solutions of 
(11.99). 
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Chapter 12 A 


Check for 
updates 


Hardy and Rellich Inequalities for 
Sums of Squares of Vector Fields 


In this chapter, we demonstrate how some ideas originating in the analysis on 
groups can be applied in related settings without the group structure. In particular, 
in Chapter 7 we showed a number of Hardy and Rellich inequalities with weights 
expressed in terms of the so-called £-gauge. There, the £-gauge is a homogeneous 
quasi-norm on a stratified group which is obtained from the fundamental solution 
to the sub-Laplacian. At the same time, in Chapter 11 we used the fundamental 
solutions of the sub-Laplacian for the advancement of the potential theory on 
stratified groups, and in Section 7.3 fundamental solutions for the p-sub-Laplacian 
and their properties were used on polarizable Carnot groups for the derivation of 
further Hardy estimates in that setting. 

The aim of this chapter is to show that given the existence of a fundamental 
solution one can use the ideas from the analysis on groups to establish a number 
of Hardy inequalities on spaces without group structure. 

Thus, let M be a smooth manifold of dimension n with a volume form dv. 
Let {X;,}4_, be a family of real vector fields on M, and denote by £ the sum of 
their squares: 


De X}. (13.1) 


Identifying each vector field X with the derivative in its direction, second-order 
differential operators in the form (12.1) have been widely studied in the literature. 
For instance, by the well-known Hórmander sums of the squares theorem from 
[Hor67], the operator £ is locally hypoelliptic if the iterated commutators of the 
vector fields (X) , generate the tangent space at each point. Such operators 
have been also investigated under weaker conditions or without the hypoellipticity 
property. There are many geometric considerations related to such operators, see, 
e.g., the seminal papers of Rothschild and Stein [RS76] and of Nagel, Stein and 
Wainger [NSW85]. 
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In this chapter our main assumption on the operator £ in (12.1) will be 
that it has a local fundamental solution. In particular, this is the case when M 
is a stratified or a graded group, but the group assumption is, in principle, not 
necessary. In what follows we will give other examples of naturally appearing 
operators in other contexts having local or global fundamental solutions. The 
presentation of this chapters is based on the results obtained in [RS17d]. 


12.1 Assumptions 


We start by formulating assumptions for the presentation in this chapter. Then 
we discuss several settings where these assumptions are satisfied. This will include 
stratified Lie groups and operators on R” satisfying the Hórmander commutator 
condition. 

Let M be a smooth manifold of dimension n with a volume form dv, and let 
L be an operator as in (12.1). At a point y € M we will be making the following 
assumption that we call (A,), asking for the existence of a local fundamental 
solution at y: 
(Ay) For y € M, assume that there is an open set T; C M containing y such 


that the operator —£ has a fundamental solution in Ty, that is, there exists 
a function T} € C?(T, V {y}) such that 


gp d in Ty, (12.2) 


where à, is the Dirac ó-distribution at y. 


When the point y is fixed, we will often use the notation l'(z,y) = P'y(x) 
or simply T(x). Here C? stands for the space of functions with continuous sec- 
ond derivatives with respect to (X, ,. We note that among other things the 
existence of a fundamental solution implies that £ is hypoelliptic. 

Sometimes we will strengthen Assumption (A,) to the following assumption 
that we call (A7) asking for the local positivity of the fundamental solution: 


(Aj) For y € M, assume that (Ay) holds and, moreover, we have 


D,(z) »0in Ty \ {y}, and +0) =0. 


The second part of the assumption is usually naturally satisfied since for a 
fundamental solution T4, the quotient r is usually well-defined and is equal to 0 
at y since I’, normally blows up at y. 

As before, we will be using the notation (X;,,dv) for the duality product 
of the vector field Xj with the volume form dy, that is, since dv is an n-form, 
(Xx, dv) is an (n — 1)-form on M. 

It will be convenient to use the following notion of admissible domains in 
this chapter. We note that this notion here differs from the one in Definition 1.4.4. 
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However, there should be no confusion since the following definition will be used 
in this chapter only. 


Definition 12.1.1 (Admissible domains). We will say (in this chapter) that an 
open bounded set Q C M is an admissible domain if its boundary OQ has no 
self-intersections, and if the vector fields {X;,}/_, satisfy the equality 


N N 
Ee Xy fydv = M f. fx CXy, dv), (12.3) 


for all fe € C1(Q) CQ), k 2 1,..., N. 

We will also say that an admissible domain Q is strongly admissible with 
y € M if assumption (A,,) is satisfied, Q C Ty, and (12.3) holds for f; = vX;Ty 
for all v e C! (Q)f]C(0)). 


Although there are several conditions incorporated in the notion of a strongly 
admissible domain the examples below will actually show that in a number of 
natural settings, any open bounded set with a piecewise smooth boundary without 
self-intersections is strongly admissible, see Proposition 12.2.1. The condition that 
the boundary 0€)? has no self-intersections implies that OO is orientable. For brevity, 
we will say that such boundaries are simple. 


12.1.1 Examples 


Let us now describe several rather general settings when bounded domains with 
simple boundaries are strongly admissible in the sense of Definition 12.1.1. More- 
over, we discuss also the validity of assumptions (A,) and (A7). 

For the examples (E2) and (E3) below we will need the following definition. 
Definition 12.1.2 (Control distance and Hólder spaces). The control distance 
d-(x,y) associated to the vector fields X; is defined as the infimum of T > 0 
such that there is a piecewise continuous integral curve y of X4,..., Xy such that 
(0) = z and q(T) = y. 

The Holder space C°(Q) with respect to the control distance is then defined 
for 0 < a € 1 as the space of all functions u for which there is C > 0 such that 


|u(z) — u(y)| € Cde (a, y) 
holds for all x,y € Q. Then, u € C!® if Xyu € C? for all k = 1,..., N, and the 
spaces C'^* are defined inductively. 
Example 12.1.3 (Examples of strongly admissible domains). Let us give several 
examples. 
(E1) Let M be a stratified Lie group, n > 3, and let (X, , be left invariant 
vector fields giving the first stratum of M. Then for any y € M the assump- 


tion (A5) is satisfied with T, = M. Moreover, any open bounded set Q C M 
with a piecewise smooth simple boundary is strongly admissible. 
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(E2) 


(E3) 
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Let M = R”, n > 3, and let the vector fields Xy, k = 1,..., N, N € n, be of 
the form 
Xy — 2 ‘ 2 12.4 
e= AN 5 aem (m) ( . ) 
m-—N-1 


where ag,m(x) are locally C1:°-regular for some 0 < a < 1, where C? stands 
for the space of functions with X;-derivatives in the Hólder space C% with 
respect to the control distance defined by these vector fields. Assume also 


o 


AIC a did (x) [Xi, X; (12.5) 


1<i<j<N 

for all k = N +1,...,n, with AY? € L (M). Then for any y € M the 
assumption (Aj ) is satisfied. Moreover, any open bounded set O C M with 
a plecewise smooth simple boundary is strongly admissible. 

More generally, let M = R”, n > 3, and let the vector fields Xy, k = 1,..., N, 
N <n, satisfy the Hórmander commutator condition of step r > 2. Assume 
that all Xi, k = 1,..., N, belong to C^*(U) for some 0 < a € 1 and U C M, 
and if r = 2 we assume a = 1. Then for any y € M the assumption (Aj) 
is satisfied. Moreover, if X;,’s are in the form (12.4), then any open bounded 
set Q C M with a piecewise smooth simple boundary is strongly admissible. 


Some remarks are in order. 


Remark 12.1.4. 


T: 


In Example (E1), the validity of Assumption (Aj ) for any y follows from 
(1.74) and (1.75). The equality of (12.3) for (E1) and the strong admissibility 
for any domain with piecewise smooth simple boundary follows from Theorem 
1.4.5. 


. In Example (E2), the existence of a local fundamental solution, that is (A,) 


for any y € M was shown by Manfredini [Man12]. While the positivity of 
T, does not seem to be explicitly stated there, see Sánchez-Calle [SC84], or 
Fefferman and Sánchez-Calle [FSC86] for the positivity, thus assuring that 
Assumption (A7) holds. The validity of (12.3) and the strong admissibility 
for any domain with piecewise smooth simple boundary will follow from 
Theorem 12.2.1. 


. Condition (12.5) implies that the collection of vector fields {X;,}4_, satisfies 


Hórmander's commutator condition of step two. 


. The condition (12.4) on the vector fields in (E2) and (E3) is not restrictive. 


In fact, by a change of variables one can show that any collection of linearly 
independent vector fields which are locally C™®-regular (r € N) can be trans- 
formed to a collection of the same regularity which satisfies condition (12.4), 
see Manfredini [Man12, page 975]. 
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5. In Example (E3), the validity of condition (A7) was studied by Bramanti, 
Brandolini, Manfredini and Pedroni [BBMP17, Theorem 4.8 and Theorem 
5.9]. The validity of (12.3) and the strong admissibility for any domain with 
piecewise smooth simple boundary will follow from Theorem 12.2.1. 

6. Assumptions (Ay) or (A7) hold also in some other settings. The subject of the 
existence of local and global fundamental solutions for £ is well studied when 
L£ is a hypoelliptic operator, see, e.g., [Man12, BLU04, FSC86, SC84, OR73] 
for more general and detailed discussions. 

7. For both Examples (E2) and (E3) let us give the following explicit example: 
In R? let N — 2 and let 


o o 
Xı = — mE 
: Ox, ae) 0x3,” 
o o 
Xə = — + 0(x)— 
à Óx» T a) 0x3,’ 


be vector fields with coefficients 
a(x) = z»(1- |x|), b(x) = —a1(1 + |z1l). 


Clearly, these coefficients are not smooth. Then 
ð 
Xi, X] = —2(1 + [mi] + z2) 5 —. 
T3 


The vector fields X4, X2 are C^! and satisfy Hórmander's commutator con- 
dition of step two, so that assumptions of Example (E2) hold. Replacing |i |, 
|z2| with zi|zi|, z2|vo| we get C? vector fields, satisfying assumptions of 
Example (E3). 

These examples and the corresponding sub-Laplacian L = X? + X2 
were studied in [BBMP17, Section 6]. Other explicit examples can be built 
from the so-called A)-Laplacians, see, e.g., [KS16]. 


12.2 Divergence formula 


For this, there is no need to make any assumptions on the step to which Hórman- 
der’s commutator condition is satisfied, whether it is satisfied or not, or on the 
existence of fundamental solutions as in (A,,). Thus, let us formulate this property 
as a general statement which shall be of interest on its own. The assumption for 
smoothness on X; can be reduced here, e.g., to @k,m € Ci, 


Theorem 12.2.1 (Divergence formula). Let Q C R” be an open bounded domain 
with a piecewise smooth boundary that has no self-intersections. Let Xy, k = 
1,..., N, be C! vector fields in the form 


Xk = E » ec, s. (12.6) 
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Let fy € C! (Q)(] C(Q), k — 1,..., N. Then for each k =1,...,N, we have 


] stie = [ fi Xx, dv). (12.7) 
Q 0a. 


Consequently, we also have the divergence type formula 


N N 
Xy fydv = fx Xy, dv). (12.8) 


If y € R” is such that (Ay) is satisfied, then we can also take fy = vX;Vy in 
formulae above, for all v € CHQ) NCM). 


Formula (12.8) is exactly the one needed for the admissibility of a domain 
in Definition 12.1.1. For a discussion of other related versions of the divergence 
formula in the literature see Remark 1.4.7. The proof of Theorem 12.2.1 is similar 
to that of Theorem 1.4.5. 


Proof of Theorem 12.2.1. For any function f we calculate the following differenti- 
ation formula 


df = D phan + 3 dem 


m= ua P 
Of “Of 
= So xasan- » am(a) dre DO 5 dam 
k=1m=N-+1 m=N-+1 
i »»x fdzm t M or CY onnl m (2)day + dam) 
k= m=N+1 Tm 
N n 
of 
=) Xefdex+ $5 z—0ms 
k= m=N+1 Om 
where we denote 
-- Yes )dzy + dra, m 2 N+1,...,n. (12.9) 
That is, we have 
df = Yin EE (12.10) 


m= Xe 


It is simple to see that 


o 
(X5, dzj) = Bn oui =O ES s<N, 1 <n, 
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where 5; is the Kronecker delta. Moreover, we have 


a n 
(nt) = (ges 5 A E D )day +e ) 
Ts g=N+1 


ð ai ð ð 
(mta) day — 5 ak m (m) dite + Bs, 7” 


ð ð 
as g(x) (= Gk,m( w) d£k — 3 P» s,g(L)Ak,m (x) 5 dak 
Tg 


> 
ll 
un 


g=N+1 k=1 g=N+1 
n a 
+ 5 ds g (7) 5 dm 
g=N+1 g 
o 
= (mes in Soh 


Ə TL 
5 be dry + 5 as g(£)ógm 
Tg 


g=N+1 


l | l 
Me TM: IM 
3 
a 
à 
o 
PR. ks 


That is, we have 


for s — 1,...,N, j — 1,...,n, and 


N 
(Xs, Om) = X Ck (s, m)dzs, 
k=1 
for s= 1,..., N, m=N-+1,...,n, where we denote 
z o o 
C(s, m) := — 5 as gr) z, amr) — Jr, thn): 


We have 


dv :— dv(x) = n dx; = A dx; A dim = A dzi A Om, 


j=l m=N+1 m=N+1 
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so that 
(Xp, du(x E dz; A Om (12.11) 
j-lJjzk m=N+1 


Therefore, by using formula (12.10) we get 


d(fs(Xs,dv(x))) 
= df, ^ (X5,dv(2)) 


N n 
= S Xi fede ^ (Xs, dv(a)) + 5 E Om ^ (X,, dv(a » 
Oli 
k=1 m=N+1 
N n af 
= M Xefedax ^ n dz; A Om + galm ^ A dz; A Om. 
k=1 j=l, m=N+1 m=N+1 m=N+1 
JAK per 


The first term in the last line is equal to X,f,dv(x) and the second term is zero 
by the wedge product rules. Therefore, we obtain 


d((fiX;.,dv(r)) = X.f;dv(xy), s=1,...,N. (12.12) 


Now using the Stokes theorem (see, e.g., [DFN84, Theorem 26.3.1]) we obtain 
(12.7). Taking a sum over k we also obtain (12.8) for all f; € C1 (0) NCN). 

As in the classical case, the formula (12.7) is still valid for the fundamental 
solution of £ since I can be estimated by a distance function associated to {X;,} 
(see, e.g., [Man12, Proposition 4.8]), or [FSC86, SC84] for such estimates in a more 
general setting. 


12.3 Green's identities for sums of squares 


Similar to Theorem 1.4.6 the divergence formula in Theorem 12.2.1 implies the 
corresponding Green identities. 


Theorem 12.3.1 (Green's identities). Let M be a smooth manifold of dimension n 
with a volume form dv and let L be an operator as in (12.1). Let Q C M be an 
admissible domain. 


1. Green's first identity: If v € C! (Q)(] C(Q) and u e C?(Q)(] C1(Q) then we 


i f (v (Vv) )u + v£u) dv =f (Yu, dv), (12.13) 


where 


N 
Vu = M (Xx) Xr. (12.14) 


12.3. Green’s identities for sums of squares 509 
2. Green's second identity: If u,v € C?(Q)(\C1(Q) then we have 


J (u£v — v£u)dv = f (u(Vv, dv) — v(Vu, dv)). (12.15) 
Q [29] 


Moreover, if Q is strongly admissible, we can put u =T in (12.13), and u =T or 
v —T in (12.15). 


As in Remark 1.4.7, Part 1, the notation (12.14) implies that for functions u 
and v we have 


N 


(vv) u = Vvu = (X&v) (Xpu) = XO XpuX pu = (Vu) U (12.16) 


k=1 k=1 
is a scalar. 
Proof of Theorem 12.3.1. Taking fk = uX,u, we get 


N 
5 Xx fk = (Vv)u c v£u. 


k=1 


Since Q is admissible we can use (12.3), so that we obtain 


f (Vou + v£u) dv — 5 Xy fydv 


9 k=1 


= A Yd) 
N 


=f 2 vXękuXę, dv) 
ð 


This proves (12.13). Then by rewriting (12.13) for interchanged functions u and v 
we have 


f (Cup + u£v) dv = n i u(Vv, dv), 
f (Cou + v£u) dv = A v(Vu, dv). 


By subtracting the second identity from the first one and using (Vu)v = (Vv)u 
in view of (12.16), we obtain (12.15). 

If Q is strongly admissible, we can put I for u or v as stated since (12.3) 
holds in these cases as well. 
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Remark 12.3.2. It is crucial that Green’s identities are valid for the fundamental 
solution T. In the classical (Euclidean) case Green's identities are valid for the 
fundamental solution of the Laplacian and this fact is of fundamental importance 
in the classical theory as well. 


12.3.1 Consequences of Green's identities 


Let us now record several useful consequences of Theorem 12.3.1. Setting v — 1 
we obtain the following analogue of Gauss’ mean value type formulae: 


Corollary 12.3.3 (Gauss! mean value formulae). Let Q C M be an admissible 
domain. Then we have 


Lu 20 in0 = (Vu, dv) > 0 
oQ 
and 


Lu<0inQ => (Vu, dv) < 0. 
[o9 
Consequently, we also have 


Lu=0inQ = (Vu, dv) = 0. 
0a. 


Also, for a fixed z € Q, taking v = 1 and u(y) = T(z, y) in (12.13) we obtain: 


Corollary 12.3.4. Let €) C M be a strongly admissible domain such that €) C Ty 
for all y € Q, and let x € Q. Then we have 


| (VT (s, y), dv(y)) = —1, 
o0 


where VI (x,y) = VI (a, y) refers to the notation (12.14) with derivatives taken 
with respect to the variable y. 


The assumption of Q C Ty for all y € € in Corollary 12.3.4 just assures that 
the family of I’, is defined over y € Q. 


Corollary 12.3.5 (Representation formulae). Let us assume the conditions of Corol- 
lary 12.3.4. Taking v in (12.15) to be the fundamental solution T we obtain the 
following representation formulae. 


1. Letu e C?(Q)(] C* (Q). Then for all x € Q we have 
u(a) = — f T(z, y) cu (y)dv(y) 
- f Y TG). det) f TG) uos de) 
o0 


[29 
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2. Let u € C?(Q)Q CQ) and £u — 0 on N. Then for all z € Q we have 


u(z) = - f _ Meu) TG), de) + f r(e, y) (S'u(y), dv(y)). 


oQ 
3. Let u € C?(Q)(] CINA) and 
u(r)-—0, x € ON. 


Then for all x € Q we have 
u(z) = — ri Tz, y)£u(y)dv(y) + f Ts) Put). dg) 


4. Let u € C?(Q)(] C1 (Q) and 


N 
Y X;u(X;, dv) =0 on OQ). 


j=l 
Then for all x € €) we have 


u(z) = — L T(x, y)Lu(y)dv(y) — f u(y) (VT (s, y), dv(y)). 


oQ 


12.3.2 Differential forms, perimeter and surface measures 


In this section we briefly describe the relation between the forms (X;, dv), perime- 
ter measure, and the surface measure on the boundary 02. In this we follow [RS17c] 
where this topic was discussed in the setting of stratified groups, and we would 
like to thank Nicola Garofalo and Valentino Magnani for discussions. 


Definition 12.3.6 (Perimeter measure). Let Q C M be an open set with a piecewise 
smooth boundary. The perimeter measure on OF) is defined by 


N 
cy (0Q) 2»! v; CX;, dv) : Y = (4,..., YN) ly] < 1; y € ej . 
i-1799 


Then we have the following simple proof of the divergence formula in Theorem 
12.2.1. 


Proposition 12.3.7 (Divergence formula). Let X be a vector field and let (X, dv) 
be the contraction of the volume form dv = dz, ^:-- ^ dz, by X. Then we have 


[xow f. e(X, dv). (12.17) 
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Proof of Proposition 12.3.7. Let Lx denote the Lie derivative with respect to the 
vector field X. The Cartan formula for Lx gives 


Lx — dax c ax d, where ixdv = (X,dv). 


Then we have 


f xed = | aiv toa —. f texav= [ dox = f p(X, dv), 
Q Q Q Q aa 


showing (12.17). 


Proposition 12.3.8 (Relation between forms, perimeter and surface measures). Let 
(-,-)g@ denote the Euclidean scalar product. Then the perimeter measure doy and 
the surface measure dS on OQ are related by 


X; 
[et Xi)was = fp ton o [eU a), (12.18) 
(su, X95 


for all outer unit vectors v and all p € C?* (0€). 
Moreover, if g denotes the vector space spanned by (X5; and X; are 
orthonormal on g, then for any f; € C (ƏN) we have 


J Es Xj, dv) j= f (X vu)a don, (12.19) 


where X = `> —ı f; Xj and vg = x 10, Xj) gX;. 
Proof of Proposition 12.3.8. For an outer unit vector v on OQ let us write 
1/2 


wal = | X w, X and — |ux|; :— 
j=l 


(v, Xj)g 


lvl 
If dS is the surface measure on OQ, we have 
dow = |vg dS, 


and all these relations are well defined because the perimeter measure of the set 
of characteristic points of a smooth domain €) is zero. We can now calculate 


] Siew = f aivtexam = f eu) = f plu, Xj) gdS 
Q Q AQ AQ 
xX; 
zi ems = f plvn|; don, 
an [va] aa 
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giving one equality in (12.18). Combining this with (12.17) we obtain 


J Xina =f eheulideu, (12.30) 
aa aa 
the other equality in (12.18). Let us now assume that X; are orthonormal on g, 
and let 
N 
X=) fX 
j= 
We write 
N 
vg = M (v, Xj) BX; 
j=l 


for a vector v with |vg| = 1. Then we have 


N 
(Korja — >> filvnl;- 


j=l 
Now, applying (12.20) with y = f; and summing over j, we get 


N 


[pE dv) = f (Xona dog, X= S~ f;X;, 


j=l 


which gives (12.19). 


12.4 Local Hardy inequalities 


In this section we describe local versions of the Hardy inequality including bound- 
ary terms. The weights are formulated in terms of the fundamental solution and 
the proof relies on Green’s first formula from Theorem 12.3.1. As usual, we denote 


Vx m (X1... Xx). 


Theorem 12.4.1 (Local Hardy inequality with boundary terms). Let y € M be 
such that (A7) holds with the fundamental solution T =T, in Ty. Let Q C Ty be 
a strongly admissible domain such that y € OQ. Leta € R, a > 2— B, B » 2 and 
R> esupor 77. Then for all u € C1 (Q)] C(Q) we have 


a 2 Bt+a-2 a-2 MEE 
P2-7|V xu|* dv > -— D2-7 |V xr | ju] dv 
Q Q 


——i &-—1| 42g 
4 EEO! [| plul T, dv), 
2(8 —2) Jao IS 


(12.21) 
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as well as its further refinement 


a 2 Bta-2 " a-2 1 2| 12 
rz |V xu|^ dv > —9— D2-7 |VxT2 |^ |u|* dv 
Q Q 


1 -2 1 R = 
ex] river (1 n ) |u|*dv 
4 Jo [2-3 


1 RNY! - 
+o | pz (1 s ) u|? (VT, dv 
2(8 — 3) Jon pu) UVP) 


B+a-2 py aes 


Remark 12.4.2. 


1. If u = 0 on the boundary OQ, for example when suppu C Q, then (12.21) can 
be regarded as a usual Hardy inequality (without boundary term). Inequality 
(12.22) can be regarded as a further refinement of (12.21) since it includes 
further positive interior terms as well as further boundary terms. 


2. Even if y € 0€), the estimates (12.21) and (12.22) of Theorem 12.4.1 remain 
true if y Z OQ N suppu. 


3. In (12.21) the boundary term can be positive, see Remark 11.4.2, Part 2, i.e., 
we sometimes have 
Bta-2 


z25-1|,2(X7 
2(8 — 2) i D775 "[u[' (VT, dv) > 0, (12.23) 


for some u. 


4. In the setting of Example (E1), i.e., when M is a stratified group, and X;’s 
are the vectors from the first stratum, then (12.21) is equivalent to (11.73) in 
Theorem 11.4.1, where this inequality was expressed in terms of the £-gauge 
d, taking 8 = Q > 3, and d(x) = T(x, 0)7 s, where Q is the homogeneous 
dimension of the group. For example, with a = 0 we get 


IAE (2) [53 IVxdP ip av mos 


+i) d9-?u[? (Vd2—2, dv), 
2 Jan 


2 
with the sharp constant (22) ? 


Proof of Theorem 12.4.1. In the proof and in the subsequent analysis we follow 
[RS17d]. 
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First, let us prove (12.21). By an argument of Remark 2.1.2, Part 3, we can 
assume that u is real-valued. In this case, recalling that 


N 
(Vu)u — 3 (Xru)Xru =|Vxul’, 
k=1 


inequality (12.21) reduces to 


ONIS B--a—2 2 dm enn v 10» 
] = Cua > —= D2-8(VI?-5)D 7-2 u* dv 
Q Q 


8 j (12.25) 
+a— n e —1 2j 
+= D2-5  u*(VT,dv), 
2(8 —2) Jao 
which we will now prove. Setting 
u — dq (12.26) 


for some real-valued functions d > 0, q, and a constant y Æ 0 to be chosen later, 
we have 
(Vu)u = (Vd7q)d7q 
N 


= X Xi(d q) Xx (dq) 
k=1 
N N N 
= yd? s (Xnd)?q? +270 "g V^ Xd Xia 4- d?! V (Xka)? 
k-l k=1 k-l 


= yd? (Vdd)? + 2d? 1q(Vd)q + d^ (Va). 


Multiplying both sides of this equality by d^ and applying Green's first formula 
from Theorem 12.3.1 to the second term in the last line we observe that 


2y f qe*?»-!q(Vd)gdv = ] Ea Sa J| Eea 
Q Q Q 


a+2y a+2y 
Y 2p ja4-2 9! 27 142 
—— Ed?" ^ dy + f Vd*^ ^. dv), 


where we note that later on we will choose y so that d^^?" = T, and hence 
'Theorem 12.3.1 is applicable. Consequently, we get 


| d*(Vu)udv = vf qe*?1-?((V d)d) g?dv + 
Q Q 


wgqe-t2v 2d 
i mer 


+ | de?» (Vq)qdv 
Q 


] d Germa) 
oQ 


— / Platt? "dy + f q^? (Vq)gdv 
at 27 Jo 2 


— 42 | qot27-20(0 2 Y 
y [ em 62 av + 
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>? | det? ((Wd)d) gd n Vp 
2yemoqcI andar [ 6 v) 


T 2 p 104-2 
— £d? * ^! dy, 12.27 
a+2y fa É RM 


since d > 0 and (Vq)q = |Vxq|? > 0. On the other hand, it can be readily checked 
that for a vector field X we have 


y &a+2y a+2y-1 — vy a-F24-4-8—2 2—B 
cix 0)-ax( Xd) = 33 5x(d X (d2-8)) 


= 1 ris +2y+ B- 2)de*?r*8-3( Xd) x (q?-8) d ; 54 tw) 


= (a+ 27+ B— 2) (Xd)? + —— gd mtu), 


Consequently, we get the equality 


—QÀ LL pge* 2 yla 4-2 + B - 2)4** 97? (Nd) — p Agen. 


at 2y 
(12.28) 
Since q? = d~?7u? in view of (12.26), substituting (12.28) into (12.27) we obtain 


f d*(Vu)udy > (—Y? — yla + 8 — 2) f d^? ((Vd)d)u?dv 
Q Q 


Y 2—8 ya+B—2, 2 Y —2y, 2/9 Ja+2y 
——— | (£d d u*dz + d u (Vd ,dv). 
755 Ja atm Jon” |” § : 


Taking d = Tz, B > 2, concerning the second term we observe that for a > 2— f 
and f > 2 we have 


I Dr ude = 0, (12.29) 
Q 


since D = T4 is the fundamental solution to £. Indeed, the above equality is clear 
when y is outside of Q. If y belongs to Q we have 


] eoi? ude = TF (y)u*(y) — 0, 


since conditions a > 2 — B and 6 > 2 imply that —-— < 0, and since (y) = 0 
by (At). Thus, with d — D£7, 6 > 2, we get 


= +3 y2 
2-7 )P?-7? u^ dv 


] @uudy > (7 -ya+ 8-2) f rS 
Q Q 


y 
a+ 2y 


f poor es, dv). 
an 


Taking y = =. we obtain (12.25). Finally, we note that with this y, we have 
d**?7 =T, so that the use of Theorem 12.3.1 is justified. 


12.4. Local Hardy inequalities 517 


Let us now prove (12.22), with the proof similar to the above proof of (12.21). 
Recalling that 


N 
(Vu)u — 3 (Xru)Xru = |V xul’, 


k=1 
inequality (12.22) reduces to 


a= B +a—2 2 a—2 ~ 1 1 9 
[2-3 (Vu)udv > E EE [2-3 (Vr =F) =u dv 
Q Q 


1 -2 1l 1 d Y 
E D3-8 (VI =F) 275 (m : ) u?^dv 
Q 


rss 


: (12.30) 
1 7;25-1 R E 2/9 
+ 35-3) [ore (mn) u^ (VI, dv) 

Bta-2 


+E] TNT, du, 
2(B — 2) n 
which we will now prove. Let us recall the first part of (12.27) as 


| d^ (Vu)udv 


- | de*?-? (S d)d) Pdv + — | (Va**?vyg!dy + | de? (Vq)gdv 
m at 27 Jo Q 


-— | d2+21-2((Ga)d) dv + — | eae”, dv) 
Q at 27 Jan 
Y 


— f eanas | d**?" (V g)gdv. 
a+ 2y Q Q 


Since q? = d~?7u?, substituting (12.28) into (12.31) we obtain 


(12.31) 


| d*(Vu)udv = ( — 7? — yla + b — 2) f d^? ((Vd)d)u?dv 
Q Q 


E. 
2— B Jo 
Y d "nu get. dv) «f d+ (V g)gdv. 
o t 27 Jan 2 


Using (12.29), with d= TF, 8 > 2, we obtain 


(£d?-P)got P2 dg 


1 r= (Vu)u dv = (—5? — yla + 8 — » f D$ (Vr £s PEF dv 
Q Q 


y J L27 ate "mw 
D ?-5u^(VI 2-2 ,dv «fa "(V q)qdv. 
a+ 27 Jao \ Q (Vo) 
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Taking y = EM we obtain 


aos B +a—2 2 a-2 z 1 ete 
[2-3 (Vu)udv = a ED [2-3 (Vr =F) 777 u* dv (12.32) 
Q Q 


B+ra-2 z5 -1, 25 S 
t X8-3) for’ u Gr, ao) + f rad 


Let us now take 


that is, 


1 N ew 
= 3 re rere (1 z ) edv 
4 Jo [2-3 


- | rre @re sean + [ Tn (Wp)pdv 
7 Q T7 


1 —B. 6 1 1 R xx 
= 7 28 (VT? ) 77 (1m T ) v? dv 
4 Jg 2-B 


1 Sen [em 
* agg JT dv | T (Vy)ydv 


1 PE =i 
= 7 T= (Vrz )rz (1 i ) v? dv 
Q [2-3 


1 i 1 Wm 
— d LL 
*agog [ere "* ggg], (VI, dv) 


R ~ 
«f IIn—T-(Ve)edv. (12.33) 
Q [2-8 


A 


Since the second integral term of the right-hand side vanishes and the last integral 
term is positive from (12.33) we obtain that 


= 1 oe us 
^ lT(Vq)qdv > i pes (VE yrs (1 = ) yd 
Q Q [2-3 


i e 
3968-3 [oe (VI, dv) 
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T BE ue 1 1 R 7 
= 7 [2-3 (Vr =) (v : ) u?^dv 
Q 


= 
D dsl (s ) w(VT,dv). — 02.34) 


D 


Finally, (12.32) and (12.34) imply (12.30). 


12.5 Anisotropic Hardy inequalities via 
Picone identities 


In this section we discuss the anisotropic versions of local Hardy inequalities for 
general (real-valued) vector fields as in the previous sections. As in the most of this 
chapter, such weighted anisotropic Hardy type inequalities will also include the 
boundary terms, which of course disappear if one works with functions supported 
in the interior of the considered domain. The analysis is based on the anisotropic 
Picone type identities, analogous to those described in Section 6.10.1. As con- 
sequences, we also recover some of the Hardy type inequalities of the Euclidean 
space described earlier in the setting of the stratified groups. The presentation of 
this section is based on [RSS18c]. 

Throughout this and further sections, let M be a smooth manifold of dimen- 
sion n equipped with a volume form dv, and let (Xy MN 4, N < n, be a family of 
real vector fields. 

We start with the following weighted anisotropic Hardy type inequalities in 
admissible domains in the sense of Definition 12.1.1. 


Theorem 12.5.1 (Weighted anisotropic Hardy type inequality). Let Q C M be an 
admissible domain. Let W;(x), Hi(x) be non-negative functions for i = 1,..., N, 
such that for v € C1 (OQ) (] C(Q) satisfying v > 0 a.e. in Q, we have 


— Xi((Wi(zx)| X;v|* ?X;v) > Hi(x)v |, i—1,...,N. (12.35) 


Then, for all non-negative functions u € C?(Q) (^ C! (Q) and the positive function 
v € C! (Q)(] C(Q) satisfying (12.35), we have 


N N 
>| Wi(z)|X;u|Pdv > X Hi(x)|u 
i=1 72 i=1 72 

N 


eX [ae S Y GG Xo) dv), 


Pidy (12.36) 


where Vif = Xif Xi and p; > 1, fori=1,...,N. 


Before proving this inequality let us formulate several of its consequences, 
recovering and extending a number of known results, see Remark 12.5.3. In these 
examples of the weighted anisotropic Hardy type inequalities on M we express the 
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weights in terms of the fundamental solution T = r} (x) in the assumption A,. For 
brevity, we can just denote it by T, if we fix some y € M and the corresponding 
Ty and Ty. 

Corollary 12.5.2 (Anisotropic Hardy inequalities and fundamental solutions). Let 
Q C M be an admissible domain. Then we have the following estimates. 


(1) Leta € R, 1 < p; <B+a,i=1,...,N, and y > —1,8 > 2. Then for all 
u € OF (ON(0)) we have 


N 
` D757 XT Xiu” dv 
c 
= (12.37) 
- Bta- pM a=; 1 
>>. (=) J TEP |X; P+ uj” dy. 
= Di Q 
(2) Let o,*y ER anda¥40,8 > 2. Then for any u € Cd(Q) we have 
X ytri 
> TF | X;iu|?: dv 
i=1 72 
(12.38) 


u|?: dv, 


N 
> 5 Cila, 7, pi)” DX; TE |P 
i Q 


where Cila, y, pi) :— ————— Di » 1, and à — l,..., N. 


(3 Leta € R,8»2,1« pi « B 4- a for i 2 1,..., N. Then for all u € Cg? (N) 
we have 


N 
3 rmm 
40 
N a 
> Y 68,a.p) | r7 


m————— ————S Iu 
l (1+ reie) | 


Di dv 


(12.39) 


Di dv, 


NDi-l 
where C;(B, a, pi) = (£e) (8 +a). 


(4) Leta € S,8 >2, 1 € p; € B 4- a for à 2 1,..., N. Then for all u € Cg? (Q2) 
we have 


A Pi a(pi—1) 
3) (1+ r9) |Xiu 
; o 

N 


235 (B, pi, a 7 


Pi dv 


(12.40) 


apaa Ml a 


We 


where C;(B,pi,a) = (sem. 


pi-1 
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(5) Let 8 > 2, a,b > 0 and o,y,m € R. If ay » 0 and m < E. Then for all 
u € C (Q) we have 


br z-z 
/ CR GM eid 
Q [2-8 
blz )* 
> O(8,m)? f (at Po T reri lude 
Q 2—B 
br =z)! 
eC mee | CAE IVT udn (1241) 


where C (8, m) := a and Vx = (X3,..., Xy). 
Remark 12.5.3. 


1. In Theorem 12.5.1, if u vanishes on the boundary 0€) and if p; = p, then we 
have the two-weighted Hardy type inequalities for general vector fields of the 
form 


f W(z)|V xu|”dv > f H(ax)|u|?dv, (12.42) 
Q Q 


where V x := (X1,..., Xy). 


2. Inequality (12.37) is an analogue of the result of Wang and Niu [WNO08], but 
now for general vector fields. Also, by taking y = 0 and p; = 2 we have the 
following inequality 


N B+a—2\? z i 
[>ne 2 ) [ river Pluan, (12.43) 
Q i=1 s 


for all u € C§°(Q) and where Vx = (Xij,..., Xy), which gives (12.21) 
without the boundary term. 


3. Inequality (12.38) recovers the result of D'Ambrosio in [D'A05, Theorem 2.7]. 


4. A Carnot group version of inequality (12.39) was established by Goldstein, 
Kombe and Yener in [GKY17]. 

5. 'The Carnot and Euclidean versions of inequality (12.40) were established in 
[GKY17] and [Skr13], respectively. 


6. The Carnot and Euclidean versions of inequality (12.41) were established in 
[GKY17] and [GM11], respectively. 


As in the setting of stratified groups let us first present the anisotropic Picone 
type identity, now for general vector fields. 


Lemma 12.5.4 (Anisotropic Picone identity for general vector fields). Let Q C M 
be an open set. Let u,v be differentiable a.e. in Q, v > 0 ae. in Q and u > 0. 
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Define 
N 
R(u,v) = X |X -5x = =) |X;v|?7? Xiv, (12.44) 
i=1 
N N P 
L(u v) =y P pi LÀ bed - Xw? XX 
i=1 i= 
K (12.45) 
T Yow ) 
where pj > 1, i= 1,..., N. Then 
L(u,v) = R(u,v) > 0. (12.46) 


In addition, we have L(u,v) = 0 a.e. in Q if and only if u = cv a.e. in Q with a 
positive constant c > 0. 


Proof of Lemma 12.5.4. A direct calculation yields 


N 
R(u,v) =X |Xi UP ni 2 X.v 
n . 
=) X yn x XQv|?^ ? XjuXiu +Y ( p- 1) 4X 
imo i=1 


which gives the equality in (12.46). Now we restate L(u,v) in a different form, 
with the aim to show that L(u,v) > 0. Thus, we write 


-X XP xad e Yn ; 


Yo: Xl ? (IX;v|| X;u| — Xiv Xiu) 


= 5 + Ss, 


where 


Di—1 u pi—l TE 

Sı := Y ls |X;u|P: + "m (ix) ) | 
upi-l 

D 


Pi" VX ul, 
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and 
ial 


N 

uP T 

So = Piper iv pi—2 ((Xivl| X;u| = XivXiu) " 
i=l 


Since 
|Xiv| |.X;u| > XivXiu, 


we have Sz > 0. To check that S4 > 0 we will use Young's inequality for a > 0 
and b > 0 stating that 
qPi bv 
ab< +—, (12.47) 
Pi di 
where p; > l,q; > 1, and + +4 = 1 for i = 1,..., N. The equality in (12.47) 


holds if and only if a”! = b%, i.e., if a = 59:7. By setting 
u pi-1 
a := |Xiu| and b:= (Six) 
vU 


in (12.47), we get 


pil Xu) (=|Xivl)" "ED [zi p Em (C ) i i . (12.48) 
v Pi Pi v 
This implies Sı > 0 which proves that L(u, v) = $1 + S2 7 0. 

It is straightforward to see that u = cv implies R(u, v) = 0. 

Now let us show that L(u,v) = 0 implies u = cv. Due to u(x) > 0 and 
L(u,v)(xo) = 0, £o € Q, we consider the two cases u(xo) > 0 and u(xo) = 0. For 
the case u(xo) > 0 we conclude from L(u,v)(xo) = 0 that $1 = 0 and S5 = 0. 
Then S4 = 0 yields 

|Xiu| = ZIXol, i=1,...,N, (12.49) 


and S = 0 implies 
The combination of (12.49) and (12.50) gives 


Xiu 
Xiv 


=2 =e, with c#0, i=1,...,N. (12.51) 
v 


Let us denote 

Q* := {x € 0: u(x) =O}. 
If O* Æ Q, then suppose that ro € ON*. So there exists a sequence z; ¢ Q” 
such that x, — zo. In particular, u(x) Æ 0, and hence by the first case we have 
u(x.) = cu(x,). Passing to the limit we get u(xo) = cv(zo). Since u(zo) = 0 and 
v(xo) Æ 0, we get that c = 0. But then by the first case again, since u = cv and 
u Æ 0 in OXQ*, it is impossible that c = 0. This contradiction implies that Q* = Q. 
It completes the proof of Lemma 12.5.4. 
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The established anisotropic Picone identity can be used to prove Theorem 
12.5.1. 


Proof of Theorem 12.5.1. In the following calculation, we will use the following 
properties: anisotropic Picone type identity (12.46), then we apply the divergence 
theorem and the hypothesis (12.35), respectively, finally yielding (12.36). Thus, 
we obtain 


N N 
ox f SOWEL vdv = [ 3 Wi) Rv) 
9 ini 2 i=1 
N y ups 
= W; T Xiu Pi dy — | X; (=) W; x Xiv 
D [on Y om) mo 
N ad ups 
Y [on D f eo Wo) 
x yPi ~ 
= —— (Vi (Wi (2) |X: 
Mf. spat (Vi (Wile) Xiv 
N N 
< >| Wi(z)|X;u "ae- yf Hi(x)uP:dv 
i=1 72 i=1 72 


N mu x 
ae I. A (Wil@)|Xiv 
i=1 


where No = Xjjf Xi. The proof of Theorem 12.5.1 is complete. 


Pi-2 X udv 


Bene Xiv) dv 


5i—2 X w) , dv) 


Pi X v) ,dv), 


Finally, we prove Corollary 12.5.2. 
Proof of Corollary 12.5.2. Part (1). Consider the functions W; and v such that 
W; = d^|X;d|' and v 2 T'757 = d’, (12.52) 
where, to abbreviate the calculation, we denote 


| Bcta-pi 
Di 


d:-T77 and V := 


Now we plug (12.52) in (12.35) to determine the candidate for the function H;. 
For this, we first prepare several calculations. We can readily find 
Xiv = wd?! X;d, 
Xiv? = |p|Pi- 2409700572 | xd 
Wi|X;v Pi—2 X uy = D 


pi-2 
, 


pi—2 pdt- P-D] x qprtri-2 xq. 
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Also, we get 
N N N aem 
Ye = xa) = ox (tr e) 
i=1 i=1 i=1 i 
a(a + B — 2) pe px zx 
C eet ME RCM Xi T ore 
— By > lh + 
i=l 
_ ala B= 2) a--28—4 .2— 842 
T BaP d 3 |X;d?-?| 
N 
= a(a + B — 2)d*? V | Xid}. (12.53) 


i=1 


We observe that DA X?T = 0 outside y, since IT = T; is the fundamental solution 
for £. Also, we have 


X;|X;d|* = X;((Xid)"? = 4|X;d|" ? X:dX2d 


iA (12.54) 


In the last line, we have used (12.53) with a = 1. Using (12.53) and (12.54), we 
compute 
Xi(Wi|X;v Pi—2 X wv) 

= wp-yx; ( qot Ds xg prim xa 

= pP y ((a + (9 — 1)Y(pi — 1ger-Dis-u-3 x apes) 
+ [P729 (0 4 pi —2)(8 — Hae De) x ai | 
+ lyy ((6 = aja-a») 
= WP Pb C9 + (7+ pi — 2)(8 — 1) trn ppm 


= —|y|P’ d0? Xd lt PP 
a a a — 12977 X; dpt 
If we put back the value of v, we get 
— Xi (Wil Xw”? X;v) 
= ss 2 dei Xid tiyri 
Pi 


Xid TP yP! 


gaa ? ee 


Pi 


) O+- - d= 
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Bta-pi|” qe»: 
Di 
the last inequality being the desired one. So having satisfied the hypothesis, we 
plug the values of these functions W; and 
Pan 

Di 
in (12.36), which completes the proof of Part (1). 

Part (2) can be proved by the same approach as the previous case by con- 

sidering the functions 


Xj;d["^*: vil > Hi(z)v?: Tt, 


= | 


Pi 1 
=p 


[2-7 |X,D277 te, 


H; = 


ytri — (e-1)(pi—1)—y-1 
Wi; -sese and v=T (2-B)pi 


Part (3) can be proved by the same approach as the previous cases by con- 
sidering the functions 


, . Bto-ni 
W; = T77 and v= (1 + Tate | 2 


Part (4) can be proved by the same approach as the previous case by con- 
sidering the functions 


W; = (1 + pofi)" 


i T1 
and v= (1 + rote | t . 


Part (5) can be proved by the same approach for p; = 2, i = 1,..., N, as the 
previous cases by considering the functions 


za) —2m-2 
Wz fon Maa and v=. oo . 
[278 


'This completes the proof of Corollary 12.5.2. 


12.6 Local uncertainty principles 


As usual, Hardy inequalities imply uncertainty principles, and we now formulate 
such consequences of Theorem 12.4.1 and Theorem 12.5.1. 


Corollary 12.6.1 (Local uncertainty principles for sums of squares). Let y € M be 
such that (A7) holds with the fundamental solution T =T, in Ty. Let Q C Ty be 


an admissible domain and let B > 2. Then for all u € C! (Q) (| C(Q) we have 


] TPN Pupa [ |Vxul2dv 
Q Q 


2 2 
> (252) (f ivre Plua) 
Q 


+i) Pur, av) f r |V x77 |2|ul2dv, (12.55) 
2 Jan Q 
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and also 


2 
[2-8 
[sew f IVxul?dv (12.56) 
Q Q 


(Vae om. 


=o" 2 d m pss 
> (> ) (| lupa») + J D tuj? (VT, dv) 1 — —ÀáÁ— |u|?dv 
2 Q 2 Jan o |VxI27-7]? 


Remark 12.6.2. 


1. As in Remark 12.4.2, Part 3, the last (boundary) terms in (12.55) and (12.56) 
can also be positive, thus providing refined uncertainty principles with respect 
to the boundary conditions. 


2. One can readily check that (12.55) extends ins classical Hardy inequality. 
Indeed, in the case of M = R” and Xj = zx. k =1,...,n, taking a = 0 
and 8 = m > 3, the fundamental solution for the Laplacian is given by 
T(x) = C,|x|?-" for some constant C, and || g being the Euclidean norm, 
so that (12.55) reduces to the classical Hardy inequality 


294.2 2 
n IVu(z)[ dz > (2:3) | Iu) dr, n>3, (12.57) 
Rn 2 n zli 


where V is the standard gradient in R”, u € C§°(R"\{0}), and the con- 
stant (45 xd is known to be sharp. The constant C, does not enter (12.57) 
due to the scaling invariance of the inequality (12.55) with respect to the 
multiplication of I' by positive constants. 

3. Further to the Euclidean example (12.57), with T 7-7 (zx) = C|v|g we have 


|V| = C, and hence both (12.55) and (12.56) reduce to the classical 
uncertainty principle for Q C R” if u = 0 on OQ (for example, for u € 


C$ (9)): 


f fitus fue) Pac > (7) (f| uta). n 23. 


4. In the example of stratified Lie groups with B = Q > 3 being the homo- 
geneous dimension of the group, and D 77 (a ) = d(x) being the Z-gauge, 
inequality (12.55) reduces to 


J EN xaua f iV culti 
Q Q 


2 2 
s(a) (fme 


1 = 
+i) d-u Pe- dv) f d^|V x dl? |u[^ dv, 
2 Jan Q 


which gives inequality (12.24). 
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Proof of Corollary 12.6.1. Taking a = 0 in inequality (12.21) we get 


: 42), 12 2 
] vr |u| a f |V x u|*dv 
Q Q 


-2\? VxIDzsp 
> E ) J r7 ivre Pa f IVxT^ ul? av 
2 Q a r= 


G 2 rtu]? (VT, dv) | T Nar Plua 


2 2 
> (EF) (f marpa) 
Q 


+i) Pour, dv) f T Yx Pud, 
2 Jaa Q 


where we have used the Hölder inequality in the last line. This shows (12.55). The 
proof of (12.56) is similar. 


Inequality (12.22) also implies the following refinement of Corollary 12.6.1. 


Corollary 12.6.3 (Refined local uncertainty principles for sums of squares). Let 
y € M be such that (A5) holds with the fundamental solution T = Ty in Ty. 
Let Q C Ty, y Z AQ, be an admissible domain and let B > 2. Then for all u € 
C1(Q)(\C(Q) we have 


[1 Nua f |V xuļ?dv 
Q 


: (fene 


pos 2 s zy. esr 
L= wart | (un ) Pav f T£ |Vvxrz?u[*dv 
pz Q 


1 n "T R j^ 20 2 112), 12 
+ ——— T In jul (VI, dv) | P2-5|VxE2-2|^|u|*dv 
2(B — 2) Jao [=F Q 


1 


+i) Pur, av) f r |V xr |2|ul2dv, (12.58) 
[29] Q 


and also 


2 
[2-8 
| ea f |V xuļ?dv 
2 |V xr =F? Q 
_2 2 2 
: Ur ) (frre) 


Vx 77|? R ee T7 
a Nesai (1m - ) ufa» f — ——ÀÁjá—— |u|?dv 
4jJo r [23 9 |VxT7-72 
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i "E i2 
+o | pt (1m = ) ju Or, doy f lay 
2(8 — 2) Jao Dt o |VxDz7|2 


2 

1 E [23 

+5/ T !u[*(Vr, dv) i |u|? dv. (12.59) 
2 Jan o |VxDI2-5|2 


Proof of Corollary 12.6.3. Taking a = 0 in inequality (12.22) we get 


Sa Jul a f IV xu|?dv 
Q 


2 T 
> » (552 ) pr B|VxT28 "ap |u|? dv L va al lu I dv 
2 Ds 


Vx |? px 2 
m Krme (n) ufa» f Tz |V xT |ul2dv 
4 Jo [2s Tz Q 


1 | —1 ( R ) oe 2 -2 2 
+= T ln juj (VT, dv) | TP |V xr =F |“ |u| dv 
2(B — 2) Jan res Q 
1 "T 
+5/ rur. av) f T 
2 Jan Q 
_92 2 2 
> (252) ([ srt) 
Q 


1 -2 
1 Vxl™3/? R 
il Bn (1 i ) lu|*dv n Drs |VxI77Plu[*dy 
4 Jo D 3-5 [3-52 Q 


2—6 


1 = " 2 
‘aga, ES (v i ) luf (VT, dv) | T3 |V xT |? lul?dv 
2(B — 2) Jan T= a 
1 " " 
zal Pur, a) f r| Vx? |u|2dv, 
2 Jan Q 


where we have used the Hölder inequality. This shows (12.58). The proof of (12.59) 
is similar. 


|V yr =F |?|ul2dv 


Remark 12.6.4. 


1. In the Euclidean case M = R” with 6 = n > 3, we have r= (x) = C|x|g is 
a constant multiple of the Euclidean distance, so that |vrz-| — C. Conse- 
quently both (12.58) and (12.59) reduce to the improved uncertainty principle 
for Q C R” if u = 0 on OF) (for example, usually one takes u € C (Q)): 


| la? u(x) [2x f Vu(e) Pde 
Q Q 
"nes 2 2 2 


2 
f 1 ( E) ; — 
+- — |n ju(x)| dv | |al*|u(a)|"dv, n>3. 
4 Jo |z|? |x| Q 
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2. In the Example of stratified Lie groups with 6 = Q > 3 being the homo- 
T 
geneous dimension of the group G, and [2-4 (a) = d(x) being the L-gauge, 
inequality (12.58) reduces to 


[Prka f IV xu[*dv 


(E) (fena) 


d? 
4 Jo | (k) |u| ‘av f d^|V xd)? |u|’ dv 


1 R -1 ze 
+22 | ae? (5) up (Vd?-9, dv fe Vxd|?|ul?dv 
eae d ral Lis peer ra 


+i) qup -9,4o) f d?|V x d? |u|?dv. 
2 Jan Q 


Again, if u € Cg? (G), the last terms disappear, and one obtains the improved 
uncertainty principle on stratified Lie groups compared to the statement of 
Corollary 11.4.3. 


Theorem 12.5.1 also implies the following uncertainty principles: 


Corollary 12.6.5 (Further uncertainty inequalities). Let Q C M be an admissible 
domain. Let B > 2. Then we have the following uncertainty inequalities: 


(1) For all u € Cg*(Q) we have 


2 d 2 
E (f |u| iv) < (f ivxr= Iv xul2ar) (f ruta) 


(12.60) 
(2) For all u € Cg*(Q) we have 


2 
(fixu) ( [T= mxr Plua) > = ( [Ivrea 
Q Q Q 


(12.61) 


2 


(3) For all u € CF (NQ) we have 


(f| IV.xu| v) (J P VaT Plua) 


2 
>C Cr TV xT]? uav) 


The Carnot group versions of these uncertainty principles in were established 
in [Kom10] and [GKY17], and in our proof we follow [RSS18c]. 


(12.62) 
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Proof of Corollary 12.6.5. Part (1). In Theorem 12.5.1, by letting 


2 
W(x) = |vxrzs |? and y = ec oTt? 


with a € R, we obtain the inequality 


—4o? | T 
Q 


This inequality is of the form aa? + ba + c < 0, if we denote by 


77 lu*dv + 2a5 f |ul?dv — | |V xr |? V xul2dv < 0. 
Q Q 


a:= -a f T=? |ul2dv, b:= 28 | |ul?dv, 
Q Q 
and 


c=- f |VxD257|-2|V x u[*dv. 
Q 


Thus, we must have b? — 4ac < 0 which proves (12.60). 
Part (2). Setting 


2 
W = 1 and v = e°" 


with a € R, we obtain 
IVx ul*dv > 208 f [Vx T= lud — aa? f T7 |VxT77 |?]ul?dv. 
Q Q Q 


Using the same technique as in Part (1) we prove (12.61). 
We can prove Part (3) by the same approach, considering the pair 


I 
W —1andv-—e 9177, 


'The proof is complete. 


12.7 Local Rellich inequalities 


In this section we present local refined versions of Rellich inequalities with ad- 
ditional boundary terms on the right-hand side, in the way analogous to Hardy 
inequalities and uncertainty principles in the previous sections. As before, we use 
the notation 

Vx = (Xy,..., Xy). 


Theorem 12.7.1 (Local Rellich inequalities for sums of squares). Let y € M be 
such that (Aj) holds with the fundamental solution T =T; in Ty. Let Q C Ty be 
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a strongly admissible domain such that y € OO. Let ao € R, B>a>4—f6, 8>2 
Y — 
and R> esupgL7-7. Then for all u € C?(Q)(] C1 (0) we have 


res — 4 (8 — a)? az 
f usd > e- r$% |V x77 ?|u? dv 
o |V xr773]? 16 Q 


(B +a—4)?(6— o) $$ 1L? TT. dv 
EN [ore lup (T, dv) 
di ro ie Dini. (12.63) 


as well as its further refinement 


Jem 

" Cto PUEA S rE yr Plua 
CEA) [ rivxrep Sp |ul?dv 
een f re E Zo) wena) 
LUTTE [ riora 
" (8o B Ven), (12.64) 

where 
C(u) :— — » wes (T, dv) — 2f ru Vud). 


Proof of Theorem 12.7.1. Let us prove (12.63) first. A direct calculation shows 
that 


N N 
LEEF = Y^ X{rFF = (o - 2) Xr (r£? x,re7) 
kai ke 


aU " a UN 
= (a - 2)(a - 3) V? |x r=] t (a - 2) 3 xy (xr) 
k=1 k=1 


ee 
2 


N N 
= (a — 2)(a - 30 Y 5 xu r£ yx, (r£ x,r) 
k=1 k=1. 
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N 
dum 2 
= (a - 2)(a — 3) Y [xar] 


k=1 
(a — 2)(8 — 1) ies ie ; 
Pom 05 2 Ier) 
k=1 
Q — 2. Bta-4 acu 1 12 
+ TEEL = (a-2)(a—- 3? S |x.res 
k=1 
—4 N 1 1 Q—2. Bta-4 
+ (a — 2)(8 — I)P2-75 X (XF) (Xp =F) + a S-PUET 
k=1 
"S —29 FE 
= (B +a — 4)la — JLF |v xr zie? + Sop E cr 


2-6 
that is, we have 


a-—2 


LV? = (8 +a—4)(a — 2p 955 |V x77 |? + z prp (12.65) 


As in the proof of Theorem 12.4.1 we can assume that u is real-valued. 
Multiplying both sides of (12.65) by u? and integrating over Q, since I is the 
fundamental solution of £ and 6+ a — 4 > 0, we obtain 


f wWTe dy = (8 +a — 4) (a — 2) f T Yx = |u? dv. (12.66) 
Q Q 
On the other hand, by using Green’s second formula (12.15) we have 
2 pps 2—2 p,,2 2 5053-3 2-2 (2 
u LITE dv = | V?-? £u* dv + u (VTF , dv) — T= (Vu*, dv) 
Q Q an aa 


= f TF (2u£u es v xu?) dv + C(u), (12.67) 
Q 


where 


veris Sra) - [ 21353 u(Vu, dv). 
[29 


Combining (12.66) and (12.67) we obtain 
-2 f TF uLudv + (B+a—4)(a- 2) | D$ |Y xr]? u^dv 
Q Q 


2 (12.68) 
= 2 | T2-7 |V xu|?dv +C(u). 
Q 
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By using (12.21) we have 
a-—2 a—4 1 2 2 
—2 | [T= Fuludy+ (8+a—4)(a—2) | TF |V xr |4 |u| dv 
Q Q 
=_4\7 " 
= (==) I TERV xT "uf? dv 
Q 
| aa = 
i — p ul (VT, dv) + C(u). 
dQ 


It follows that 


a- —4 = oa 
-f D? uLudv > (==) (- 2) T P23 Vx [?|ul? dv 
Q Q 


2 2 
Bta-4 
* 38-3) 


On the other hand, for any e > 0, Hólder's and Young's inequalities give 


1/2 a 1/2 
a— a— [2-8 
- [PF ucua < (rs |V xT Plu) ] oe 
Q Q o|VxI?-7|? 


; (12.69) 
f D3-2 -! |? (VT, dv) + =C (u). 
an 2 


a— 1 Tz 
c | T VPs PluPay + 2 | Lu? dv. 
Q 4e Jo |V xr777 |? 
(12.70) 


Inequalities (12.70) and (12.69) imply that 


a 


[2-8 a= 
| ee > ( 4e? + (B 4- o — A)(8 a) | THV xT Pu] dv 
2 |Vxr 7|? Q 


2(8 +a — 4)e 


= fr uhr dv) +2), 
mi on 


Taking e = aa we obtain 


— 4)?(B—~a)? ao 
Colca ca : TR J river Plu av 
Q 


(8 +a- 14)’ (8-a) 
A(B — 2) 


which proves (12.63). 


+ ro d m 


J r£-!|u (T, dv) + C(u), 
(ele) 
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Let us now prove (12.64). From (12.68), if we use (12.22), we get 
a—2 «—4 1 2 2 
—2 | L2-?u£Cudv + (B +a — 4)(a —2) | TF |V xr 7 |" lu|*dv 
Q Q 


—4\? " 
>o (H ) fee var Plu av 
Q 


1 E 1 Ap X 
+i) [2-8 |V xr =|? (1 - ) lu|?dv 
2 Jo p2-8 


Qd 
(B — 2) Jag 
+ oS Eft era) 4 C(u). 


-1 
pss (m a ) lu| (VT, dv) 
T 


It follows that 
d —4 — an 
- | PF ucudv > (a) (£ 2) [rt vr Pju? av 
Q Q 


2 2 
—2 
2 ) lul*dv 
2-B8 


! i pe; ( = ) (T, dv) 
- => As a= n u , QV 
2(8 — 2) Jan [Ts 


Inequalities (12.70) and (12.71) imply that 


il a4 1 3 
+-— D?-7|V xT? | In 
4 Jo DL 


p 255 a 
] ote (48 + (8 +a- (8 a)e) | rf Vx T= ilu dy 
o[VxI?-7|? Q 


2 TE m = 
ie Ta | ree (m4) lul? (VT, dv) 


2 —4 a—2 ~ 
eee | [2-7 !|u|? (VT, dv) + 2eC(u). 
[o9 


B—2 


; — (8-a—4)(B—a) 
Taking e = 4——$,5—— 


| LT bue 

a |VxPziz |? 

(8 +a- AY(B - ay 
16 


, we obtain 


- J T ivr hu as 
Q 
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8 Q [23 


=i 
+ Bre Oma) [ pega (m i ) ju? T, dv) 
aa [2-8 


4(B — 2) 
(B+a-4)%(8—o) [ resti pier qo, 2 90 - 95, 


This completes the proof of Theorem 12.7.1. 


By a modification and refinement of the proof of Theorem 12.7.1 we can 
obtain another alternative of an improved Rellich inequality with boundary terms. 


Theorem 12.7.2 (Refined local Rellich inequalities for sums of squares). Let y € M 
be such that (AX) holds with the fundamental solution T =T; in Ty. Let Q C Ty 
be a strongly admissible domain such that y € OQ. Leta € R, 5a» BÉ, B2 
and R > esupo 7. Then for all u € C?(Q) (1C1(93) we have 


Tz% — a? aes 
f | Lu|?dv > er | T£ |Vxul2dv 
o |VxI7-7]? 4 Q 


(B + 3a — 8)(8 +a — 4)(B — a) $28 1? TT. dp 
[re err, a) 
+ Ure SKE 2) ops, (12.72) 


4 


and its further refinement 


pr 
| — —L— |£u|?dv 
a |V xI]? 


— ry P 
> P f rY xuav 
4 Q 


-2 
CE [ river (mn) lu^ dv 
(8 - 3a — 8(8 — a) s ( R ) ie 
8(B— 2) l [2-8 mm jul“ (VT, dv) 
(83a 8(8-Fa A(8—o) f 929-1, a/c 
8(B—3) [oe |u|“ (VT, dv) 
T (+a a = a) alaj, (12.73) 
where 
C(u) := — A uT- (VT, dv) — af rE*eS uas. 
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Proof of Theorem 12.7.2. Let us first prove (12.72). Let us rewrite (12.68) in the 
form 


1 a2 
3C) «f T2-5|V xu|?dv (12.74) 
Q 
a—2 —4)(a—2 a= 
= - | ucup 879—083 [ T£ |Y x7 |? ud. 
Q Q 
Also recalling (12.70) we have 
a-2 " 1 prs 
— | TF uludv < f T5 |V xP |? |ul2dv + — | — ——|tu[^dv. 
Q Q 4€ Jo |Vx277|2 
(12.75) 
Inequalities (12.75) and (12.74) imply that 
1 a—2 2 
3C + | T |V xu|*dv 
Q 
— Aa — 92 "m 
< (Gre Den ,.) [ rive tta 
Q 
1 [23 
if — —Àj, — | Lu|? dv. (12.76) 
4e Jo |VxT 777]? 


The already obtained inequality (12.63) can be rewritten as 


16 T257 4 
ff m 
E hes p ed dv pa g 9 


$-5- Hu|? (VT, dv) > f rf ivre Pas 
Q 


4 
Scryer d 


Combining this with (12.76) we obtain 


1 (B +a—4)(a—2) 4 
ac) + (jon i c) (8a 48 — a) «9 

(8 o — Aa - 2) 1 S RIOT. dy 

+ (SE e) amgos J, P ena) 


+ | D$ IV xu|?dv 
Q 


16e 8(a — 2) 1 
= (eo tra- -aF *x) 


T5 
«f LITT Bub 
a Vx 
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Taking e = Vista epp this implies 
(8 o — 4)(8 — o) CAE E aii ues 
MM— aa a a (a) 4- —————À——————————Á [2-8 |u| (VT, dv 
— a) m 227 
+ EEE S ryu f MEN 
4 Q Q |VxI27-7]? 


which shows (12.72). 
Let us now prove (12.73). Inequality (12.64) can be rewritten as 


16 r=% J 16 
(8 +a- 4) (8 - a? i vare nl "E Grapa 
> [ TEH Vx T= Plu dv, 
Q 
where 
c» 
p= CROTON) [ riv ere? (m at ) |u|2dv 
8 Q [2-8 
(B+a-4)(B-a) f agaf RY) ae 
ST ES re (n=) jul“ (VT, dv) 
(B +a—4)?(B — a) 2-21 z (B +a-—4(8-a) 


Combining it with (12.76) we obtain 
1 (8 +a- 4)(a — 2) 16 | p 2 
ror (823 te pra Ppa tjl xu de 
16e 8(a — 2) 1 )/ [27 " 
«| -—— d -————A-J1——— iude 
a Gre a x) Ju Vereen 
Taking e = Bra“ (A-a) we obtain 


(8 — a)? 
8 


B+3a—-8 (8 — a)? 2-2 2 


a 


r 
3 — —Àj — |£u|?*dv, 
o [Vx 7]? 


completing the proof. 


Remark 12.7.3. Let us formulate several consequences of the described estimates 
for the setting of functions u € C (Q), so that we have C(u) = 0. Thus if M = 
G is a stratified group of homogeneous dimension Q > 3, we take 6 = Q, so 


12.7. Local Rellich inequalities 539 


that r=? (x) = d(x) is the £-gauge on the group G. Then the above estimates 
give refinements compared to known estimates, as, e.g., in Kombe [Kom10], with 
respect to the inclusion of boundary terms. Thus, for all u € C§°(Q), we have that 


1. Estimate (12.63) is reduced to 


d^ 2 (Qt a — 4 (Q — a)? | -4 2) 12 
P Cu de > LI (9 9) asi appa 
[ Wrap e 16 Q [Maea a 


for Q>a>4-Q. 
2. Estimate (12.64) is reduced to 


d^ (Q +a — 4)*(Q — a)? I = 21.42 
Pu FP div EIL oM Icy. d^ ^V xd d 
[ iva rens 16 Q AIA E 


—2 
4 — PDA (2) lu|?dv, 


forQ>a>4-Q. 
3. Estimate (12.72) is reduced to 


d^ Qua? [ , 
flay > ee [p qe gd 
Lie uav > SOOT f axuda 


8-Q 
for Q > a > V. 
4. Estimate (12.73) is reduced to 


d? Qr f 2 
———|Llul?dv > fod? |V xul?dv 
Li u|*dv > 1 E IV x u| 


=) 
ES JT nE \ul?dv, 
16 Q d 
8— 
forQ>a> — 


For unweighted versions (with o = 0) inequalities (12.63)-(12.64) work under the 
condition Q > 5 which is usually appearing in Rellich inequalities, while (12.72)— 
(12.73) work for homogeneous dimensions Q > 9. 
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12.8 Rellich inequalities via Picone identities 


In this section we discuss weighted Rellich inequalities in the spirit of Hardy in- 
equalities from Section 12.5, relying on an appropriate version of Picone identities. 


Theorem 12.8.1 (Weighted anisotropic Rellich type inequality). Let Q C M be an 
admissible domain. Let W;(x) € C?(Q) and H;(x) € Li,.(Q) be the non-negative 


weight functions. Let v > 0, v € C?(Q)(] C! (Q) with 
X? (Wi(z)|X2v 


5:2 X?) > H;(z)v! and — X2v 0, (12.77) 
a.e. in Q, for all i = 1,..., N. Then for every 0 € u € C?(Q)(] C1 (0) we have 
the following inequality 


N N 
» Hi(x)|u|*: dv < >| Wi(z)|X2u 
i=1 72 i179 
N 
«Y f wixte 


N 


E xj. (=) (F,(W(2)|X2v}"-2X20), dv), 


yPi —1 
i—1l 


Pidy (12.78) 


Pi-2 KY; dv) 
2 : yPi—l ? 


where 1 < pi < N for i — 1,..., N, and Viu = XjuX;. 


The proof of Theorem 12.8.1 will rely on first establishing an appropriate 
version of the second-order Picone identity. Before giving its formulation and the 
proofs, let us make some remarks and also formulate several of its consequences. 


Remark 12.8.2. 


1. A Carnot group version of Theorem 12.8.1 was obtained by Goldstein, Kombe 
and Yener in [GKY18]. In our exposition for general vector fields we follow 
[RSS18c], also allowing one to include boundary terms into the inequality. 

2. Note that the function v from the assumption (12.77) appears in the bound- 
ary terms (12.78), which seems a new effect unlike known particular cases of 
Theorem 12.8.1. 


As a consequence of Theorem 12.8.1 we can obtain several Rellich type in- 
equalities involving the sum of squares operator. 


Corollary 12.8.3 (Rellich inequalities for sums of squares). Let Q C M be an 
admissible domain, and let the operator L is the sum of squares of vector fields: 


N 
Ez x; 
i=1 


Then we have the following estimates: 
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(1) Let 8 2 2, € R, B +a » 4 and B » a. Then we have 


i 


i a PF |V xr 7|^|u[*dv, 
[VxI2-2]? 16 Q 


for all u € Cg* (Q\{0}). 


(2) Let 1 < p< oo and 2 — B <a < min{(8 — 2)(p — 1), (8 — 2)}. Then for all 
u € Cg? (ON(0)) we have 


a+2p—2 


[| 3-5- a—2 19 
———L —— |£u[*dv > C(8,a,p)? | T3-5|VxTI7?-7|*lu|"dv, (12.79) 
Q |VxTI2-2|?»-? Q 


where C(B, a, p) := ——— (aea, 


Proof of Corollary 12.8.3. To prove Part (1), we take y = ftat, and choose 
the functions W (x) and v such that 


Dx " 

W(x) = ——— and v-I77, 
|X, 12-8 |? 
and apply Theorem 12.8.1. 
To prove Part (2), we set 
a+2p—2 
2— . Bto-2 

(x) = and v = y ?@-5), 


and apply Theorem 12.8.1. 


Now let us prove the following anisotropic (second-order) Picone type iden- 
tity, extending its horizontal version in Lemma 6.10.4. Then, as a consequence, we 
obtain Theorem 12.8.1. 


Lemma 12.8.4 (Second-order Picone identity). Let Q C G be an open set. Let u,v 
be twice differentiable a.e. in Q and satisfying the following conditions: 


u>0,v>0, X2v <0 a.e. in Q. 


Let p; >1,i=1,...,N. Then we have 


Li(u,v) = Ri(u,v) > 0, (12.80) 
where 
N N mu 
Ri(u, v) := 5 |X2u|& — AES (=) |X2v|*:? X2v, 
i=1 i=1 
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and 
N N — 
i =F Xu -Y p (2) Xuxo Xp 
i(u v) 2l iu cr " iu i| iU 
N - 
+ i—1 S) X3y|Pi 
Doi- (E) ite 
N u j 
- rh X20 9i-? xo (Xiu - 2Xw) ; 
f uPi— Vv 


af uP upi-l ma l 
Xi (=) = Xi Ga Din pu — (pi -1y Xiv 


= pi(pi — p eee) Xiu ep Xu 
— pi(pi = (= us 2) Xu e ni X2y 
= pi(pi — 1) (= 1 |X;u|? — "Li Sone Te es |Xiv| ) 
+ pe Xu- (pi - 1) Xs 
expli ce pes (Xiu ix) me wx? - (pi — ni X2v, 


which e the equality in (12.80). By Young's inequality we have 


uP L uP 
W XPuX2v| Xv ugs. quais Hel ME u^ X2v[? i=1,...,N, 
uP Di qi v? 
where p; > 1 and q > 1 with a + m = 1. Since X2v < 0,i = 1,..., N, we 


arrive at 


s = NO f(|X2u[ Luh a 
Ly (us0) 2 D Iu s - 1) iP» : t Expe) 

i=1 i=1 i=1 Pi qi vP: 

~ UP? aoe F 
=) JD |X v| X v 

i=1 
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qij UP: 

i=]; 

2d 2 
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This completes the proof of Lemma 12.8.4. 
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Proof of Theorem 12.8.1. Let us give a brief outline of the following proof as it is 
similar to the proof of Theorem 12.5.1: we start by using the Picone type identity 
(12.80), then we apply an analogue of Green's second formula and the hypothesis 
(12.77), respectively. Finally, we arrive at (12.78) by using H;(x) > 0. Summariz- 
ing, we have 


0< ] Witte ae = f Wit) Riu vdv 


ma 
Pidy -f X? (=) W;(a)|X?u 
Q yPi — 
uP ig 2 
Pidy — X? (Wi(z)|X?v 
QU 


92 X2udy 


f Wi(x)|X2u 
= [ W;(z)|X2u 
+f (moie 
- (a) amo 


UP 
"av - f Bt 
Q 


] Wa 

Q 
~ Pi 

«f (menx pi—2 X 2u(N; (=) , dv) 
aa Un 


- (=) (Vi(Wi(x)|_ X20 


yPi —1 


pw) dv 


pi—1l 


pi-2 X287; (=) dv) 
1 2 "TS , 


-axu de) 


Di dv 


IA 


"xt d. 


In the last line, we have used (12.77) which leads to (12.78). 
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